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Preface

Corings and comodules are fundamental algebraic structures that can be
thought of as both dualisations and generalisations of rings and modules.
Corings were introduced by Sweedler in 1975 as a generalisation of coalgebras
and as a means of presenting a semi-dual version of the Jacobson-Bourbaki
Theorem, but their origin can be traced back to 1968 in the work of Jonah on
cohomology of coalgebras in monoidal categories. In the late seventies they
resurfaced under the name of bimodules over a category with a coalgebra
structure, BOCSs for short, in the work of Rojter and Kleiner on algorithms
for matrix problems. For a long time, essentially only two types of examples
of corings truly generalising coalgebras were known — one associated to a
ring extension, the other to a matrix problem. The latter example was also
studied in the context of differential graded algebras and categories. This lack
of examples hindered the full appreciation of the fundamental role of corings
in algebra and obviously hampered their progress in general coring theory.

On the other hand, from the late seventies and throughout the eighties
and nineties, various types of Hopf modules were studied. Initially these were
typically modules and comodules of a common bialgebra or a Hopf algebra
with some compatibility condition, but this evolved to modules of an algebra
and comodules of a coalgebra with a compatibility condition controlled by
a bialgebra. In fact, even the background bialgebra has been shown now to
be redundant provided some relations between a coalgebra and an algebra
are imposed in terms of an entwining. The progress and interest in such
categories of modules were fuelled by the emergence of quantum groups and
their application to physics, in particular gauge theory in terms of principal
bundles and knot theory.

By the end of the last century, M. Takeuchi realised that the compatibility
condition between an algebra and a coalgebra known as an entwining can
be recast in terms of a coring. From this, it suddenly became apparent
that various properties of Hopf modules, including entwined modules, can be
understood and more neatly presented from the point of view of the associated
coring. It also emerged, on the one hand, that coring theory is rich in many
interesting examples and, on the other, that — based on the knowledge of
Hopf-type modules — there is much more known about the general structure
of corings than has been previously realised. It also turned out that corings
might have a variety of unexpected and wide-ranging applications, to topics
in noncommutative ring theory, category theory, Hopf algebras, differential
graded algebras, and noncommutative geometry. In summary, corings appear
to offer a new, exciting possibility for recasting known results in a unified
general manner and for the development of ring and module theory from a
completely different point of view.

vii
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As indicated above, corings can be viewed as generalisations of coalgebras,
the latter an established and well-studied theory, in particular over fields.
More precisely, a coalgebra over a commutative ring R can be defined as a
coalgebra in the monoidal category of R-modules — a notion that is well known
in general category theory. On the other hand, an A-coring is a coalgebra
in the monoidal category of (A, A)-bimodules, where A is an arbitrary ring.
With the emergence of quantum groups in the works of Drinfeld [110], Jimbo
[135] and Woronowicz [214], new interest arose in the study of coalgebras,
mainly those with additional structures such as bialgebras and Hopf algebras,
because of their importance in various applications. In the majority of books
on Hopf algebras and coalgebras, such as the now classic texts of Sweedler [45]
and Abe [1] or in the more recent works of Montgomery [37] and Dascélescu,
Nastéasescu and Raianu [14] together with texts motivated by quantum group
theory (e.g., Lusztig [30]; Majid [33, 34]; Chari and Pressley [11]; Shnider and
Sternberg [43]; Kassel [25]; Klimyk and Schmiidgen [26]; Brown and Goodearl
[7]), coalgebras are considered over fields. The vast variety of applications and
new developments, in particular in ring and module theory, manifestly show
that there is still a need for a better understanding of coalgebras over arbitrary
commutative rings, as a preliminary step towards the theory of corings. Let
us mention a few aspects of particular interest to the classical module and
ring theory.

There are parts of module theory over algebras A that provide a perfect
setting for the theory of comodules. Given any left A-module M, denote
by o[M] the full subcategory of the category 4M of left A-modules that is
subgenerated by M. This is the smallest Grothendieck subcategory of 4M
containing M. Internal properties of o[M] strongly depend on the module
properties of M, and there is a well-established theory that explores this
relationship. Although, in contrast to M, there need not be projectives
in o[M], its Grothendieck property enables the use of techniques such as
localisation and various homological methods in o[M]. Consequently, one
can gain a very good understanding of the inner properties of o[M]. On the
other hand, by definition, o[M] is closed under direct sums, submodules and
factor modules in M, and so it is a hereditary pretorsion class in s2M. If
o[M] is also closed under extensions in 4M, it is a (hereditary) torsion class.
Torsion theory then provides many characterisations of the outer properties
of o[M], that is, the behaviour of o[M] as a subclass of 4 M.

Both the inner and outer properties of the categories of type o[M] are
important in the study of coalgebras and comodules. If C' is a coalgebra
over a commutative ring R, then the dual C* is an R-algebra and C' is a
left and right module over C*. The link to the module theory mentioned
above is provided by the basic observation that the category M of right
C-comodules is subgenerated by C, and there is a faithful functor from M¢
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to the category ¢«M of left C*-modules. Further properties of M¢ and of
this relationship depend on the properties of C' as an R-module. First, if
rC' is (locally) projective, then MY is the same as the category o[c-C], the
full subcategory of <M subgenerated by C. In this case, results for module
categories of type o[M] can be transferred directly to comodules, with no
new proofs required. This affords a deeper understanding of old results about
comodules (for coalgebras over fields) and provides new proofs that readily
apply to coalgebras over rings. For example, the inner properties of o[M]|
reveal the internal structure and decomposition properties of C', while the
outer properties allow one to study when M€ is closed under extensions in
o+M. Second, if zC' is flat, then, although M€ is no longer a full subcategory
of &M, it is still an Abelian (Grothendieck) category, and the pattern of
proofs for o[M] can often be followed literally to prove results for comodules.
Third, in the absence of any condition on the R-module structure of rC),
the category M® may lack kernels, and monomorphisms in M need not be
injective maps. However, techniques from module theory may still be applied,
albeit with more caution. For example, typical properties for Hopf algebras
H do not need any restriction on zgH. Finally, it turns out that practically
all of the traditional results, in the case of when R is a field, remain true over
QF rings provided rC' is flat.

Various properties of coalgebras over a commutative ring R extend to A-
corings, provided one carefully addresses the noncommutativity of the base
ring A in the latter case. For example, given an A-coring C, one can consider
three types of duals of C, namely, the right A-module, the left A-module,
or the (A, A)-bimodule dual. In each case one obtains a ring, but, since
these rings are no longer isomorphic to each other, one has to carefully study
relations between them. This then transfers to the study of categories of
comodules of a coring and their relationship to various possible categories of
modules over dual rings.

The aim of the present book is to give an introduction to the general theory
of corings and to indicate their numerous applications. We would like to stress
the role of corings as one of the most fundamental algebraic structures, which,
in a certain sense, lie between module theory and category theory. From the
former point of view, they give a unifying and general framework for rings
and modules, while from the latter they are concrete realisations of adjoint
pairs of functors or comonads. We start, however, with a description of the
theory of coalgebras over commutative rings and their comodules. Therefore,
the first part of the book should give the reader a feeling for the typical
features of coalgebras over rings as opposed to fields, thus, in the first instance,
filling a gap in the existing literature. It is also a preparation for the second
part, which is intended to provide the reader with a reference to the wide
tapestry of known results on the structure of corings, possible applications



and developments. It is not our aim to give a complete picture of this rapidly
developing theory. Instead we would like to indicate what is known and what
can be done in this new, emerging field. Thus we provide an overview of
known and, by now, standard results about corings scattered in the existing
established literature. Furthermore, we outline various aspects of corings
studied very recently by several authors in a number of published papers as
well as preprints still awaiting formal publication. We believe, however, that
a significant number of results included in this book are hereby published for
the first time. It is our hope that the present book will become a reference
and a starting point for further progress in this new exciting field. We also
believe that the first part of the book, describing coalgebras over rings, may
serve as a textbook for a graduate course on coalgebras and Hopf algebras
for students who would like to specialise in algebra and ring theory.

A few words are in order to explain the structure of the book. The book is
primarily intended for mathematicians working in ring and module theory and
related subjects, such as Hopf algebras. We believe, however, that it will also
be useful for (mathematically oriented) mathematical physicists, in particular
those who work with quantum groups and noncommutative geometry. In the
main text, we make passing references to how abstract constructions may be
seen from their point of view. Moreover, the attention of noncommutative
geometers should be drawn, in particular to the construction of connections
in Section 29.

The book also assumes various levels of familiarity with coalgebras. The
reader who is not familiar with coalgebras should start with Chapter 1. The
reader who is familiar with coalgebras and Hopf algebras can proceed directly
to Chapter 3 and return to preceding chapters when prompted. For the
benefit of readers who are not very confident with the language of categories
or with the structure of module categories, the main text is supplemented by
an appendix in which we recall well-known facts about categories in general
as well as module categories. This is done explicitly enough to provide a
helpful guidance for the ideas employed in the main part of the text. Also
included in the appendix are some new and less standard items that are used
in the development of the theory of comodules in the main text.

It is a great pleasure to acknowledge numerous discussions with and com-
ments of our friends and collaborators, in particular Jawad Abuhlail, Khaled
Al-Takhman, Kostia Beidar, Stefaan Caenepeel, Alexander Chamrad-Seidel,
John Clark, José Gomez-Torrecillas, Piotr Hajac, Lars Kadison, Christian
Lomp, Shahn Majid, Claudia Menini, Gigel Militaru, Mike Prest and Blas
Torrecillas. Special thanks are extended to Gabriella Bohm, who helped us
to clarify some aspects of weak Hopf algebras. Tomasz Brzezinski thanks
the UK Engineering and Physical Sciences Research Council for an Advanced
Research Fellowship.



Notations

tw the twist map tw: M ®zr N — N ®z M, 40.1
Ke f (Cokef)  the kernel (cokernel) of a linear map f

Im f the image of a map f

I, Ix the identity morphism for an object X

A algebra over a commutative ring R, 40.2

1y A product of A as a map A®r A — A, 40.2

Ly LA the unit of A as a map R — A, 40.2

Z(A), Jac(A)  the centre and the Jacobson radical of A
Algp(—,—) R-algebra maps

My (A M) right (left) A-module M, 40.4

om (m0) the A-action for a right (left) A-module M, 40.4

M, (4M) the category of right (left) A-modules, 40.4

Homy(—,—)  homomorphisms of right A-modules, 40.4

aHom(—,—)  homomorphisms of left A-modules

AMp the category of (A, B)-bimodules, 40.9

aHomp(—,—) homomorphisms of (A, B)-bimodules, 40.9

og[M]| the full subcategory of M4 (4M) of modules
subgenerated by a module M, 41.1

C (C) coalgebra over R (coring over A), 1.1, 17.1

A, Ac the coproduct of C' as map C' — C ®g C, 1.1, 17.1

g, ¢ the counit of C' as map C — R, 1.1

A A the coproduct of C as map C — C ®,4C, 17.1

€ Ec the counit of C as map C — A, 17.1

O the dual (convolution) algebra of C, 1.3

C*, *C, *C* the right, left, and bi-dual algebras of C, 17.8

oM (M) the coaction of a right (left) comodule M, 3.1, 18.1

M (M) the category of right comodules over C' (C), 3.1, 18.1

Hom®(—,—)  the colinear maps of right C-comodules, 3.3

‘Hom(—, —) the colinear maps of left C-comodules, 18.3

End® (M) endomorphisms of a right C-comodule M, 3.12

CEnd(M) endomorphisms of a left C-comodule M, 18.12

“Hom”(—,—) (C, D)-bicomodule maps, 11.1

RatC (M) the rational comodule of a left *C-module M, 7.1, 20.1

‘MP the category of (C, D)-bicomodules, 22.1



xii

Notation



Chapter 1

Coalgebras and comodules

Coalgebras and comodules are dualisations of algebras and modules. In this
chapter we introduce the basic definitions and study several properties of
these notions. The theory of coalgebras over fields and their comodules is well
presented in various textbooks (e.g., Sweedler [45], Abe [1], Montgomery [37],
Dascalescu, Nastasescu and Raianu [14]). Since the tensor product behaves
differently over fields and rings, not all the results for coalgebras over fields
can be extended to coalgebras over rings. Here we consider base rings from
the very beginning, and part of our problems will be to find out which module
properties of a coalgebra over a ring are necessary (and sufficient) to ensure
the desired properties. In view of the main subject of this book, this chapter
can be treated as a preliminary study towards corings. Also for this reason
we almost solely concentrate on those properties of coalgebras and comodules
that are important from the module theory point of view. The extra care paid
to module properties of coalgebras will pay off in Chapter 3.
Throughout, R denotes a commutative and associative ring with a unit.

1 Coalgebras

Intuitively, a coalgebra over a ring can be understood as a dualisation of an
algebra over a ring. Coalgebras by themselves are equally fundamental ob-
jects as are algebras. Although probably more difficult to understand at the
beginning, they are often easier to handle than algebras. Readers with geo-
metric intuition might like to think about algebras as functions on spaces and
about coalgebras as objects that encode additional structure of such spaces
(for example, group or monoid structure). The main aim of this section is to
introduce and give examples of coalgebras and explain the (dual) relationship
between algebras and coalgebras.

1.1. Coalgebras. An R-coalgebra is an R-module C' with R-linear maps
A:C—-C®rC and ¢:C — R,
called (coassociative) coproduct and counit, respectively, with the properties
(Ic®@A)oA=(A®Ic)oA, and ([c®e)oA=1Ic=(e® o) oA,

which can be expressed by commutativity of the diagrams

1
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C CxrC C A C®rC

Ic
Al ila@A Al \ J{€®IC
ARIc

A coalgebra (C) A, ¢) is said to be cocommutative if A =tw o A, where
tw: CRr(C —-C®rC, a®b—b®a,
is the twist map (cf. 40.1).

1.2. Sweedler’s Y-notation. For an elementwise description of the maps
we use the Y-notation, writing for ¢ € C

k
A(C) = ZCZ@Q = ZCL®62.
=1

The first version is more precise; the second version, introduced by Sweedler,
turnes out to be very handy in explicit calculations. Notice that ¢; and ¢y do
not represent single elements but families ¢, ..., ¢, and ¢4, ..., ¢ of elements
of C' that are by no means uniquely determined. Properties of ¢; can only be
considered in context with c;. With this notation, the coassociativity of A is
expressed by

D A)@e=) c1®c®a=» a®cn®cny= Y a®Ac),

and, hence, it is possible and convenient to shorten the notation by writing

(A®Ic)A(c) = (Ic @ A)A(c) = Y ®c®cs,
e ®@Ilc®@A)Ic @A)A(c) = > 1@ ®c3®cy,

and so on. The conditions for the counit are described by

Z e(er)ep =c = Z c1e(cp).

Cocommutativity is equivalent to Y ¢; ® ca = Y, 2 ® ¢1.

R-coalgebras are closely related or dual to algebras. Indeed, the module
of R-linear maps from a coalgebra C' to any R-algebra is an R-algebra.

1.3. The algebra Hompg(C, A). For any R-linear map A : C — C®rC and
an R-algebra A, Hompg(C, A) is an R-algebra by the convolution product

frg=no(f@g)ol, ie, fxglc)= fle)glca),

for f,g € Homg(C, A) and ¢ € C. Furthermore,
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(1) A is coassociative if and only if Hompg(C, A) is an associative R-algebra,
for any R-algebra A.

(2) C is cocommutative if and only if Homg(C, A) is a commutative R-
algebra, for any commutative R-algebra A.

(3) C has a counit if and only if Homg(C, A) has a unit, for all R-algebras
A with a unit.

Proof. (1) Let f,g,h € Homg(C, A) and consider the R-linear map
ﬂ:A®3A®RA—>A, CL1®CL2®CL3|—>CL1GQ(13.

By definition, the products (f * g) * h and f * (¢ * h) in Homg(C, A) are the
compositions of the maps

CorC

/ %
C CRrC®rC
X

%

CorC

fRg®h A®RA®RA—ﬁ>A.

It is obvious that coassociativity of A yields associativity of Hompg(C, A).

To show the converse, we see from the above diagram that it suffices to
prove that, (at least) for one associative algebra A and suitable f,g,h €
Hompg(C, A), the composition fio (f ® g ® h) is a monomorphism. So let
A =T(C), the tensor algebra of the R-module C' (cf. 15.12), and f =g = h,
the canonical mapping C' — T'(C'). Then fio(f®g® h) is just the embedding
CeCeC=T5C)—T(C).

(2) If C' is cocommutative and A is commutative,

Frgle) =Y flevgle) = gle)fca) = g = f (o),

so that Hompg(C, A) is commutative. Conversely, assume that Homg(C, A) is
commutative for any commutative A. Then

o (f@9g)(Alc)) = po (f@g)(two Alc)).

This implies A = tw o A provided we can find a commutative algebra A and
f,9 € Homg(C, A) such that po (f ® g): C @ C — A is injective. For this
take A to be the symmetric algebra S(C' @ C) (see 15.13). For f and g we
choose the mappings

C—-CalC, z+ (2,0), C—-CaC, z+ (0,2),
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composed with the canonical embedding C ® C' — S(C @ C).

With the canonical isomorphism h : S(C)®S(C) — S(C @ C) (see 15.13)
and the embedding A : C' — §(C), we form h ' o po (f ® g) = A ® A. Since
A(C) is a direct summand of S(C'), we obtain that A ® A is injective and so
po (f ® g) is injective.

(3) It is easy to check that the unit in Hompg(C, A) is

C R A crelc)la

For the converse, consider the R-module A = R @& C and define a unital
R-algebra

p:A®rA— A, (r,a)® (s,b) — (rs,rb+ as).
Suppose there is a unit element in Homg(C, A),
e:C—-A=RdC, cw (g(c),\c)),

with R-linear maps € : C' — R, A : C' — C. Then, for f: C — A, ¢+ (0,¢),
multiplication in Hompg(C, A) yields

frxe:C— A c— (0,(Ic ®¢€)oA(c)).

By assumption, f = f *e and hence Io = (Ic ® €) o A, one of the conditions
for € to be a counit. Similarly, the other condition is derived from f =e* f.

Clearly ¢ is the unit in Homg(C, R), showing the uniqueness of a counit
for C. O

Note in particular that C* = Hompg(C, R) is an algebra with the convolu-
tion product known as the dual or convolution algebra of C.

Notation. From now on, C' (usually) will denote a coassociative R-coalgebra
(C,;A,e), and A will stand for an associative R-algebra with unit (A, p,¢).

Many properties of coalgebras depend on properties of the base ring R.
The base ring can be changed in the following way.

1.4. Scalar extension. Let C' be an R-coalgebra and S an associative com-
mutative R-algebra with unit. Then C Qg S is an S-coalgebra with the co-
product

A:CopS 2 (C@rC)@r S = (C®rS)®s (C@RS)

and the counit e ® Is : C ®r S — S. If C' is cocommutative, then C g S is
cocommutative.
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Proof. By definition, for any c® s € C ®pr S,
Alc®s) = Z(Cl ® 1g) ®s (2 ® s5).
It is easily checked that A is coassociative. Moreover,
(e®Is® Icgys) 0 Alc®s) = Zé(cl)@@ s=c®s,

and similarly (Iog,s ® € ® Ig) o A= Icg s is shown. )
Obviously cocommutativity of A implies cocommutativity of A. O
To illustrate the notions introduced above we consider some examples.

1.5. R as a coalgebra. The ring R is (trivially) a coassociative, cocommu-
tative coalgebra with the canonical isomorphism R — R ®g R as coproduct
and the identity map R — R as counit.

1.6. Free modules as coalgebras. Let F' be a free R-module with basis
(fa)a, A any set. Then there is a unique R-linear map

A:F—FgpF, fi— H®h,

defining a coassociative and cocommutative coproduct on F'. The counit is
provided by the linear map € : F' — R, f\ — 1.

1.7. Semigroup coalgebra. Let G be a semigroup. A coproduct and counit
on the semigroup ring R[G] can be defined by

A1 : RG] — RG] ®r RG], g g®g, e1: RG] >R, g— L
If G has a unit e, then another possibility is

. e®e if g =ce¢,
. 1 ifg=e,
g5 R|G] — R, 9’—’{0 if g # e.

Both A; and A, are coassociative and cocommutative.

1.8. Polynomial coalgebra. A coproduct and counit on the polynomial
ring R[X] can be defined as algebra homomorphisms by

Ay : R[X] — R X|®r R[X], X' X'® X",

e1: R[X] — R, X1, i=0,1,2,....
or else by
Ay RX] = RX|®@rRX], 1—1, X' (X®1+1®X),
ey RIX] — R, 11, Xis0, i=12....

Again, both A; and A, are coassociative and cocommutative.
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1.9. Coalgebra of a projective module. Let P be a finitely generated
projective R-module with dual basis py,...,p, € P and 7,...,7, € P*.
There is an isomorphism

P®gr P*— Endg(P), p® f+ [aw f(a)p],

and on P* @z P the coproduct and counit are defined by

A:P*@pP— (P*@pP)@p(P*®rP), fop—)Y fOpomap,

e:PP@rP—R, f@p~ f(p)
By properties of the dual basis,

(Uporp ®€)A(f ®p) = Zf ®pimi(p) = f ®p,

7

showing that ¢ is a counit, and coassociativity of A is proved by the equality
(Uporp @A)A(f®p) = Zijf®pi®m®l?j @m;@p = (AR Ipg,pr ) A(f®p).

The dual algebra of P* ®g P is (anti)isomorphic to Endg(P) by the bi-
jective maps

(P*®gr P)" = Homg(P* ®g P, R) ~ Hompg(P, P**) ~ Endg(P),

which yield a ring isomorphism or anti-isomorphism, depending from which
side the morphisms are acting.

For P = R we obtain R = R*, and R* ®r R ~ R is the trivial coalgebra.
As a more interesting special case we may consider P = R". Then P* ®p P
can be identified with the matrix ring M, (R), and this leads to the

1.10. Matrix coalgebra. Let {e;;}i<;j<n be the canonical R-basis for
M, (R), and define the coproduct and counit

A My(R) = Mo(R) @5 My(R), ey = ) e ® exy,

[SN Mn(R) — R, €5 51']' .
The resulting coalgebra is called the (n,n)-matriz coalgebra over R, and we

denote it by MS(R).

Notice that the matrix coalgebra may also be considered as a special case
of a semigroup coalgebra in 1.7.
From a given coalgebra one can construct the
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1.11. Opposite coalgebra. Let A : C' — C ®g C define a coalgebra. Then
A 025 C0rC 5 CRRC, Y ®a,

where tw is the twist map, defines a new coalgebra structure on C' known
as the opposite coalgebra with the same counit. The opposite coalgebra is
denoted by C“P. Note that a coalgebra C is cocommutative if and only if C'
coincides with its opposite coalgebra (i.e., A = A™).

1.12. Duals of algebras. Let (A, p,t) be an R-algebra and assume gA to
be finitely generated and projective. Then there is an isomorphism

A" @r A" = (A®rA)", [®gr[a®b— f(a)g(b)],
and the functor Hompg(—, R) = (—)* yields a coproduct
P AT — (AR A" ~ A" ®@r A
and a counit (as the dual of the unit of A)
=0 :A"—> R, [ f(la).

This makes A* an R-coalgebra that is cocommutative provided g is commu-
tative. If R A is not finitely generated and projective, the above construction
does not work. However, under certain conditions the finite dual of A has a
coalgebra structure (see 5.7).

Further examples of coalgebras are the tensor algebra 15.12, the symmet-
ric algebra 15.13, and the exterior algebra 15.14 of any R-module, and the
enveloping algebra of any Lie algebra.

1.13. Exercises

Let MS(R) be a matrix coalgebra with basis {e;;}1<i j<n (see 1.10). Prove that
the dual algebra MS(R)* is an (n,n)-matrix algebra.

(Hint: Consider the basis of M* dual to {e;;}i<ij<n.)

References. Abuhlail, Gémez-Torrecillas and Wisbauer [50]; Bourbaki
[5]; Sweedler [45]; Wisbauer [210].
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2 Coalgebra morphisms

To discuss coalgebras formally, one would like to understand not only isolated
coalgebras, but also coalgebras in relation to other coalgebras. In a word, one
would like to view coalgebras as objects in a category.! For this one needs
the notion of a coalgebra morphism. Such a morphism can be defined as an
R-linear map between coalgebras that respects the coalgebra structures (co-
products and counits). The idea behind this definition is of course borrowed
from the idea of an algebra morphism as a map respecting the algebra struc-
tures. Once such morphisms are introduced, relationships between coalgebras
can be studied. In particular, we can introduce the notions of a subcoalgebra
and a quotient coalgebra. These are the topics of the present section.

2.1. Coalgebra morphisms. Given R-coalgebras C' and C’, an R-linear
map f : C — (" is said to be a coalgebra morphism provided the diagrams

c L. o c L o
y B N
CopC 2L o en, R

are commutative. Explicitly, this means that
Alof=(f®f)oA, and £of=c¢,

that is, for all ¢ € C,

Y o fle)@fle) =Y fle)@f(e)y, and  £(f(e)) =e(e).

Given an R-coalgebra C' and an S-coalgebra D, where S is a commuta-
tive ring, a coalgebra morphism between C and D is defined as a pair («, )
consisting of a ring morphism o : R — S and an R-linear map v : C' — D
such that

7Y :C®rS— D, c®s+— 7(c)s,

is an S-coalgebra morphism. Here we consider D as an R-module (induced
by a) and C ®p S is the scalar extension of C' (see 1.4).

As shown in 1.3, for an R-algebra A, the contravariant functor Hompg(—, A)
turns coalgebras to algebras. It also turns coalgebra morphisms into algebra
morphisms.

!The reader not familiar with category theory is referred to the Appendix, §38.
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2.2. Duals of coalgebra morphisms. For R-coalgebras C' and C', an
R-linear map f: C — C" is a coalgebra morphism if and only if

Hom(f, A) : Homg(C", A) — Hompg(C, A)
is an algebra morphism, for any R-algebra A.

Proof. Let f be a coalgebra morphism. Putting f* = Homg(f, A), we
compute for g, h € Homg(C’, A)

ff(gxh) = po(g@h)oA'of=po(geh)o(f®f)oA
= (go f)x(hof) = f(g)=f"(h).

To show the converse, assume that f* is an algebra morphism, that is,

po(g@h)oAof=po(g@h)o(f®f)oA,

for any R-algebra A and g,h € Hompg(C’, A). Choose A to be the tensor
algebra T'(C) of the R-module C' and choose g, h to be the canonical em-
bedding C' — T(C) (see 15.12). Then po (g ® h) is just the embedding
C®rC — T5(C) — T(C), and the above equality implies

Alof=(f®f)oA,

showing that f is a coalgebra morphism. O

2.3. Coideals. The problem of determining which R-submodules of C' are
kernels of a coalgebra map f : C'— (' is related to the problem of describing
the kernel of f ® f (in the category of R-modules Mg). If f is surjective, we
know that Ke (f ® f) is the sum of the canonical images of Ke f ®z C' and
C®rKefin C®gC (see 40.15). This suggests the following definition.

The kernel of a surjective coalgebra morphism f : C' — C’ is called a
cotideal of C.

2.4. Properties of coideals. For an R-submodule K C C' and the canonical
projection p : C — C/ K, the following are equivalent:

(a) K is a coideal;
(b) C/K is a coalgebra and p is a coalgebra morphism;
(¢c) A(K) CKe(p®p) and e(K) = 0.
If K C C is C-pure, then (c) is equivalent to:
(d) A(K) CCRr K+ K®rC and e(K) = 0.
If (a) holds, then C'/K is cocommutative provided C' is also.
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Proof. (a) < (b) is obvious.
(b) = (c) There is a commutative exact diagram

0 K C £ C/K

| | |

0—=Ke(p®p) —= CorC 2% C/K @pC/K — 0,

where commutativity of the right square implies the existence of a morphism
K — Ke (p®p), thus showing A(K) C Ke (p®p). For the counit £ : C/K —
Rof C/K,&Zop=c¢ and hence e(K) =0

(¢) = (b) Under the given conditions, the left-hand square in the above
diagram is commutative and the cokernel property of p implies the existence
of A. This makes C/K a coalgebra with the properties required.

(c) & (d) If K c Cis C-pure, Ke(p®p) = C @ K + K @5 C. 0

2.5. Factorisation theorem. Let f : C — C' be a morphism of R-
coalgebras. If K C C is a coideal and K C Ke f, then there is a commutative
diagram of coalgebra morphisms

RN
c’.
Proof. Denote by f: C/K — C’ the R-module factorisation of f : C' —
C'. It is easy to show that the diagram

C/K c’

| -
Fof

C/K @rC/K 120 o' gp

is commutative. This means that f is a coalgebra morphism. O

2.6. The counit as a coalgebra morphism. View R as a trivial R-
coalgebra as in 1.5. Then, for any R-coalgebra C,

(1) € is a coalgebra morphism;
(2) if € is surjective, then Kee is a coideal.

Proof. (1) Consider the diagram
C - R

b 1

C®RCL®E>R®RR e

=
®
Q
)
[
—
o)
[
~—
®
m
—
=)
S
~—
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The properties of the counit yield

D ele) @e(er) =D ele)eler) @1 =2(D cre(er)) @1 =2(c) @1,

so the above diagram is commutative and ¢ is a coalgebra morphism.
(2)This is clear by (1) and the definition of coideals. O

2.7. Subcoalgebras. An R-submodule D of a coalgebra C' is called a sub-
coalgebra provided D has a coalgebra structure such that the inclusion map
is a coalgebra morphism.

Notice that a pure R-submodule (see 40.13 for a discussion of purity) D C
C'is a subcoalgebra provided Ap(D) C D®gr D C C®rC ande|lp: D — R
is a counit for D. Indeed, since D is a pure submodule of C', we obtain

AD(D)ZD@)RCﬂC@RD:D@RDCC@RC,

so that D has a coalgebra structure for which the inclusion is a coalgebra
morphism, as required.

From the above observations we obtain:

2.8. Image of coalgebra morphisms. The image of any coalgebra map
f:C — C"is a subcoalgebra of C".

2.9. Remarks. (1) In a general category A, subobjects of an object A in A are
defined as equivalence classes of monomorphisms D — A. In the definition
of subcoalgebras we restrict ourselves to subsets (or inclusions) of an object.
This will be general enough for our purposes.

(2) The fact that — over arbitrary rings — the tensor product of injective
linear maps need not be injective leads to some unexpected phenomena. For
example, a submodule D of a coalgebra C' can have two distinct coalgebra
structures such that, for both of them, the inclusion is a coalgebra map (see
Exercise 2.15(3)). It may also happen that, for a submodule V' of a coalgebra
C, A(V) is contained in the image of the canonical map V ®@rV — C ®g C,
yet V' has no coalgebra structure for which the inclusion V' — (' is a coalgebra
map (see Exercise 2.15(4)). Another curiosity is that the kernel of a coalgebra
morphism f : C' — C’ need not be a coideal in case f is not surjective (see
Exercise 2.15(5)).

2.10. Coproduct of coalgebras. For a family {C)}, of R-coalgebras, put
C =, C,, the coproduct in Mg, iy : Cy — C the canonical inclusions, and
consider the R-linear maps

250,00, cC®C, ¢:0y— R

By the properties of coproducts of R-modules there exist unique maps
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A:C—-C®rCwith Aoiy=A,, ¢e:C — Rwitheoiy=c¢,.

(C,A¢) is called the coproduct (or direct sum) of the coalgebras Cy. It is
obvious that the iy : C'y — C are coalgebra morphisms.

C' is coassociative (cocommutative) if and only if all the C have the
corresponding property. This follows — by 1.3 — from the ring isomorphism

HOIHR(C, A) = HomR(@AC’)\, A) >~ HAHOIHR<C)\, A),

for any R-algebra A, and the observation that the left-hand side is an asso-
ciative (commutative) ring if and only if every component in the right-hand
side has this property.

Universal property of C =@, C\. For a family {f\ : Cx — C'}x of coal-
gebra morphisms there exists a unique coalgebra morphism f : C — C" such
that, for all X € A, there are commutative diagrams of coalgebra morphisms

C)\L)C«

N

c'.
2.11. Direct limits of coalgebras. Let {C), f\,}a be a direct family of R-
coalgebras (with coalgebra morphisms f),) over a directed set A. Let hi>n C\
denote the direct limit in My with canonical maps f, : C, — liL>nC>\. Then
the /1, ® fr, : CAx®C\ — C,®C, form a directed system (in Mg) and there
is the following commutative diagram

c, — 2 . c.®C,

g e

lim Oy —2> 1im(C) ® Cy) —2> lim Cy ® lim Cy,

where the maps 0 and 6 exist by the universal properties of direct limits. The
composition
Alim =0o06: h_r)nC’A —>lii)n0)\®1ii>ﬂo)\

turns lim C) into a coalgebra such that the canonical map (e.g., [46, 24.2])
p: P Cr— lim C'y

is a coalgebra morphism. The counit of h_r)n C) is the map €y, determined by
the commutativity of the diagrams

fu 1
W — h_IQCA

Elim
En

R.
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For any associative R-algebra A,
Hompg(lim Cy, A) ~ lim Hompg(Cy, A) C [], Homg(Cy, 4),

and from this we conclude — by 1.3 — that the coalgebra lim C'y is coassociative
(cocommutative) whenever all the C are coassociative (cocommutative).

Recall that for the definition of the tensor product of R-algebras A, B, the
twist map tw: AQr B — B®r A, a®b+— b® a is needed. It also helps to
define the

2.12. Tensor product of coalgebras. Let C' and D be two R-coalgebras.
Then the composite map

Ac®Ap

C®rD 2E2°(C @p C) g (D @5 D) —C2200,

(C®rD)®g (C®gD)

defines a coassociative coproduct on C' ®r D, and with the counits ¢ of C
and ep of D the map ec®ep : C®rD — R is a counit of C®rD. With these
maps, C' ®g D is called the tensor product coalgebra of C' and D. Obviously
C ®gr D is cocommutative provided both C' and D are cocommutative.

2.13. Tensor product of coalgebra morphisms. Let f : C' — C' and
g : D — D" be morphisms of R-coalgebras. The tensor product of f and g
yields a coalgebra morphism

f®g:C®rD— C" @D
In particular, there are coalgebra morphisms
Ic®ep: CRrRD —C, ec®Ip:CR®rD — D,
which, for any commutative R-algebra A, lead to an algebra morphism
Hompg(C, A) @ Hompg(D, A) — Homg(C ®g D, A),
§®(C— (Eo(le®ep))*(Co(ec ®Ip)),
where x denotes the convolution product (cf. 1.3).

Proof. The fact that f and g are coalgebra morphisms implies commu-
tativity of the top square in the diagram

ConD f®g ' o D
AC®ADJ/ iACuXJAD/
CorC@rDor D122 g, " @p D' @p D'
Io@twalp J{ ilcl®tw®1 -

fRIQf®yg C

CRrD®rC®rD @r D' @rC' @ D',
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while the bottom square obviously is commutative by the definitions. Com-
mutativity of the outer rectangle means that f ® ¢ is a coalgebra morphism.

By 2.2, the coalgebra morphisms C' ®r D — C' and C ®g D — D yield
algebra maps

HOIIIR(C, A) — HOIIlR(C QR l)7 A), HOII]R<D, A) — HOIIIR(C QR D, A) 3
and with the product in Homg(C ®g D, A) we obtain a map
Hompg(C, A) x Homg(D, A) — Homg(C ®g D, A),

which is R-linear and hence factorises over Hompg(C, A)®@ gHompg(D, A). This
is in fact an algebra morphism since the image of Homg(C, A) commutes with
the image of Hompg(D, A) by the equalities

((o(lc®ep))*(Co(ec® Ip)))(c®d)
= > ¢o(Ilc®ep)®@Co(ec®Ip)(c; ®dy @y ® dy)

= > &(as(d)) ((e(cx)dz)
= >_ &(as(cer), ((e(di)da)

€(c) ¢(d) = ¢(d)&(c)

= (((o(ec®Ip)) x (o (lc ®ep)))(c®d),

where £ € Homg(C, A), ¢ € Homg(D,A) and c € C, d € D. 0

To define the comultiplication for the tensor product of two R-coalgebras
C,D in 2.12, the twist map tw : C ®g D — D ®p C' was used. Notice that
any such map yields a formal comultiplication on C ®g D, whose properties
strongly depend on the properties of the map chosen.

2.14. Coalgebra structure on the tensor product. For R-coalgebras
(C,Ac,ec) and (D, Ap,ep), let w: C®r D — D ®g C be an R-linear map.
Explicitly on elements we write w(c® d) = > d¥ ® ¢*. Denote by C'x,,D the
R-module C' ®z D endowed with the maps

A:(Ic®w®ID)o(AC®AD): C@RDH(C(X)RD)@R(C@RD),
E=ec®ep: C®rD — R.

Then C'x D is an R-coalgebra if and only if the following bow-tie diagram
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is commutative (tensor over R):

CRD®D CeC®D
w®Ip C@D Ic®w
DC®D C w D CeDrC
ID(X)W D®O W®Ic
AC b@k
DRDRC DCxC.

If this holds, the coalgebra C' x,, D is called a smash coproduct of C' and D.

Proof. Notice that commutativity of the central trapezium (triangles)
means

(ID®€C)U)(C®d) :&Tc(C)d, (€D®Ic)w(c®d) :é’:‘D(d)C.

By definition, right counitality of & requires (Icg,p ®r &) © A = Iog,p, that
is,

c®d= ch@) (Ip ®ec)w(cy ® dy)é(dy) = ch@) (Ip ® ec) wlcy @ d).

Applying ec ® Ip, we obtain the first equality (right triangle) for w. Similarly,
the second equality (left triangle) is derived. A simple computation shows
that the two equalities imply counitality.

Coassociativity of A means commutativity of the diagram

IQwRI IQRIRARA

CRC®DRXD — CDRCRD — (DCCRDRD

AC®ADT i]@f@[@%@[
C®D (%) C®DeC®DC®D

AC@ADl T1®w®1®1®1

CoCoDoD % copeCeD 24 CeCeDRDRCRD |

which is equivalent to the identity (x)

Y aed o0 ©dy) " ©e”, ©dyy = Y e 1®d1*,®c," 9d)*, 00" @ds.
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Applying the map ec ® Ic ® [p ® Ip ® I ® €p to the last module in the
diagram (x) — or to formula (x) — we obtain the commutative diagram and
formula

ceoDeD L pecepYpgcewceD

]®ADT J{I®I®w
C®D (%) DC®D®C
Ac®ll

CeC®D HC@D@C

Tu}@]@[

‘eardlog Do Do C |

(**) Z dlw X Cwl & dga & nga = Z dwl@ & Cla & dw2® ng.

Now assume formula (x*) to be given. Tensoring from the left with the
coefficients c¢; and replacing ¢ by the coefficients ¢y we obtain

ch@)dlw@ngl@dzw@ngz@ = ch@)dwla}@Czl@@dwg@CZzw
= chl(@dwlw@Clza)@dwg@Czw.

Now, tensoring with the coefficients dy from the right and replacing d by the
coefficients d; we obtain formula (x). So both conditions (xx) and (x) are
equivalent to coassociativity of A.

Commutativity of the trapezium yields a commutative diagram

DRCRC®D
1D®10®wl IpRec®w
DeCoDgC REe ™ heopgC.

w®IpRI
P CT £58IpRIp®Ic

CRDIDC
With this it is easy to see that the diagram (xx) reduces to the diagram

w®Ip

C®D®D DeC®D

IC®ADT llc®w
AD®Ic

C®D DeCXpeDac,

and a similar argument with ep ® I yields the diagram

ID®AC

C®D DRC — D(CKC
AC®ID\L Tw®lc
C®C®D fe@w CoD®C .
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Notice that the two diagrams are the left and right wings of the bow-tie and
hence one direction of our assertion is proven.
Commutativity of these diagrams corresponds to the equations

Z dlw ®dg@ ®cw<D — Z dwl®dw2®cw7 Z d¥ ®Cwl®cw2 — Z dw@ ®Cldz ®ng7

and — alternatively — these can be obtained by applying Ip ® e¢ ® Ip ® I¢
and Ip ® Ic ® ep ® I to equation (k).

For the converse implication assume the bow-tie diagram to be commuta-
tive. Then the trapezium is commutative and hence ¢ is a counit. Moreover,
the above equalities hold. Tensoring the first one with the coefficients ¢; and
replacing ¢ by the coefficients c; we obtain

ZCL® dlw (%9 dzd (%9 ng@ = ZCL@ dwl® dwz® ng.
Applying w ® Ip ® I to this equation yields
Z dlw&) ® Cl@ ® dg&) ® Czw&) _ Z dwl&) ® Cl@ ® dwg ® ng‘

Now, tensoring the second equation with the coefficients dy from the right,
replacing d by the coefficients d; and then applying Ip ® Ic ® w yields

Z dlw ® Cwl ® dg@ ® ng@ _ Z dlwi) ® C;@ ® dzuf) ® ng@.

Comparing the two equations we obtain (xx), proving the coassociativity of

A. O

Notice that a dual construction and a dual bow-tie diagram apply for
the definiton of a general product on the tensor product of two R-algebras
A, B by an R-linear map w’ : B®r A — A ®p B. A partially dual bow-tie
diagram arises in the study of entwining structures between R-algebras and
R-coalgebras (cf. 32.1).

2.15. Exercises

(1) Let g : A — A’ be an R-algebra morphism. Prove that, for any R-coalgebra
c,
Hom(C, g) : Hompg(C, A) — Hompg(C, A")

is an R-algebra morphism.
(2) Let f: C — C' be an R-coalgebra morphism. Prove that, if f is bijective

then f~! is also a coalgebra morphism.
(3) On the Z-module C' = Z @ Z/47Z define a coproduct
0)
1)

A:C—-C®zC, (1,
(0

—
—

(1,0)® (1,0),
(1,0) ® (0,1) + (0,1) & (1,0).
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(6)
(7)
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On the submodule D = Z & 2Z/4Z C C consider the coproducts

Ay:D—D®yzD, (1,0)— (1,0)® (1,0),
(0,2) — (1,0) ® (0,2) + (0,2) ® (1,0)
Ao:D— D&y D, (1,0)— (1,0)® (1,0),
(0,2) — (1,0)®(0,2) + (0,2)®(0,2) + (0,2)®(1,0).

Prove that (D, A1) and (D, Ag) are not isomorphic but the canonical inclu-
sion D — C' is an algebra morphism for both of them (Nichols and Sweedler
[168]).

On the Z-module C = Z/8Z & Z/2Z define a coproduct

A:C—-C®zC, (1,0)—
(0 )H4(1 0) ®(1,0)
and consider the submodule V' = Z(2,0) + Z(0,1) C C. Prove:

(i) A is well defined.
(ii) A(V) is contained in the image of V@rV — C @ C.
(ili)) A : V — C ®p C has no lifting to V ®r V (check the order of the
preimage of A(0,1) in V ®r V') (Nichols and Sweedler [168]).

Let C =Z®Z/2Z @ Z, denote ¢y = (1,0,0), ¢; = (0,1,0), c2 = (0,0,1) and
define a coproduct

A(en) = Zci Qcpn_i, n=0,12.

Let D =7 & Z/AZ, denote dy = (1,0), di = (0,1) and
A(dg) = do ® dy, A(d1) = do @ dy + d1 @ dp.
Prove that the map
f:C— D, co—dy, c1— 2dy, ca— 0,
is a Z-coalgebra morphism and A(c2) € c2 ® C' + C ® c2 (which implies that

Ke f = Zcy is not a coideal in C') (Nichols and Sweedler [168]).

Prove that the tensor product of coalgebras yields the product in the category
of cocommutative coassociative coalgebras.

Let (C,Ac,ec) and (D, Ap,ep) be R-coalgebras with an R-linear mapping
w:C®rD — D®pgC. Denote by Cx,,D the R-module C ® g D endowed
with the maps A and & as in 2.14. The map w is said to be left or right
conormal if for any c € C, d € D,

(Ip®ec)w(c®d)=¢c(c)d or (ep®Ic)w(c®d)=cep(d)c.

Prove:
(i) The following are equivalent:
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a) w is left conormal;

(a)
(b) ec ® Ip : Cx,D — D respects the coproduct;
(¢) Ucerp ®rE) 0 A= Iogyp.
(ii) The following are equivalent:
(a) w is right conormal;
(b)
)

(¢) (E®rIcoyp)o A= Icg,p.

Ic ®ep : Cx,D — C respects the coproduct;

19

References. Caenepeel, Militaru and Zhu [9]; Nichols and Sweedler [168];

Sweedler [45]; Wisbauer [210].
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3 Comodules

In algebra or ring theory, in addition to an algebra, one would also like to
study its modules, that is, Abelian groups on which the algebra acts. Cor-
respondingly, in the coalgebra theory one would like to study R-modules
on which an R-coalgebra C' coacts. Such modules are known as (right) C-
comodules, and for any given C' they form a category MY, provided mor-
phisms or C'-comodule maps are suitably defined. In this section we define
the category MY and study its properties. The category M in many re-
spects is similar to the category of modules of an algebra, for example, there
are Hom-tensor relations, there exist cokernels, and so on, and indeed there
is a close relationship between M® and the modules of the dual coalgebra
C* (cf. Section 4). On the other hand, however, there are several marked
differences between categories of modules and comodules. For example, the
category of modules is an Abelian category, while the category of comodules
of a coalgebra over a ring might not have kernels (and hence it is not an
Abelian category in general). This is an important (lack of) property that is
characteristic for coalgebras over rings (if R is a field then M is Abelian),
that makes studies of such coalgebras particularly interesting. The ring struc-
ture of R and the R-module structure of C' play in these studies an important
role, which requires careful analysis of R-relative properties of a coalgebra or
both C- and R-relative properties of comodules.

As before, R denotes a commutative ring, Mg the category of R-modules,
and C, more precisely (C, A, ¢), stands for a (coassociative) R-coalgebra (with
counit). We first introduce right comodules over C.

3.1. Right C-comodules. For M € Mpg, an R-linear map o™ : M —
M ®p C is called a right coaction of C' on M or simply a right C-coaction.
To denote the action of ™ on elements of M we write o™ (m) = > mg®@m,.

A C-coaction o™ is said to be coassociative and counital provided the
diagrams

oM oM
M M ®grC M — M ®rC
.QMi lIM®A / l1M®E
oMo M
M@ C M ®rC ®gC, M

are commutative. Explicitly, this means that, for all m € M,

D oMmo) @my = me®A(my), m=Y_ moe(m).
In view of the first of these equations we can shorten the notation and write

(]M®A)OQM(T)’L) :ng(@ml@mg,
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and so on, in a way similar to the notation for a coproduct. Note that
the elements with subscript 0 are in M while all the elements with positive
subscripts are in C'.

An R-module with a coassociative and counital right coaction is called a
right C'-comodule.

Recall that any semigroup induces a coalgebra (R[G], A1, 1) (see 1.7) and
for this the comodules have the following form.

3.2. Graded modules. Let G be a semigroup. Considering R with the
trivial grading, an R-module M is G-graded (see 40.6) if and only if it is an
R[G]-comodule.

Proof. Let M = @,M, be a G-graded module. Then a coaction of
(R[G], Ay,e1) on M is defined by

oMM — M®gR[G], m,—m®yg.

It is easily seen that this coaction is coassociative and, for any m € M,

(Iny @en)o™(m) = Iy ®e)(>_my@g) =Y mg=m.

geG geG

Now assume that M is a right R[G]-comodule and for all m € M write
oM(m) = > geq My ®g. By coassociativity, >0 co(mg)n@h®@g =3 om;®
g ® g, which implies (my), = d,,m, and also o™ (m,) = m, ® g. Then
M, = {m,|m € M} is an independent family of R-submodules of M. Now
counitality of M implies m = (I ®¢€1)(Y jeq Mg ®g) = D e My, and hence
M=®, M, 0

Maps between comodules should respect their structure, that is, they have
to commute with the coactions. This leads to

3.3. Comodule morphisms. Let M, N be right C-comodules. An R-linear
map f : M — N is called a comodule morphism or a morphism of right
C-comodules if and only if the diagram

N
oM \L i oN

MonC¥Y N, C

is commutative. Explicitly, this means that o o f = (f ® I¢) o o™; that is,
for all m € M we require

D Fm)e® f(m)y = f(mo) @my.
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Instead of comodule morphism we also say C-morphism or (C-)colinear
map. 1t is easy to see that the sum of two C-morphisms is again a C-
morphism. In fact, the set Hom® (M, N ) of C-morphisms from M to N is
an R-module, and it follows from the definition that it is determined by the
exact sequence in Mg,

0 — Hom®(M, N) — Hompg(M, N) - Homgp(M, N @ C),

where (f) := 0" o f — (f ® I¢) o 0. Notice that it can also be determined
by the pullback diagram

Hom® (M, N) Hompg (M, N)
(—®Ic)oo™
Homp(M,N) —= Homgz(M,N ®@rC).

Obviously the class of right comodules over C' together with the colinear maps
form an additive category. This category is denoted by M.

3.4. Left C'~-comodules. Symmetrically, for an R-module M, left C'-coaction
is defined as an R-linear map Mo : M — C'®p M. It is said to be coassociative
and counital if it induces commutative diagrams

M M

M d C®@r M M —>C®&r M
I\/Igi iA@I}W \ \LE@IM
M
CRrM fe®To C®rC®rM, M.

For m € M we write Yo(m) = Y. m_; ® mg, and coassociativity is expressed
as >om_1 @Mo(mo) = S A(m_1)@my = 3. m_y@m_; @myg, where the final
expression is a notation. The axiom for the counit reads m = 3" e(m_;)myg.

An R-module with a coassociative and counital left C-coaction is called a
left C'-comodule. C-morphisms between left C-comodules M, N are defined
symmetrically, and the R-module of all such C-morphisms is denoted by
“Hom (M, N). Left C-comodules and their morphisms again form an additive
category that is denoted by “M.

An example of a left and right C-comodule is provided by C' itself. In
both cases coaction is given by A. Unless explicitly stated otherwise, C' is
always viewed as a C-comodule with this coaction. In this context A is often
referred to as a left or right regular coaction.

In what follows we mainly study the category of right comodules. The
corresponding results for left comodules can be obtained by left-right symme-
try. Similarly to the case of coalgebras, several constructions for C'-comodules
build upon the corresponding constructions for R-modules.



3. Comodules 23

3.5. Kernels and cokernels in M. Let f : M — N be a morphism in
MC. The cokernel ¢ of f in My yields the exact commutative diagram

M L N S L 0

|k

M®RC&IC>N®RC&IC>L®RC*>07

which can be completed commutatively in My by some o* : L — L ®p C for
which we obtain the diagram

Vel

N
N-—2>N@pC N®rCQprC
IN®A
gl g®ICi ig@lc@lc
L oI
L2~ LoC ®C LorC®rC.
L

The outer rectangle is commutative for the upper as well as for the lower
morphisms, and hence

(QL®]C)OQLog:(IL®A)OQLog.

Now, surjectivity of g implies (o* @ I¢) o o* = (I ® A) o o, showing that

o" is coassociative. Moreover,

(Ip®e)oo og=(I,®e)o(g®Ic) oo™ =y,

which shows that (I, ® ) o o = I,. Thus o is counital, and so it makes L
a comodule such that g is a C-morphism. This shows that cokernels exist in
the category M.

Dually, for the kernel h of f in My there is a commutative diagram

0 K oy ! N

Ql\l QN

0 — KopC X pvopc L2 Noy O,

where the top sequence is always exact while the bottom sequence is exact
provided f is C-pure as R-morphism (see 40.13). If this is the case, the
diagram can be extended commutatively by a coaction o : K — K @5 C,
and (dual to the proof for cokernels) it can be shown that o’ is coassociative
and counital. Thus kernels of C-morphisms are induced from kernels in Mg
provided certain additional conditions are imposed, for example, when C' is
flat as an R-module.
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3.6. C-subcomodules. Let M be a right C-comodule. An R-submodule
K C M is called a C-subcomodule of M provided K has a right comodule
structure such that the inclusion is a comodule morphism.

This definition displays a number of typical features of coalgebras over a
ring as opposed to coalgebras over a field. In the case in which R = F' is
a field, one defines a C-subcomodule of M as a subspace K C M such that
oM(K) C K®rC C M ®pC. In the case of a general commutative ring
R, however, the fact that K is an R-submodule of M does not yet imply
that K ®g C' is a submodule of M ®gr C, since the tensor functor is only
right but not left exact. However, if K is a C-pure R-submodule of M,
then K @ C C M ®gz C as well, and K is a subcomodule of M provided
oM(K)C K®rC C M ®pC. By the same token, the kernel K in Mg of a
comodule morphism f : M — N need not be a subcomodule of M unless f
is a C-pure morphism (compare 3.5).

3.7. Coproducts in MC. Let {M,, 037} be a family of C-comodules. Put
M = @, M,, the coproduct in Mg, @y : M, — M the canonical inclusions,
and consider the linear maps

M
My 25 My ®rC C M ®gC.

Note that the inclusions 7, are R-splittings, so that M\ g C C M ®g C'is a
pure submodule. By the properties of coproducts of R-modules there exists
a unique coaction

oM M — M ®@p C, such that o™ oiy = Q%

which is coassociative and counital since all the ¢! are, and thus it makes
M a C-comodule for which the iy : M), — M are C-morphisms with the
following universal property:

Let {fy: My — N}x be a family of morphisms in MY. Then there exists
a unique C'-morphism f : M — N such that, for each X € A, the following
diagram of C'-morphisms commutes:

M)\L)M

N

N.

Similarly to the coproduct, the direct limit of direct families of C-como-
dules is derived from the direct limit in Mg. Both constructions are special
cases of a more general observation on colimits of F-coalgebras in 38.25.

3.8. Comodules and tensor products. Let M be in M® and consider any
morphism f : X — Y of R-modules. Then:
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(1) X ®g M is a right C-comodule with the coaction
Ix®0" : X®r M — X ®@r M ®C,

and the map f @ Iy : X Qg M — Y ®@r M is a C'-morphism.
(2) In particular, X ®@g C has a right C'-coaction

[X®A1X®RC—>X®RC®RC,

and the map f @ Ic: X ®r C — Y ®g C is a C-morphism.

(8) For any index set A, R™ @5 C ~ C™) as comodules and there exists a
surjective C'-morphism

CN) M @gC, for some A

(4) The structure map o™ : M — M @r C is a comodule morphism, and
hence M is a subcomodule of a C'-generated comodule.

Proof. (1) and (2) are easily verified from the definitions.
(3) Take a surjective R-linear map h : RA) — M. Then, by (2),

holo: RN @p C — M @pC

is a surjective comodule morphism.

(4) By coassociativity, o is a comodule morphism (where M ®p C has
the comodule structure from (1)). Note that p* is split by Iy ® € as an R-
module; thus M is a pure submodule of M ® C' and hence is a subcomodule.

O

Similarly to the classical Hom-tensor relations (see 40.18), we obtain

3.9. Hom-tensor relations in M®. Let X be any R-module.
(1) For any M € MY, the R-linear map

¢ : Hom® (M, X @5 C) — Homp(M,X), f+— (Ix®¢)o f,

is bijective, with inverse map h +— (h ® I¢) o oM.

(2) For any M, N € MY, the R-linear map
¢ : Hom®(X®@zrM, N) — Hompg (X, Hom® (M, N)), g— [z — g(z®-)],

is bijective, with inverse map h +— [x @ m +— h(z)(m)].
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Proof. (1) For any f € Hom“(M, X ®x C) the diagram

M ! X®pC

o| e TR

M®r0 g X OrC®r 0 Ggr, X Or 0

is commutative, that is,

f=Ux®e®lIc)o(f®@Ic)o o™ = (o(f)®Ic) oo™

This implies that ¢ is injective.
Since oM is a C-morphism, so is (h ® I¢) o o™, for any h € Hompg(M, X).
Therefore

go((h@[c)opM):(IX®5)o(h®IC)ogM:ho([M(X)g)ogM:h,

implying that ¢ is surjective.
(2) The Hom-tensor relations for modules provide one with an isomor-
phism of R-modules,

Y Homg(X ®g M, N) — Hompg(X, Homg(M, N)). (%)
For any x € X, by commutativity of the diagram

TR—

M X ®@r M me——— zQm
ng J/Ix®9M I I
@-)eIc M M
M®@rC — X ®@r M ®rC, o' (m)——1x® 0" (m),

the map = ® — is a C-morphism. Hence, for any ¢ € Hom® (X @z M, N),
the composition g o (z ® —) is a C-morphism. On the other hand, there is a
commutative diagram, for all h € Homg (X, Hom® (M, N)),

X ®@p M N r®@m —— > h(z)(m)
X®rMerC —= N@rC,  z@o(m) — (h(z)®Ic)o o (m).

This shows that 1~!(h) lies in Hom®(X ®p M, N) and therefore implies
that 1) in () restricts to the bijective map ¢ : Hom%(X ®zr M,N) —
Hompg(X, Hom® (M, N)), as required. 0

For completeness we formulate the left-sided version of 3.9.
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3.10. Hom-tensor relations in “M. Let X be any R-module.
(1) For any left C-comodule M, there is an isomorphism

¢ : “Hom (M,C ®p X) — Homgp(M, X), f+ (e®Ix)o f,

with inverse map h— (Ic @ h) o M.
(2) For any M, N € “M, there is an isomorphism

¢ “Hom (M®pX, N) — Homg(X,“Hom(M,N)), g+ [z g(—®z)],
with inverse map h— [m ® x +— h(z)(m)].

Unlike for A-modules (see 40.8), the R-dual of a right C-comodule need
not be a left C-comodule unless additional conditions are imposed. To specify
such sufficient conditions, first recall that, for a finitely presented R-module
M and a flat R-module C| there is an isomorphism (compare 40.12)

v 2 C ®@g Homp(M, R) — Homg(M,C), c¢®h+—c®h(—).

3.11. Comodules finitely presented as R-modules. Let gC' be flat and
M € MC such that gkM is finitely presented. Then M* = Hompg(M, R) is a
left C'-comodule by the structure map

Mo M* — Homgp(M,C) ~C g M*, g (9@ Ic)o oM.

Proof. The comodule property of M* follows from the commutativity of
the following diagram (with obvious maps), the central part of which arises
from the coassociativity of C' (tensor over R):

~ ~

M*

Hom® (M, C) Hom®(M,C®C) CoM*

l i A@Iy

C®M* —Hom®(M,C®C) —Hom%(M,CoCC) —= CCM*.

O

For X = R and M = (', the isomorphism ¢ describes the comodule
endomorphisms of C'.

3.12. Comodule endomorphisms of C'.

(1) There is an algebra anti-isomorphism ¢ : End®(C) — C*, f s co f,
with the inverse map h — (h ® Ic) o A and so h € C* acts on c € C
from the right by

c-h = (h&Ic)Ac) = h(c)ey.
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(2) There is an algebra isomorphism ¢’ : “End(C) — C*, f +— eo f, with
the inverse map h — (Ic @ h) o A and so h € C* acts on ¢ € C from

the left by
h—c = (Ic ® h)A chh ).
(3) For any f € C* and c € C,
A(f=c) = Y a®(f-c),
Ale~f) = Y(a=f)®cy,
A(f=c=g) = >(a-g) @ (f-c2),
Ya®(ef) = Y(f-c)®c

(4) ¢ and ¢’ are homeomorphisms for the finite topologies (cf. 42.1).
(5) The coproduct A yields the embedding

C* ~ Hom®(C,C) — Hom®(C, C ®g C) ~ Endg(C).

Proof. (1) By 3.9(1), ¢ is R-linear and bijective. Take any f, g €
End“(C), recall that (f ® Ic) o A = Ao f, and consider the convolution
product applied to any ¢ € C,

(€0 f)*(eog)(c) = De(f(cr))elglez))
— 50g[(5®[c)0(f®10) ()}
= coglle®Ig)oAof(c)] = co(gof)(e).

This shows that ¢ is an anti-isomorphism.
(2) For all f,g € “End (C), (Ic ® g) o A = Ao g, and hence

(o f)x(cog)(c) = De(f(cr))elglez))
= 50]“[(]0@6)0(]0@9) A(c)]
= coglle®e)oAog(c)]=co(fog)(c).

(3) By definition,
A(f=c) = AR caf(er) = Y ®@ciaf(cr)
= Y a®cuflear) = X a®(f-c)

The remaining assertions are shown similarly.
(4) We show that both ¢ and ¢~ map open neighbourhoods of zero
to open neighbourhoods of zero. For any z1,...,z, € C, writing A(z;) =

DT @ Tyg,

{heC*|h(zi) =0,i=1,...,k} Co{f€End®(C)| f(z;) = 0,i=1,...,k)}),
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where the left-hand side denotes an open subset in C* and
{feEnd®(C)| f(z;) =0,i=1,...,k}Cop *{heC* |h(z;) =0,i=1,..., k),

with the left-hand side an open subset in End“(C). This shows that ¢ is a
homeomorphism.
(5) This follows from the Hom-tensor relations 3.9 for M =C =X . O

Notice that in 3.12(1) the comodule morphisms are written on the left of
the argument. By writing morphisms of right comodules on the right side, we
obtain an isomorphism between C* and the comodule endomorphism ring.

The next theorem summarises observations on the category of comodules.

3.13. The category MFC.

(1) The category MC has direct sums and cokernels, and C is a subgener-
ator.

(2) M is a Grothendieck category provided that C is a flat R-module.

(3) The functor —®@rC : M — MC is right adjoint to the forgetful functor
<_)R . MC — MR.

(4) For any monomorphism f : K — L of R-modules,

f®IcK®RC—>L®RC

is @ monomorphism in MC.

(5) For any family {M)}x of R-modules, ([[y M) ®r C is the product of
the M\ ®@g C in MC.

Proof. (1) The first assertions follow from 3.5 and 3.7. By 3.8(4), any
comodule M is a subcomodule of the C-generated comodule M ®z C.

(2) By 3.5, MY has kernels provided C is a flat R-module. This implies
that the intersection of two subcomodules and the preimage of a (sub)co-
module is again a comodule. It remains to show that M has (a set of)
generators. For any right C-comodule M, there exists a surjective comodule
map g : O — M ®zC (see 3.8). Then L := g~ (M) C C™ is a subcomod-
ule. Furthermore, for any m € M there exist k£ € N and an element = in the
comodule C* N L C C* such that g(x) = m. Therefore m € g(C* N L). This
shows that M is generated by comodules of the form C* N L, k € N. Hence
the subcomodules of C*, k € N, form a set of generators of M.

(3) For all M € MY and X € Mg, let oy x denote the isomorphism
constructed in 3.9(1). We need to show that ¢/ x is natural in M and X.
First take any right C-comodule N and any g € Hom® (M, N). Then, for all
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f € Hom“(N, X @5 C),

(oarx o Hom® (g, X @ O))(f) = (Ix ®¢)oHom (g, X @r C)(f)
= (Ix®¢)ofoyg
= Homg(g, X)((Ix ®¢) o f)
= (Homg(g, X) o on x)(f)-

Similarly, take any R-module Y and g € Hompg(X,Y). Then, for any map
f € Hom“ (M, X @ C),

(eary o Hom® (M, g @ Ic))(f) (Iy ® €) o (Hom“(M, g ® Ic)(f))
= (Iy®e)o(g@Ic)of
(g@e)of=go(Ix®c)of

= (Homg(M,g) o prrx)(f)-

This proves the naturality of ¢ and thus the adjointness property. Note that
the unit of this adjunction is provided by the coaction o™ : M — M ®p C,
while the counit is Iy ® e : X ®p C — X.

(4) Any functor that has a left adjoint preserves monomorphisms (cf.
38.21). Note that monomorphisms in M need not be injective maps, unless
rC' is flat.

(5) By (3), for all X € MY there are isomorphisms

Hom®(X, ([T, My) ®& C) =~ Hompg(X, [, M)
~ HAHOHIR(X, M)\)
~ [, Hom®(X, M, ®x C).

These isomorphisms characterise (J[, My) ®r C as product of the M) @ C
in M. O

3.14. C as a flat R-module. The following are equivalent:
(a) C is flat as an R-module;
(b) every monomorphism in MC is injective;
(c) every monomorphism U — C in MY is injective;
(d) the forgetful functor MY — My respects monomorphisms.

Proof. (a) = (b) Consider a monomorphism f : M — N. Since
rC is flat, the inclusion i : Ke f — M is a morphism in M (by 3.5) and
foi= fo0=0 implies + = 0, that is, Ke f = 0.

(b) = (c) and (b) < (d) are obvious.

(¢) = (a) For every ideal J C R, the canonical map J ®rC — R®gC'is
a monomorphism in M by 3.13(4), and hence it is injective by assumption.
This implies that zC' is flat (e.g., [46, 12.16]). 0
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3.15. —®zC as a left adjoint functor. If the functor — @z C : Mp — M
is left adjoint to the forgetful functor MC — Mg, then C' is finitely generated
and projective as an R-module.

Proof. As a right adjoint functor, the forgetful functor respects mono-
morphisms and products (see 38.21). Hence C' is a flat R-module (by 3.14),
and by 3.13, for any family { M)} of R-modules there is an isomorphism

(ITaMy) @r C = [[,(My ®r C).

By 40.17 this implies that C' is a finitely presented R-module, and hence it is
projective. O

3.16. Finiteness Theorem (1). Assume C to be flat as an R-module and
let M € MC.

(1) Every finite subset of M is contained in a subcomodule of M that is
contained in a finitely generated R-submodule.

(2) If C is a Mittag-Leffler R-module (cf. 40.17), then every finite subset
of M is contained in a subcomodule of M that is finitely generated as
R-module.

Proof. (1) Obviously it is enough to prove this for a single element
m € M. Write o™ (m) =m; @ c1 + -+ mp @ ¢, and M’ = >, Rm;. Let N
denote the kernel of the composition of the canonical maps

M

M~—2>M@rC— (M ®zC)/(M o5 C).
Then N is a C-comodule, m € N, and oV(N) C M’ ®p C, implying
N C (IM’ ®€>(M/ KR C) c M.

(2) For m € M, let {M,}x denote the family of all R-submodules of M
such that o™ (m) € M, ®x C. Consider the commutative diagram

0—= (M M) ©r C——= M @ C — ([[,M/M)) ®r C

CE

0——= WM\ ®rC)— M @ C—[[,(M/M, @5 C),

where ¢ is injective by the Mittag-Leffler property of C' (see 40.17) and
hence — by diagram lemmata — we obtain ([, M)) ®r C = [,(M\ @5 C).
Putting M’ = (,M, and defining N as above, we can write o (m) =
ni®ci+- - -+n®c;, where all n; € M’. Thisimplies N C M’ = ZleRni C N,
and so N = ZleRni is finitely generated. O
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Special cases of these finiteness properties are considered in 4.12 and 4.16.
Recall that a monomorphism ¢ : N — L in My is a coretraction provided
there exists p: L — N in My with poi = Iy (see 38.8).

3.17. Relative injective comodules. A right C-comodule M is said to be
relative injective or (C, R)-injective if, for every C-comodule map i : N — L
that is an R-module coretraction, and for every morphism f : N — M in
MY there exists a right C-comodule map ¢ : L — M such that goi = f. In
other words, we require that every diagram in M¢

%

N

M

L

can be completed commutatively by some C-morphism ¢ : L. — M, provided
there exists an R-module map p : L — N such that poi = Iy.

3.18. (C, R)-injectivity. Let M be a right C-comodule.

(1) The following are equivalent:
(a) M is (C, R)-injective;
(b) any C-comodule map i : M — L that is a coretraction in My is

also a coretraction in M

(c) the coaction o™ : M — M ®pr C is a coretraction in MC.

(2) For any X € Mg, X ®r C is (C, R)-injective.

(3) If M is (C, R)-injective, then, for any L € MC, the canonical sequence

0 —> Hom® (L, M) —> Hompg(L, M) —~ Homp(L, M @5 C)

splits in Mp, where B = End“(L) and v(f) = o™ o f — (f ® I¢) o o*
(see 3.3).
In particular, End®(C) ~ C* is a C*-direct summand in Endg(C).

Proof. (1) (a) = (b) Suppose that M is (C, R)-injective and take N = M
and f = Ij; in 3.17 to obtain the assertion.

(b) = (c) View M ®r C' as a right C-comodule with the coaction I; ® A,
and note that o™ : M — M ®p C is a right C-comodule map that has an
R-linear retraction I ® . Therefore o™ is a coretraction in M.

(c) = (a) Suppose there exists a right C-comodule map h: M @ g C' — M
such that h o pM = I,;, consider a diagram

N

M

%
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as in 3.17, and assume that there exists an R-module map p : L — N such
that poi = Iy. Define an R-linear map g : L — M as a composition

L o]
g: L —Q>L®RCfp—®I>CM®RC s

Clearly, g is a right C-comodule map as a composition of C-comodule maps.
Furthermore,

goi = ho(fop®In)oooi=ho(fopoi®Iic)og
ho(f®[C)OQN = hooMof = f,

where we used that both ¢ and f are C-colinear. Thus the above diagram
can be completed to a commutative diagram in M¢, and hence M is (C, R)-
injective.

(2) The coaction for X ®p C is given by 0*®r¢ = Iy ® A, and it is split
by a right C-comodule map Ix ® e ® Io. Thus X ®g C' is (C, R)-injective by
part (1).

(3) Denote by h : M @4 C — M the splitting map of ¢ in M®. Then
the map

Hompg(L, M) ~ Hom® (L, M ®4 C) — Hom%(L, M), f+ ho(f®Ic)o o,
splits the first inclusion in Mg, and the map
Hompg(L, M ®4 C) — Hompg(L,M), gr— hog

yields a splitting map Homp(L, M ®4C) — Homg(L, M) /Hom® (L, M), since
for any f € Hompg(L, M),

hovy(f)=f—ho(f®Is)oo" € f+Hom (L, M).

O

If C is flat, M is a Grothendieck category by 3.13, so exact sequences
are defined in M¢ and we can describe

3.19. Exactness of the Hom®-functors. Assume zC to be flat and let
M € MC. Then:

(1) Hom®(—, M) : M® — Mgy, is a left ezact functor.
(2) Hom® (M, —) : M® — My, is a left exact functor.
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Proof. (1) From any exact sequence X — Y — Z — 0 in M we derive
the commutative diagram (tensor over R)

0 0 0
0 Hom®(Z, M) Hom® (Y, M) Hom® (X, M)
0 Hompg(Z, M) Homp (Y, M) Hompg (X, M)

0 — Homg(Z,M®C) — Hompg(Y, M®C) — Homg(X, M®C),

where the columns are exact by the characterisation of comodule morphisms
(in 3.3). The second and third rows are exact by exactness properties of the
functors Homg. Now the diagram lemmata imply that the first row is exact,
too.

Part (2) is shown with a similar diagram. O

3.20. (C, R)-exactness. If pC is flat, exact sequences in M are called
(C, R)-ezact provided they split in Mp. A functor on M is called left
(right) (C, R)-exact if it is left (right) exact on short (C, R)-ezact sequences.
From properties of the functors given in 3.9 and 3.19, and from properties
of (C, R)-injective comodules in 3.18, we immediately obtain the following
characterisation of (C, R)-injective comodules in case pC' is flat:

M € MC is (C, R)-injective if and only if Hom®(—, M) : M® — Mg, is a
(C, R)-ezact functor.

An object Q € MY is injective in MC if, for any monomorphism M — N
in M, the canonical map Hom® (N, Q) — Hom® (M, Q) is surjective.

3.21. Injectives in M®. Assume zC to be flat.
(1) Q € M is injective if and only if Hom®(—, Q) : M® — Mg, is ezact.
(2) If X € My, is injective in Mp, then X @p C is injective in MC.
(3) If M € M€ is (C, R)-injective and injective in Mg, then M is injective
in MC.
(4) C is (C, R)-injective, and it is injective in M provided that R is in-
jective in Mpg.

(5) If RM is flat and N is injective in M€, then Hom® (M, N) is injective
m MR.
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Proof. (1) The assertion follows by 3.19.

(2) This follows from the isomorphism in 3.9(1).

(3) Since M is R-injective, assertion (2) implies that M ®g C' is injective
in M. Moreover, by 3.18, M is a direct summand of M ®zC as a comodule,
and hence it is also injective in M.

Part (4) is a special case of (2).

(5) This follows from the isomorphism in 3.9(2). O

An object P € MY is projective in MY if, for any epimorphism M — N
in M, the canonical map Hom® (P, M) — Hom® (P, N) is surjective.

3.22. Projectives in M®. Consider any P € MC.
(1) If P is projective in M, then P is projective in Mpg.
(2) If grC s flat, the following are equivalent:
(a) P is projective in MC;
(b) Hom® (P, —) : M® — Mpy, is ezact.
Proof. (1) For any epimorphism f : K — L in Mg, K®@zC fele L®grC
is an epimorphism in M¢ and the projectivity of P implies the exactness of
the top row in the commutative diagram

Hom (P, K ®p C) —= Hom®(P,L @ C) —= 0

- -

Homp(P, K) —"" " Hompu(P, L),

where the vertical maps are the functorial isomorphisms from 3.9(1). From
this we see that Hom(P, f) is surjective, proving that P is projective as an
R-module.

(2) This follows from left exactness of Hom® (P, —) described in 3.19. O

Note that, although there are enough injectives in M, there are possibly
no projective objects in M. This remains true even if R is a field (see
Exercise 8.12).

3.23. Tensor product and Hom®. Let zC' be flat, and consider M, N € M
and X € Mg such that

(i) Mg is finitely generated and projective, and N is (C, R)-injective; or
(1) Mg is finitely presented and X is flat in Mpg.

Then there exists a canonical isomorphism

v: X @ Hom®(M,N) — Hom® (M, X ®zr N), 2®@h+— x® h(-).
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Proof. Consider the defining exact sequence for Hom® (see 3.3),
(*)  0—=Hom® (M, N) — Homg(M, N) — Homg(M, N @ C).
Tensoring with Xp yields the commutative diagram (tensor over R)

0 — X®Hom% (M, N) — X®@Hompg(M,N) — X @ Homp(M,N®C)

— Hom X & — NOoMmRpR , X® —— Hompg X QN )
0 Hom® (M, X®N) Hompg(M, X® N) Homgr(M,X®N®C)

where the bottom row is exact (again by 3.3) and the vertical isomorphisms
follow from the finiteness assumptions in (i) and (ii) (cf. 40.12).

If X is flat, the top row is exact. On the other hand, if N is (C,R)-
injective, the sequence (x) splits by 3.18, and hence the top row is exact, too.
Therefore, in either case, the exactness of the diagram implies that v is an
isomorphism, as required. O

3.24. Bicomodules over C'. An R-module M that is both a left and a right
C-comodule is called a (C, C)-bicomodule if the diagram

M

M 2 M ®gr C
ngl \LMQ@)IC
M
C®RM@>C®RM®RC,

where M is a left and o™ is a right coaction, commutes.

An R-linear map f: M — N between two (C,C)-bicomodules is said to
be a (C, C')-bicomodule or (C, C')-bicolinear map if it is both a left and a right
comodule morphism. The set of these maps is denoted by “Hom® (M, N).
The category whose objects are (C,C')-bicomodules and morphisms are the
(C, O)-bicolinear maps is denoted by “M¢. By definition, any object, resp.
morphism, in “MC is also an object, resp. morphism, in both “M and M€,
and the functor

C®3—®RCZMR—>CMC, MHC@RM(@RC,

is simply the composition of the functors C ®r — and — ®z C. Consequently,
the proof of 3.9 can be extended to derive

3.25. Hom-tensor relations for bicomodules. Let X be an R-module.
For any M € “MC, the R-linear map

¢ : “Hom®(M,C @ X @5 C) — Homz(M, X), fr (e®Ix®¢e)o f,
is bijective, with inverse map h— (Ic @ h @ I¢) o (Ic @ o) o Mp.

Several properties of comodules can be restricted to bicomodules.
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3.26. The category “MC. Let C' be an R-coalgebra.

(1) The category “MC has direct sums and cokernels, and C ®@p C is a
subgenerator.

(2) “MC is a Grothendieck category provided C is a flat R-module.
(3) The functor C@p—®rC : Mg — MY is right adjoint to the forgetful
functor “M¢ — Mp.

(4) For any monomorphism f: K — L of R-modules,
IcRfRIc: CRrRK®RC —-CQRr L C

is a monomorphism in ©MC.
(5) For any family {My}a of R-modules, C Qg ([[yM)) ®rC is the product
of the family {C @r My @g C}, in “MC.

Notice that “M¢ can also be considered as M““®&¢  the category of
right comodules over the coalgebra C°P? @z C. With this identification it is
obvious how to define relative injective (C, C)-bicomodules and relative exact
sequences in “MC.

3.27. Relative semismple coalgebras. An R-coalgebra C' is said to be
left (C, R)-semisimple or left relative semisimple if every left C-comodule is
(C, R)-injective. Right relative semisimple coalgebras are defined similarly.

Furthermore, C' is said to be relative semisimple as a (C,C')-bicomodule
if every bicomodule is relative injective in “M%. This means that C*? @ C
is a right relative semisimple coalgebra.

If C is flat as an R-module, then C is left (C, R)-semisimple if and only
if any (C, R)-splitting sequence of left C-comodules splits in “M. A similar
characterisation holds for right (C, R)-semisimple coalgebras.

Interesting examples of relative semisimple coalgebras are provided by

3.28. Coseparable coalgebras. C ®p C' can be viewed as a (C,C)-bi-
comodule with the left coaction “®r“ = A ® I and the right coaction
0“®r¢ = I ® A. Note that both of these coactions are split in My by a
single (C, C')-bicomodule map Ic ® e ® I : C ®r C @ C — C @ C. This
means that C ®g C is a relative injective (C, C')-bicomodule.

On the other hand, C is a (C, C')-bicomodule by the left and right regular
coaction A. Although A is split as a left C'-comodule map by Io ® € and as
a right C-comodule map by € ® Io, C' is not necessarily a relative injective
(C, C)-bicomodule. Coalgebras that are relative injective (C, C')-bicomodules
are of particular interest because they are dual to separable algebras. Thus,
a coalgebra C' is called a coseparable coalgebra if the structure map A : C' —
C ®r C splits as a (C, C)-bicomodule map. Explicitly this means that there
exists a map 7 : C' ®r C' — C with the properties
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(IC®7T)O(AC®]C):ACOW:(W@)Ic)O(Ic(X)Ac) and WOAczlc.

The coseparability of C' can be described equivalently as the separability
of certain functors (cf. 38.18, 38.19 and 38.20 for the definition and discussion
of separable functors).

3.29. Properties of coseparable coalgebras. For an R-coalgebra C the
following are equivalent:

(a) C is coseparable;
(b) there ezists an R-linear map § : C @ C — R satisfying

doA=¢ and (Ic®)o(A®Is)=(0® Ic)o(Ic® A);

(c) the forgetful functor (—)g : MY — My, is separable;
(d) the forgetful functor r(—) : “M — Mg is separable;
(e) the forgetful functor p(—)gr : “M® — My, is separable;
(f) C is relative semisimple as a (C,C)-bicomodule;
(9) C is relative injective as a (C,C)-bicomodule.
If these conditions are satisfied, then C' is left and right (C, R)-semisimple.

Proof. (a) = (b) Let 7: C ® g C — C be left and right C-colinear with
mToA=1Icand defined =conm:CRrC — R. Then oA =comoA =¢

and (Ic®d)o(A® Ip) (Ic@e)o(Ie®@m)o (AR )
(Ic®e)oAomr=m
(e®Ic)o(m®Ic)o (e ®A)
(0@ Ic)o (Ic®A).
Thus 6 = € o7 has all the required properties.

(b) = (c) Given ¢ : C ®g C — R with the stated properties, for any
N € M€ define an R-linear map

N
i  N@RC 2N @ C0p 020 N |

Explicitly, vnx : n ® ¢ — Y ngd(ny @ ¢). The map vy is a right C-comodule
map because — by the properties of § — we obtain for all n € N and ¢ € C
Yvnn®@ca)®@c = Y ng®6(n®c)- ¢
= 2 m®ny-d(ny®c)
= >Yunn®c)p@un(n®c).

Note that vy is a retraction for ¢ by the computation

vyoo = (Iy®d)o (0" ®Ic)o o
= (In®d8)o(In@A)oo™ = (Iv®e)ood = Iy.
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Now, define a functorial morphism ® : Homg((—)g, (—)z) — Hom®(—, —) by
assigning to any R-linear map f : M — N, where M, N € M¢, the map
o(f): ML~ Morc e Noc 2N

View M @ C' and N ®g C as right C-comodules via Ij; ® A and Iy ® A,
respectively. Then the map f ® I is right C-colinear, and so is ®(f) as a
composition of right C-colinear maps. If, in addition, f is a morphism in M,
then (f ® Ic) o oM = o o f, and, since vy is a retraction for ¢V, it follows
that ®(f) = f. This shows that the forgetful functor is separable.

(c) = (a) Assume (—)g to be separable. Then there exists a functorial
morphism vo : C®zC — C'in M. Since the composition of (=) with —®p
C preserves colimits and C'®p C' is also a left C-comodule, we conclude that
ve is also left C-colinear (cf. 39.7). Thus ve is a (C, C)-bicolinear splitting
of A, and therefore C' is a coseparable coalgebra.

(a) < (d) Since the condition in (a) is symmetric the proof of (a) < (c)
applies.

(a) = (e) The forgetful functor p(—)p : “M — Mp is the composition
of the forgetful functors r(—) and (—)g, and hence it is separable (by 38.20).

(e) = (c) Since the composition of the left and right forgetful functors is

separable, then so is each one of these (by 38.20).

(e) = (f) For a bicomodule N consider the maps N CNYG ®r N i

C ®r N ®z C. By coseparability, both I ® ¢ and " are split by morphisms
from “MC.

(g) = (a) A: C — C ®@g C is R-split, and hence it splits in “MC.

If (—)r is a separable functor, it reflects retractions and hence C'is (C, R)-
semisimple in M and “M (see 38.19). O

Remark. While the relative semisimplicity of “M¢ is sufficient (equivalent)
to obtain the coseparability of C' (by 3.29(f)), the relative semisimplicity of
M need not imply the coseparability of C.

The forgetful functor is left adjoint to the tensor functor —®z C, and we
may ask when the latter is separable. This is dual to the separability of the
functor A ® g — for an R-algebra A considered in 40.22.

3.30. Separability of —®gz C. The following are equivalent for C':
(a) —®rC : M — M is separable;
(b) C @ —: Mg — “M is separable;
(c) C®p—®rC: Mg — “MC is separable;
(d) there exists e € C with e(e) = 1g.

Proof. Let ¢ denote the counit of the adjoint pair ((—)g, —®g C), that
is, yp =Ip®ec: R®rC — R.
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(a) = (d) By 38.24(2), ¢y is split by some morphism vg : R — C. Putting
e =vg(lg) yields e(e) = covg(lg) = 1g.

(d) = (a) Suppose there exists e € C such that e(e) = 1g. For any
M € Mg define an R-linear map vy, : M — M ®r C, m — m ® e, for which
we get ¢ o vy (m) = me(e) = m, that is, 1 o vyy = I Moreover, for any
f € Homg(M, N) and m € M we compute

vy o f(m) = f(m)@e=(f&lc)ovmu(m),

so that vy, is functorial in M.
The remaining implications follow by symmetry and the basic properties
of separable functors (see 38.20). 0

3.31. Exercises
Let C be an R-coalgebra with rC flat. Prove that the following are equivalent:

(a) every (C, R)-injective right C-comodule is injective in M¢;
(b) every exact sequence in M is (C, R)-exact.

References. Caenepeel, Ton and Militaru [84]; Caenepeel, Militaru and
Zhu [9]; Castano Iglesias, Gémez-Torrecillas and Nastasescu [91]; Doi [104];
Goémez-Torrecillas [122]; Larson [148]; Rafael [180]; Sweedler [45]; Wisbauer
[210].
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4 (C-comodules and C*-modules

Let C be again an R-coalgebra. As explained in 1.3, the dual R-module C* =
Hompg(C, R) is an associative algebra. As already mentioned at the beginning
of the previous section, there is a close relationship between the comodules of
C and the modules of C*. More precisely, there is a faithful functor M¢ —
c+M. Tt is therefore natural to ask when MY is a full subcategory of the latter
(i.e., when all the (left) C*-linear maps between right C-comodules arise from
(right) C-comodule morphisms) or when M€ is isomorphic to the category
of left C*-modules. This connection between the comodules of a coalgebra
and the modules of a dual algebra allows one to relate comodules to much
more familiar (from the classical ring theory) and often nicer (for example,
Abelian) categories of modules. In this section we study this relationship,
and in particular we introduce in 4.2 an important property of coalgebras
termed the a-condition. Coalgebras that satisfy the a-condition have several
nice module-theoretic properties that are revealed in a number of subsequent
sections, in particular in Sections 7, 8 and 9.

4.1. C-comodules and C*-modules.
(1) Any M € MC is a (unital) left C*-module by

O RrM = M, fem (Iy® f)oo™(m) =Y mof(m).

(2) Any morphism h : M — N in MC is a left C*-module morphism, that
18,
Hom®(M, N) C ¢-Hom (M, N).

(3) There is a faithful functor from MC to o[c-C], the full subcategory of
oM consisting of all C*-modules subgenerated by C' (cf. 41.1).

Proof. (1) By definition, for all f,g € C* and m € M, the actions
f—(g—m) and (f * g)—m are the compositions of the maps in the top and
bottom rows of the following commutative diagram:

M @grC

y WA
M M @pCopC—22%9 W

o

M ®grC

Clearly, for each m € M, e~m = m, and thus M is a C*-module.



42 Chapter 1. Coalgebras and comodules

(2) For any h: M — N in M® and f € C*, m € M, consider

h(f-m) = 3 h(mgf(m1)) = (Iy® f)o(h®Ic)o o (m)
= (In® f)oo"¥oh(m) = f-h(m).

This shows that A is a C*-linear map.

(3) By 3.13, C'is a subgenerator in M® and hence all C-comodules are sub-
generated by C' as C*-modules (by (1),(2)); thus they are objects in o[c+C],
and hence (1)—(2) define a faithful functor M® — o[- C)|. 0

Now, the question arises when MY is a full subcategory of o[c+C] (or
o-M), that is, when Hom® (M, N) = Hom¢- (M, N), for any M, N € M®. In
answering this question the following property plays a crucial role.

4.2. The a-condition. C' is said to satisfy the a-condition if the map
ay : N ®r C — Hompg(C*,N), n®cw [f— f(c)n],

is injective, for every N € Mpg. By 42.10, the following are equivalent:

(a) C satisfies the a-condition;
(b) for any N € Mg and u € N ®@r C, (Iy ® f)(u) =0 for all f € C*,

implies u = 0;

(c) C is locally projective as an R-module.

In particular, this implies that C is a flat R-module, and that it is cogen-
erated by R.

The importance of the a-condition in the context of the category of co-
modules becomes clear from the following observations.

4.3. M as a full subcategory of oM. The following are equivalent:
(a) MY = o[c-C;
(b) MC is a full subcategory of ¢-M;
(¢) for all M, N € MC, Hom® (M, N) = c-Hom(M, N);
(d) rC' is locally projective;
(e) every left C*-submodule of C™, n € N, is a subcomodule of C™.

If (any of ) these conditions are satisfied, then the inclusion functor M —
oM has a right adjoint, and for any family {My}x of R-modules,

(ITaMy) ®r C' = [I5(My®r C) C [To(My @R C),

where HC denotes the product in MC.
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Proof. (a) < (b) < (c) follow by the fact that C'is always a subgenerator
of “M (see 3.13) and the definition of the category o[c-C] (cf. 41.1).

(a) = (d) The equality obviously implies that monomorphisms in M are
injective maps. Hence rC is flat by 3.13(4). For any N € Mg we prove the
injectivity of the map ay : N ® g C — Hompg(C*, N).

Hompg(C*, N) is a left C*-module by (see 40.8)

9'7(]0):’7(]?*9)7 foryEHomR(C'*,N), f:gEC*v

and considering N ®g C' as left C*-module in the canonical way we have

an(g=(n @) (f) = 2on flev)gler) = n fxg(e) = [g- an(n @ )I(f),

for all f,g e C*, ne€ N, and c € C. So ay is C*-linear, and for any right
C-comodule L there is a commutative diagram

Hom(L,an)

c+Hom(L, N @p C) c+Hom(L, Homg(C*, N))

Ni lw

Hompg(L, N) = Homp(L, N).

The first vertical isomorphism is obtained by assumption and the Hom-tensor
relations 3.9, explicitly,

c-Hom(L, N ®% C) = Hom®(L, N ®x C) ~ Hompg(L, N).
The second vertical isomorphism results from the canonical isomorphisms
c+Hom(L, Homg(C*, N)) ~ Homg(C* @¢c+ L, N) ~ Homg(L, N).

This shows that Hom(L, ay) is injective for any L € MY, and so, by 38.8,
(the corestriction of) ay is a monomorphism in MY (see 38.8). Since gC' is
flat, this implies that ay is injective (by 3.14).

(d) = (e) We show that, for right C-comodules M, any C*-submodule N
is a subcomodule. For this consider the map

pn @ N — Homp(C*,N), n— [f — f-n].
The inclusion 7 : N — M yields the commutative diagram with exact rows

%

0 N M £ M/N 0
lQM
0 NerC —L ~ Merc — L~ M/NepC 0

0—— Homp(C*N) "%V Homp(C* M) ——~ Homp(C*M/N),
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where Hom(C*,4) o py = a0 o 0. Injectivity of apy/n,c implies (p® 1) o
on o1 = 0, and by the kernel property pps o ¢ factors through N — N ®z C,
thus yielding a C-coaction on N.

(e) = (a) First we show that every finitely generated C*-module N €
o[c+C] is a C-comodule. There exist a C*-submodule X C C™, n € N, and
an epimorphism A : X — N. By assumption, X and the kernel of h are
comodules and hence N is a comodule (see 3.5). So, for any L € o[c-C],
finitely generated submodules are comodules and this obviously implies that
L is a comodule.

It remains to prove that, for M, N € M, any C*-morphism f : M — N
is a comodule morphism. Im f C N and Kef C M are C*-submodules
and hence — as just shown — are subcomodules of N and M, respectively.
Therefore the corestriction M — Im f and the inclusion Im f — N both are
comodule morphisms and so is f (as the composition of two comodule maps).

For the final assertions, recall that the inclusion o[c«C|] — ¢«M has a
right adjoint functor (trace functor, see 41.1) and this respects products (cf.

38.21). So the isomorphism follows from the characterisation of the products
of the My ®p C in MY (see 3.13). O

4.4. Coaction and C*-modules. Let rC' be locally projective. For any
R-module M, consider an R-linear map o0 : M — M ®g C. Define a left
C*-action on M by

~:C"@r M — M, fomw— (Iy® f)oo(m).

Then the following are equivalent:

(a) o is coassociative and counital;
(b) M is a unital C*-module by —.

Proof. The implication (a) = (b) is shown in 4.1. Conversely, suppose
that M is a unital C*-module by —, that is,

(f*xg)-m = f=(g—m), forall f,g e C*, me M.
By the definition of the action —, this means that
(In® f@g)o(Iy@A)oo(m)=(In®f&g)o(e®lc)eo(m),

and from this gC locally projective implies (Ip; ® A)oo(m) = (0® I¢) o o(m)
(see 4.2), showing that o is coassociative. Moreover, for any m € M, m =
e—~m = (Ijy ® ) o p(m). O

By symmetry, there is a corresponding relationship between left C'-como-
dules and right C*-modules, which we formulate for convenience.
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4.5. Left C-comodules and right C*-modules.
(1) Any M € “M s a (unital) right C*-module by

M @rC*— M, m®fr (f®Iy)oY(m mel
(2) Any morphism h: M — N in “M is a right C*-module morphism, so
“Hom (M, N) C Home- (M, N)
and there is a faithful functor “ M — o[Cg] C Mg-.
(3) rC is locally projective if and only if “M = o[Cc-].

Since C'is a left and right C-comodule by the regular coaction (cf. 3.4),
we can study the structure of C' as a (C*, C*)-bimodule (compare 3.12).

4.6. C as a (C*,C*)-bimodule. C is a (C*,C*)-bimodule by
~1C"@C—C, focr foc=Ic® f)oAc),
~:0RC"—=C, c®gr—c—g=(g®I1c)oA(c).

(1) For any f,g € C*, ce C,
frg(c) = flg=c) = gle—f).

(2) C is faithful as a left and right C*-module.
(3) Assume C to be cogenerated by R. Then for any central element f € C*
and any c € C, f—c=c~f.
(4) If C satisfies the a-condition, it is a balanced (C*,C*)-bimodule, that
18,
c+End(C) = End®(C) ~ C* ~ “End(C) = End¢-(C) and
o+ Ende-(C) = “End®(C) ~ Z(C*),

where morphisms are written opposite to scalars and Z(C*) denotes the
centre of C*. In this case a pure R-submodule D C C' is a subcoalgebra
if and only if D is a left and right C*-submodule.

Proof. The bimodule property is shown by the equalities

(f=c)=g =(g@Ic® f)o((A®Ic)oA))(c)
=(g@loc® flo(lc®@A)oA))(c) = f-(c—g).

(1) From the definition it follows

frg(c)=(f®g)oAlc) =(f®lc)o(Ic®g)o
={Ic®g)o(f®Ic)oAlc) = glc—f).

>
—
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(2) For f € C*, assume f—c = 0 for each ¢ € C. Then applying (1) yields
f(e) =e(f—c) =0, and hence f = 0.
(3) For any central element f € C* by (1),

gle=f) = fxglc) = gx* f(c) = g(f~c),

for all c € C', g € C*. Since C' is cogenerated by R, this can only hold if, for
all ce C, c—f = f—c.

(4) The isomorphisms follow from 3.12, 4.3 and 4.5. Let D C C be a
pure R-submodule. If D is a subcoalgebra of C', then it is a right and left
subcomodule and hence a left and right C*-submodule. Conversely, suppose
that D is a left and right C*-submodule. Then the restriction of A yields a
left and right C-coaction on D and, by 40.16,

AD)CD®rC N C®D=D®rD,

proving that D is a subcoalgebra. O

4.7. When is MY = o.M? The following are equivalent:
(a) MY = . M;
(b) the functor — @ C : Mg — o«M has a left adjoint;
(c) rC is finitely generated and projective;
(d) rC s locally projective and C' is finitely generated as right C*-module;
(e) “M = Mc-.

Proof. (a) = (b) is obvious (by 3.13(3)).

(b) = (c) Since — ®p C is a right adjoint, it preserves monomorphisms
(injective morphisms) by 38.21. Therefore, zgC' is flat. Moreover —®pg C
preserves products, so for any family {M,}, in Mg there is an isomorphism

(ITaMx) ®@r C =[], (My @R C),

which implies that rC' is finitely presented (see 40.17) and hence projective.
(¢) = (d) Clearly, projective modules are locally projective, and C' finitely
generated as an R-module implies that C' is finitely generated as a right (and
left) C*-module.
(d) = (a) By 4.6, C is a faithful left C*-module that is finitely gener-
ated as a module over its endomorphism ring C*. This implies that C is a
subgenerator in o«M, that is, M¢ = ¢[c-C] = =M (see 41.7). O

Recall from 38.23 that a functor is said to be Frobenius when it has the
same left and right adjoint. Recall also that an extension of rings is called
a Frobenius extension when the restriction of scalars functor is a Frobenius
functor (see 40.21 for more details).
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4.8. Frobenius coalgebras. The following are equivalent:
(a) the forgetful functor (—)g : M® — Mpg is Frobenius;
(b) rC is finitely generated and projective, and C' ~ C* as left C*-modules;
(c) rC' is finitely generated and projective, and there is an element e € C
such that the map C* — C, f > f—e, is biyjective;

(d) the ring morphism R — C*, r — re, is a Frobenius extension.

Proof. (a) = (b) By 3.15, gC is finitely generated and projective, and
4.7 implies that MY = ¢-M; so the forgetful functor (—)g : M — Mp is
Frobenius. Now 40.21 applies.

In view of 4.7, the remaining assertions also follow from 40.21. a

The comodules of the coalgebra associated to any finitely generated pro-
jective R-module are of fundamental importance.

4.9. Projective modules as comodules. Let P be a finitely generated
projective R-module with dual basis p1,...,p, € P and my,...,m, € P*. Then
P is a right P* ®@g P-comodule with the coaction

o :P - P®p(P*QrP), pr—>,pimQp.
P is a subgenerator in MT ®rP and there is a category isomorphism
M7 ERE ~ Mpaa,(p).-
The dual P* is a left P* @z P-comodule with the coaction
Po:P— (P*@rP)@rP, [, fe@p®m
Proof. Coassociativity of o’ follows from the equality
IeA)"(fep) =3 fepemep erep= (") (f®Dp)

By properties of the dual basis, (Ip ® €)o”(p) = Y, pimi(p) = p, so that P is
indeed a right comodule over P*®p P. There exists a surjective R-linear map
R™ — P* that yields an epimorphism P" ~ R" ® P — P* ®p P in M ®rP,
So P generates P* @i P as a right comodule and hence is a subgenerator in
MP"®rP Since P* @p P is finitely generated and projective as an R-module,
the category isomorphism follows by 4.7.

A simple computation shows that P* is a left comodule over P* ®p P. O

As a special case, for any n € N, R may be considered as a right comodule
over the matrix coalgebra M¢(R) (cf. 1.10).

For an algebra A, any two elements a,b € A define a subalgebra a Ab C A,
and for an idempotent e € A, eAe is a subalgebra with a unit. Dually, one
considers
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4.10. Factor coalgebras. Let f,g,e € C* with e xe =e. Then:

(1) f~C—g is a coalgebra (without a counit) and there is a coalgebra mor-
phism
C— f-Ceg, cr foc—g.

(2) e~C—e is a coalgebra with counit e and coproduct
e—Cc—e > Z e—C1—€ & e—~Cco—e.

The kernel of C'— e—~C'—e is equal to (¢ —e)~C + C—(c —e).
(3) If C is R-cogenerated, and e is a central idempotent, then e—~C' is a
subcoalgebra of C'.

Proof. (1) For any f,g € C* consider the left, respectively right, co-
module maps Ly : €' — C, c— f-c,and R, : C — C, ¢+ c~g. Construct
the commutative diagram

Ly Ry
C C C

% lA %
ConC < copc™ow,C,

which leads to the identity AoRjoL; = (R;®Lys)oA. Putting 0 := LyoR, =
R, o Ly, we obtain the commutative diagram

C A2 .Cc®RC

| [,
Ly®Rg

3(C) —2= Ry(C) @p Ly(C) 3 6(C) @ 6(C).

Thus As = (L ® R,) o A makes §(C) a coalgebra. It is easily verified that

A

C C®rC
5(C) 2= 6(C) @1 6(C)

is a commutative diagram, and hence 0 is a coalgebra morphism.

(2) The form of the coproduct follows from (1). For ¢ € C, g(e—c—e) =
e x e(c—e) = e(c) showing that e is the counit of e~C'—e.

For z € C, e~x—e = 0 implies x—e = (¢ — e)—=(v~e€) € (¢ —e)—~C, and so

r=x—e+a—(c—e)€(c—e)-C+C(c—e).

This proves the stated form of the kernel.
(3) By 4.6, for a central idempotent e and ¢ € C, e~c—e = e—~c. Putting
f =g = e in (the proof of) (1) we obtain A.(e~C) C e~C ® e~C. O
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4.11. Idempotents and comodules. Let e € C* be an idempotent and
consider the coalgebra e~C—e (as in 4.10).

(1) For any M € M, e~M s a right e~C—e-comodule with the coaction
e~M — e~-M ®re~C—e, e-~m— Z e—~my @ e—~mj~—e.

(2) For any f : M — N € MY, f(e~M) = e~f(M), and so there is a
covariant functor

e-— MY - MY M e M.
(3) For any M € M®, M* is a right C*-module canonically and
Hompg(e—~M,R) = (e~M)* ~ M~ - e.

(4) The map ——e : e~C — e~Cw—e is a surjective right e~C—e-comodule
morphism, and so e~C' is a subgenerator in M¢~C¢“¢,

(5) (e=~Cwe)* ~ exC*xe, and hence there is a faithful functor Me—¢“¢ —
e*C**eM-

(6) If rC' is locally projective, then e~C«—e is a locally projective R-module
and

MeAC’—E prmnd O’[e*c**e 640] — U[@*C**e 64\0;6]

Proof. (1), (3) and (4) are easily verified.

(2) By 4.1, right comodule morphisms are left C*-morphisms.

(5) The isomorphism in (3) holds similarly for the right action of e on C
and from this the isomorphism in (5) follows.

(6) Clearly direct summands of locally projectives are locally projective,
and hence the assertion follows from (3) and 4.3. 0

Even if C' is not finitely generated as an R-module, it is (C*, R)-finite as
defined in 41.22 provided it satisfies the a-condition.

4.12. Finiteness Theorem (2). Assume rC' to be locally projective.

(1) Let M € MC. Every finite subset of M is contained in a subcomodule
of M that is finitely generated as an R-module.

(2) Any finite subset of C' is contained in a (C*,C*)-sub-bimodule which is
finitely generated as an R-module.

(3) Minimal C*-submodules and minimal (C*, C*)-sub-bimodules of C' are
finitely generated as R-modules.
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Proof. (1) Since any sum of subcomodules is again a subcomodule,
it is enough to show that each m € M lies in a subcomodule that is finitely
generated as an R-module. Moreover, by the correspondence of subcomodules
and C*-submodules, this amounts to proving that the submodule C*—~m is
finitely generated as an R-module. Writing o (m) = Zle m; ® ¢;, where

m; € C*—~m, ¢; € C', we compute for every f € C*

f-=m= Iy ® f)oo"(m)= Zf:frnif(ci) :

Hence C*—m is finitely generated by my, ..., m; as an R-module.

(2) It is enough to prove the assertion for single elements ¢ € C'. By (1),
C*—c is generated as an R-module by some c¢q,...,c, € C. By symmetry,
each ¢;~—C* is a finitely generated R-module. Hence C*-~c—C* is a finitely
generated R-module.

(3) This is an obvious consequence of (1) and (2). O

Now we turn our attention to those objects that are fundamental in any
structure theory. A right C-comodule N is called semisimple (in M) if
every C-monomorphism U — N is a coretraction, and N is called simple if
all these monomorphisms are isomorphisms (see 38.9). Semisimplicity of N is
equivalent to the fact that every right C-comodule is N-injective (by 38.13).
(Semi)simple left comodules and bicomodules are defined similarly.

The coalgebra C' is said to be left (right) semisimple if it is semisimple
as a left (right) comodule. C' is called a simple coalgebra if it is simple as a
(C, C)-bicomodule.

4.13. Semisimple comodules. Assume that gC is flat.
(1) Any N € MC is simple if and only if N has no nontrivial subcomodules.
(2) For N € MC the following are equivalent:
(a) N is semisimple (as defined above);
(b) every subcomodule of N is a direct summand;
(¢c) N is a sum of simple subcomodules;

(d) N is a direct sum of simple subcomodules.

Proof. (1) By 3.14, any monomorphism U — N is injective, and hence
it can be identified with a subcomodule. From this the assertion is clear.

(2) rC flat implies that the intersection of any two subcomodules is again
a subcomodule. Hence in this case the proof for modules (e.g., [46, 20.2]) can
be transferred to comodules. ad
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4.14. Right semisimple coalgebras. For C' the following are equivalent:
(a) C is a semisimple right C'-comodule;
(b) rC is flat and every right subcomodule of C is a direct summand;
(c) rC is flat and C is a direct sum of simple right comodules;
(d) rC is flat and every comodule in MC is semisimple;
(e) rC is flat and every short exact sequence in M splits;
(f) rC is projective and C' is a semisimple left C*-module;
(g) every comodule in M is (C-)injective;
(h) every comodule in MY is projective;
(i) C is a direct sum of simple coalgebras that are right (left) semisimple;
(j) C is a semisimple left C'-comodule.

Proof. (a) = (b) = (¢) = (d) = (e) Assume every monomorphism
1: U — C to be a coretraction. Then 7 is in particular an injective map, and
hence, by 3.14, rC' is flat. Now the assertions follow by 4.13.

The implications (e) = (g) and (e) = (h) are obvious.

(h) = (f) By 3.22, any projective comodule is projective as an R-module.
In particular, C is a projective R-module, and hence M® = o[¢-C] and all
modules in o[c+C] are projective. This characterises C' as a semisimple C*-
module (see 41.8).

The implication (f) = (a) is obvious since M¢ = o[- C].

(g) = (a) This is shown in 38.13. Notice that, in view of (f), gC is
projective, and hence the C-injectivity of any comodule N implies that N is
injective in MY = o[- C].

(f) = (i) Let C be a left semisimple C*-module. Let {E;}; be a minimal
representative set of simple C*-submodules of C. Form the traces D; :=
Tro«(E;, C). By the structure theorem for semisimple modules (see 41.8),

C~ @IDi7

where the D; are minimal fully invariant C*-submodules. Considering C*
as an endomorphism ring acting from the right, this means that the D, are
minimal (C*, C*)-submodules. By 4.6, each D; is a minimal subcoalgebra of
C and every subcoalgebra of D; is a subcoalgebra of C'. So every D; is a right
semisimple simple coalgebra.

(i) = (f) It follows from the proof (a) = (f) that all simple comodules
of C are projective as R-modules and hence zC' is also projective. Now the
assertion follows.

(f) < (j) By 41.8, the semisimple module ¢+C' is semisimple over its
endomorphism ring, that is, Cc« is also semisimple. Since “M = o[C¢+], the
assertion follows from the preceding proof by symmetry. O
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4.15. Simple coalgebras. For C the following are equivalent:
(a) C is a simple coalgebra that is right (left) semisimple;
(b) rC is projective and C' is a simple (C*,C*)-bimodule containing a min-
imal left (right) C*-submodule;
(c) C is a simple coalgebra and a finite-dimensional vector space over R/m,
for some maximal ideal m C R.

Proof. (a) = (b) We know from 4.14 that gC' is projective. Clearly
a simple right subcomodule is a simple left C*-submodule. Let D C C be
a (C*,C*)-sub-bimodule. Then it is a direct summand as a left C*-module,
and hence it is a subcoalgebra of C' (by 4.6) and so D = C.

(b) = (c¢) Let D C C be a minimal left C*-submodule. For any maximal
ideal m C R, mD C D is a C*-submodule and hence mD = 0 or mD = D.
Since D is finitely generated as an R-module (by 4.12), mD = 0 for some
maximal m C R. Moreover, mC = mD~C* = 0, and so C is a finite-
dimensional R/m-algebra.

(c) = (a) is obvious. Notice that in this case M® = =M (see 4.7). O

The Finiteness Theorem 4.12 and the Hom-tensor relations 3.9 indicate
that properties of R have a strong influence on properties of C-comodules.

4.16. Coalgebras over special rings. Let rC be locally projective.

(1) If R is Noetherian, then C' is locally Noetherian as a right and left
comodule, and in M and M direct sums of injectives are injective.

(2) If R is perfect, then in MC and “M any comodule satisfies the descend-
ing chain condition on finitely generated subcomodules.

(3) If R is Artinian, then in MC and “M every finitely generated comodule
has finite length.

Proof. All these assertions are special cases of 41.22. ad

Notice that, over Artinian (perfect) rings R, rC' is locally projective if
and only if gC' is projective (any flat R-module is projective).

In 42.3 the M-adic topology on the base ring and its relevance for the cat-
egory o[M] are considered. Naturally for C-comodules, the C-adic topology
on C™ is of importance.

4.17. The C-adic topology in C*. Let grC be locally projective. Then the
finite topology in Endg(C') induces the C-adic topology on C* and the open
left ideals determine right C-comodules.

Open left ideals. A filter basis for the open left ideals of C* is given by

Bo = {Ancg«(F) | E a finite subset of C'},
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where Anc«(E) = {f € C*| f~FE = 0}. The filter of all open left ideals is
Fe={I C C*|Iis a left ideal and C*/I € M“}.
This is a bounded filter, that is, there is a basis of two-sided ideals
B, ={J c C*|Jis an ideal and C*/J € M°}.

Thus generators in M are given by, for example,

G=Ep{C*/IT1€Bc} and &' =EH{C*/J|J € B}

Closed left ideals. For a left ideal I C C* the following are equivalent:
(a) I is closed in the C-adic topology:;
(b) I = Ang-(W) for some W € MC;
(c) C*/I is cogenerated by some (minimal) cogenerator of M
)

(d) I =, I, where all C*/I, € MY and are finitely cogenerated (co-
cyclic).

Over QF rings. Let R be a QF ring.

(i) Any finitely generated left (right) ideal I C C* is closed in the C-adic
topology.

(ii) A left ideal I C C* is open if and only if it is closed and C*/I is finitely
R-generated (= finitely R-cogenerated).

The first two parts are special cases of 42.3 and 41.22(5). Notice that,
over a QF ring R, C' is injective in M and “M (by 3.21), and hence every
finitely generated left (or right) ideal in (the endomorphism ring) C* is closed
in the C-adic topology (see 42.3).

We conclude this section by discussing a more general framework for the
a-condition.

4.18. Pairings of algebras and coalgebras. A pairing (C, A) consists of
an R-algebra A, an R-coalgebra C, and a bilinear form 5 : C' x A — R such
that the map v : A — C*, a — f[(—,a), is a ring morphism. The pairing
(C, A) is called a rational pairing if, for any N € Mg, the map

ay: N ®rC — Hompg(A,N), n® c— [a+ [(c,a)n]
is injective.
The interest in rational pairings (C, A) arises from the fact that they
allow one to identify C-comodules with A-modules. Observe that, for any R-
coalgebra C', (C, C*) is a pairing with the bilinear form induced by evaluation.

This pairing is rational if and only if gC' is locally projective. The relationship
to more general pairings is given by the next theorem.
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4.19. Rational pairings. For a pairing (C, A) the following are equivalent:
(a) (C,A) is a rational pairing;
(b) rC' is locally projective and v(A) is a dense subalgebra of C*;
(¢c) M€ = o[c-C] and o[c-C] = o[4C];
(d) MC = o[,C].

Proof. Since v : A — C* is a ring morphism, any C-comodule has a
left A-module structure (via C*), and so there are faithful functors M¢ —
C*M — AM.

(a) = (d) For any M, N € M¢ and h € Homy(M, N), consider the
diagram

0 M

M 2> M @z C —~ Homp(A, M)

hi J{h@[@ J{Hom(A,h)
oN

N —— N ®z C—~ Homp(A,N),

in which the right-hand square is always commutative. Form € M anda € A,
the outer paths yield h(a—m) and a—h(m), respectively, and so the outer
rectangle is commutative since h is A-linear. By assumption, &y is injective,
and this implies that the left square is also commutative, thus proving that
h is a C-comodule morphism. So 4Hom(M, N) = Hom® (M, N) and M¢ =
U[AC].

(b) & (c) & (d) There are embeddings M¢ C o[-C] C o[4C]. Moreover,
we know that pC locally projective is equivalent to M¢ = o[c-C] (cf. 4.3),
while 7(A) dense in C* is equivalent to o[c«C| = g[4C| (Density Theorem).

(b) = (a) For N € Mg, consider the commutative diagram

N @z C -2~ Homp(C*, N)

=l lHom(’y,N)

N ®5 C 2= Homp(A, N).

Since rC' is locally projective, ay is injective. Assume Zle n; Qc; € Keay.
By our density condition, for any f € C* there exist a € A such that f(¢;) =
B(ci,a), for all @ = 1,... k. This implies Y f(c;)ni = Y B(ci,a)n; = 0 and
hence Zle n; ®c; € Keay = 0. So ay is injective for any N € Mg, proving
that (C, A) is a rational pair. 0

For further literature on pairings of coalgebras and algebras over rings the
reader is referred to [48], [49] and [121].

References. Abuhlail [48]; Abuhlail, Gémez-Torrecillas and Lobillo [49];
El Kaoutit, Gémez-Torrecillas and Lobillo [112]; Gdémez-Torrecillas [121];
Radford [178]; Sweedler [45]; Wisbauer [210].
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5 The finite dual of an algebra

As observed in 1.3, for any R-coalgebra C' the dual module C* = Hompg(C, R)
has an algebra structure. This rises the question of whether the dual module
A* of any R-algebra A has a coalgebra structure. As explained in 1.12, this
is the case provided Apg is finitely generated and projective. In case Ap is
not finitely generated and projective, we may try another way to associate
a coalgebra to A* by looking for a submodule B C A* such that p%(B) C
B®grB. We prepare this approach by some more general constructions related
to monoids. To overcome technical problems with the tensor product, we will
assume R to be Noetherian at crucial steps.

For any set S, maps S — R can be identified with a product of copies of
R, Map(S, R) = R®, which may be considered as an R-algebra. Notice that,
for a Noetherian (coherent) ring R, R is a flat R-module.

5.1. Lemma. For a Noetherian ring R, the following map is injective:
7R @ RT — R, f@ge[(st) = f(s)g(t)].

Proof. Any finitely generated submodule M C R is finitely presented,
and hence the restriction of 7, M @z RT ~ MT C (R%)T ~ R*T is injective
(see 40.17). Therefore 7 is injective. 0

5.2. Maps on monoids. Let G be a monoid with product u: G x G — G
and neutral element e. Denote by R[G] the monoid algebra over G. The
algebra RY is an R[G]-bimodule: The action of z,y € G on f € RY is defined
by zfy(z) = f(yzx) for all z € G. These actions are extended uniquely to
make R® an R|[G]-bimodule. There is an R-linear map

pRY — RY fes [(z,y) — f(ay)).

For the maps Ig X p, 0 X I : G X G x G — G x G, the associativity of pu
implies

X X

(e x p)*op™ = (uxlIg) op™.
Furthermore, define o, 3 : RE*% — RY by a(h)(x) = h(z,e), and B(h)(x) =
h(e,x), for all h € RE*¢ and x € G. Then

aop =Ige=0Fop”.

5.3. Subsets with finiteness conditions. Let G be a monoid and R a
Noetherian ring. For any R[G]-sub-bimodule B C RY define subsets

fB = {b € B | R|G]bis finitely generated as an R-module},
Bf = {b € B | bR|G] is finitely generated as an R-module},

where obviously fB is a left and B a right R[G]-submodule of B.
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For an element f € RY, the following assertions are equivalent:
(a) fe€B;
(b) w(f) € 7(B ®r R°);
(c) w(f) € ("B @r RY);
(d) w(f) € n((Bor RY) N7(RE @ B);
(e) f € B and R|G|fR|G] is finitely generated as an R-module;

(f) f€B".
As a consequence, B =B and is an R[G]-sub-bimodule of B.

Proof. (a) = (c) For f € 'B, R[G]f is a finitely generated R-submodule
of F{B. Hence, there are by,...,b, € "B such that R[G]f = > | Rb;. For
each y € G, choose fi(y),..., fu(y) € R such that yf = >"" | fi(y)b;. Now,
for z,y € G,

p(F) ) = Flay) = W) = @) =72 b @ £)(a.y).
Thus, 1 (f) € 7(*B ®@g RY).

/)
(c) = (b) This is evident since fB C B.
(b) = (f) Assume (b). First we prove f € B. In fact, for z € G,

f(z) = flue) = () (. e) = z bi(2) file),

where > (f) =731, b:;®f;), b; € Band f; € RE. So f =" fi(e)b; € B.
Now, for any y,z € G,

(1)) = Floe) = * (1)) = S 60 ) = (0001 ) 0

Therefore, fy € >." | Rf;, and, since R is Noetherian, fR[G] is finitely R-
generated.

(f) = (a) follows by symmetry.

(c) & (d) Symmetric to (a) = (c), (c) implies < (f) € m(R® @g Bf) and
from this (d) follows.

(e) = (a) is clear.

(a) = (e) For f € "B, let by, ...,b, € B be such that R[G]f = >, Rb;.

Now, R[G]b; C R[G]f, whence R[G]b; is finitely generated, and thus b; € FB.
We have already proved that (a) = (f), so b; € Bf. This means that b; R[G]
is finitely generated as an R-module, and, therefore, R[G]fR|G] is a finitely
generated R-module. a
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5.4. Coalgebra structure on Bf. Let G be a monoid, R a Noetherian ring,
and B C R® an R[G)-sub-bimodule. If Bf is pure as an R-submodule of R®,
then Bf is an R-coalgebra with the coproduct
n f fY T L pof f
A:Bf——n(B'®@rB') —=B'®r B
and counit € : B" — R, h — h(e).
Proof. By 5.3, for any b € Bf and 7 : R @ R — R¢*C,
(b en(RC@rBYNT(B'\@rRY) =n((RE@rBYN(B'®@xRY))=7(B'®rB"),

where the last equality is justified by the intersection property of pure sub-
modules (see 40.16). To show the coassociativity of the coproduct, consider
the diagram

RG RG’XG’
B = Bf @p Bf
p AJ/ lfa@’RA (Igxp)™
Bf Qr Bf A®rlg Bf ®r Bf Qg Bf
RGXG (nxlg)* ROXGXG.

The outer rectangle is commutative by the associativity of p (cf. 5.2). All the
trapezia, built from obvious maps, are commutative. Since Bf is pure in R®,
the canonical map Bf @ Bf @z Bf — RE*E*C is injective. Therefore, the
inner square is commutative, proving the coassociativity of A. O

As a special case in the above construction we may take B = RC.

5.5. Representative functions. Let G be a monoid and R a Noetherian
ring. The set

Rr(G) = (RG)f = {f € R® | fR[G] is finitely generated as an R-module},

is called the set of R-valued representative functions on the monoid G. It
follows from 5.4 that Rz(G) is a coalgebra provided that Rz(G) is a pure
R-submodule in R®. Notice that Ry(G) is also an R-subalgebra of R“, which
is compatible with this coalgebra structure (bialgebra; see 13.1).

Any algebra is a multiplicative monoid yielding the
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5.6. Monoid ring of an algebra. Let A be an R-algebra. Then
A* = Homg(A, R) C Map(A, R) = R

R# is a bimodule over the monoid ring R[A], where (r,)4 € R[A] acts on
f € R by

((ra)a- f)(0) =24 raf(ba),  (f - (ra)a) (b) =2 47af(ab),  forbe A

A* is an R[A]-sub-bimodule of R4, and its R[A]-module structure coincides
with the (A, A)-bimodule structure that reads for a,b € A and f € A* as
(af)(b) = f(ba) and (fa)(b) = f(ab), that is, R[A]-submodules of A* are
precisely A-submodules.

5.7. Finite dual of an algebra. Let A be any algebra over a Noetherian
ring R and put

A°={f e A" | Af is finitely generated as an R-module}.

(1) For f € RA, the following statements are equivalent:
(a) f €A
(b) wW*(f) € m(A* ®r R*);
(¢c) W(f) € m(A° ®r R*);
(d) 1(f) € m(A° ®@r RY) Nm(RA @p A°);
(e) f € A* and AfA is finitely generated as an R-module.

(2) If A° is a pure R-submodule of R, then A° is an R-coalgebra with the
coproduct

A AT (A0 g A7) T A G A,
and counit € : A° — R, h— h(14). Furthermore, the canonical map
¢: A= A", ar[f— fa)],
1s an algebra morphism.

Proof. (1) It follows from 5.3 and 5.6 that A° = (A*)"; hence A° is an
A-sub-bimodule of A* and the given properties are equivalent.

(2) If A° is a pure R-submodule in R*, the coalgebra structure follows
from 5.4. To recall the construction observe that, for every f € A°, there is a
unique 327 f; ®g fi € A°®p A° such that f(ab) = 321, fi(a)fi(b), for every
a,b € A, and the coproduct is

my: A° — A°@p A°, fH;fi@@ﬁ:Zfl@f;-
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Clearly ¢ is R-linear, and for a,b € A and f € A°
¢(ab)(f) = flab) = 3_ fi(a)f2(b) = [¢(a) * (D)](f),

showing that ¢ is an algebra morphism. ad

There are further characterisations for the finite dual of an algebra. A
submodule X of an R-module M is called R-cofinite if M/X is a finitely
generated R-module.

5.8. Cofinite ideals. Let R be Noetherian and A an R-algebra. The following
statements are equivalent for f € A*:

(a) f €A

(b) Ke f contains an R-cofinite ideal of A;

(c) Ke f contains an R-cofinite left ideal of A;
(d) Ke f contains an R-cofinite right ideal of A.

Proof. (a) = (b) If f € A°, then, by 5.7, Af A is finitely generated as an
R-module. Let fy,..., f,, be a set of generators and consider I = (;_, Ke f;.
Clearly I is an R-cofinite submodule of A and I C Ke f. For a,b € A and
c € I, we observe f;(ach) = (bf;a)(c) = 0 since bfia € AfA=>"" Rfi. So
acb € I, showing that [ is an ideal.

(b) = (c) This is obvious.

(c¢) = (a) Let I be an R-cofinite left ideal of A contained in Ke f. Then f €
Hompg(A/I, R), which implies Af C Hompg(A/I, R). Since R is Noetherian,
Hompg(A/I, R) is a Noetherian R-module, and so Af is a finitely generated
R-module, that is, f € A°.

(a) < (d) follows by symmetry. 0

5.9. Pure submodules of products. Let A be any algebra over a Noethe-
rian ring R. Then, for an R-submodule K C Hompg(A, R) = A*, the following
are equivalent:

(a) K C R% is a pure submodule;
(b) for any N € Mg, the following map is injective:

CNYN’K . N®RK — HOI’HR(A, N), n®k — [a — nk(a)]

Proof. First notice that K C A* implies that the image of & lies in
Hompg (A, N). Moreover, for any finitely generated R-module N, there is a
commutative diagram

N @r K 2% Homp(A, N)

o

N ®pr RA—= N4,




60 Chapter 1. Coalgebras and comodules

where the right downward arrow is the inclusion map. From this we deduce
that, for any N € Mpg, the map Iy ®1 is injective if and only an x is injective.
O

For an algebra A over a Noetherian ring R, the condition that A° is pure
in R” implies that A° has a coalgebra structure (5.7), and also that the A°-
comodules may be described as A°*-modules (4.3). From 5.9 we can even
derive that they are characterised by their A-module structure.

5.10. A°-comodules and A-modules. Let A be an R-algebra with R
Noetherian and A° pure in R*. Then the category M4° of right A°-comodules
is isomorphic to the category of left A°*-modules subgenerated by A°, and also
to the category of left A-modules subgenerated by A°, that is, there are category
equivalences

M ~ [0+ A°] = 04 A°].

Proof. Asmentioned above, the first isomorphism follows by 4.3. In view
of 5.7(2) and 5.9, the canonical bilinear form (A°, A) — R, (f,a) — f(a),
makes (A°, A) a rational pairing, and hence the second isomorphism follows
by 4.19. O

An A-module M is called (A, R)-finite if every finitely generated A-sub-
module is finitely generated as an R-module (see 41.22). Over QF rings R,
the module A° determines all (A, R)-finite modules.

5.11. A° and (A, R)-finite modules. Let A be any algebra over a QF ring
R. Then A° is a subgenerator for all (A, R)-finite modules, that is, o[4A°]
coincides with the class of all (A, R)-finite modules in AM.

Proof. By 5.7, A° is (A, R)-finite as a left (and right) A-module. Now
consider any cyclic A-module N that is finitely generated as an R-module.
Then N* = Hompg(N, R) is a right A-module that is finitely generated as an
R-module and hence is finitely generated as a right A-module, that is, there
is an epimorphism ¢ : A" — N* in M 4. Applying Homg(—, R), one obtains
a monomorphism ¢* : N** — (A™)* in 4M. Since N** is a finitely generated
R-module, the image of ¢* is contained in (A°)". As a QF ring, R cogenerates
N, and hence the canonical map N — N** is a monomorphism in 4,M. As a
consequence, all (A, R)-finite modules are subgenerated by A°. O

5.12. Finite duals over QF rings. Let A be an algebra over a QF ring R
such that A° is projective as an R-module. Then all (A, R)-finite A-modules
are A°-comodules.

Proof. Since R is QF, the projective R-module A° is R-injective and
hence is pure in R4, By 5.7, A° has a coalgebra structure and M4" = o[, A°]
(by 5.10). Now the assertion follows from 5.11. O
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5.13. Exercises
(1) Let A be an R-algebra and assume rA to be finitely generated and projective.
Prove that the dual of the coalgebra A* is isomorphic (as an algebra) to A.
(2) A ring R is hereditary if every ideal is projective. A Noetherian ring R is
hereditary if and only if every submodule of an R-cogenerated module is flat
(e.g., [46, 39.13)).
Let A be an algebra over a Noetherian ring R. Prove:
(i) If R is hereditary, then A° is pure in R4.
(ii) If A is projective as an R-module, then A° is a pure R-submodule of
A* if and only if A° is pure in R4.
(3) Let G be any monoid, R a Noetherian ring, and R[G] the monoid algebra.
Prove that, if R[G]° is R-pure in R[G|*, then R[G]° and Rr(G) are isomorphic
coalgebras (in fact bialgebras).

(4) An ideal I in the polynomial ring R[X] is called monic if it contains a poly-
nomial with leading coefficient 1. Prove:

(i) Anideal I C R[X] is monic if and only if R[X]/I is a finitely generated
(free) R-module.

(ii) If R is Noetherian, then R[X]° is a pure R-submodule of R[X]* and
R[X]° is a coalgebra with the coproduct

A:RIX]° - RIX]° 9 RIX]", €~ [’ @2 s €(a™), 4,5 > 0],

and counit € : R[X]° — R, £ +— £(1).

Notice that R[X]° can be identified with the set of linearly recursive sequences
over R (cf. [50]).

References. Abuhlail, Gémez-Torrecillas and Lobillo [49]; Abuhlail,
Gomez-Torrecillas and Wisbauer [50]; Cao-Yu and Nichols [89].
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6 Annihilators and bilinear forms

In this section we collect some useful technical notions that will help us study
how certain substructures of an R-coalgebra C' correspond to certain sub-
structures of the associated dual algebra C* = Hompg(C, R). To facilitate
such studies, consider the following definitions.

6.1. Annihilators. Let D be an R-submodule of C. The R-module
D+ :={f € C*| f(D) =0} = Homg(C/D,R) C C*

is called the annihilator of D in C. For any subset J C C*, denote
Jh=({Kef|fetcC.

Notice that D C D+ always and that D = D+ whenever C'/D is cogener-
ated by R.

6.2. Properties of annihilators. Let D C C be an R-submodule.
(1) If D is a left C*-submodule of C, then D+ is a right C*-submodule.
(2) If D is a (C*,C*)-sub-bimodule of C, then D+ is an ideal in C*.
(3) If D is a coideal in C, then D* is a subalgebra of C*.

Proof. (1),(2) If D is a left C*-module, then for all f € D+ and g € C*,

f*g(D)= f(g—D) C f(D)=0,

where the first equality follows from 4.6. Therefore f * g € D+, as required.
The left-side version and (2) are shown similarly.

(3) By definition C' — C'/D is a (surjective) coalgebra morphism, and as
a consequence Homg(C/D, R) — Homg(C, R) is an injective algebra mor-
phism. O

6.3. Kernels. Let J C C* be an R-submodule.

(1) If J is a right (left) ideal in C*, then J* is a left (right) C*-submodule
of C.

(2) If J is an ideal in C*, then J* is a (C*,C*)-sub-bimodule of C.
Assume R to be a semisimple ring. Then:

(3) If J C C* is a subalgebra, then J* is a coideal.

(4) D C C is a coideal if and only if D* is a subalgebra.
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Proof. (1) and (2) easily follow from 4.6.

(3) Let J C C* be a subalgebra and put U = J*. Then ¢ € J, and so
e(U) = 0. Furthermore, for any f,g € J, (f ® 9)A(U) = f*g(U) = 0 and
hence (J ®gr J)A(U) = 0. Considering J ®g J as a submodule of (C'®g C)*
canonically, we know from linear algebra that (J®@gJ)* = J*@prC+C®@pJ*-
(R is semisimple) and this implies

AU)cU®rC+C®grU,

showing that U is a coideal.
(4) This follows from (3), 6.2(3), and D = D++. 0

A useful technique for the investigation of coalgebras is provided by certain
bilinear forms.

6.4. Balanced bilinear forms. Let 3 : C' x C' — R be a bilinear form.
Associated to (8 there are R-linear maps

B: C®rC — R, c@d —  Bed),
Al C — C*, d — [(—,d),
G C — O, c = fBle,—).
[ is said to be C-balanced if
Blec—f,d) = B(c, f=d), for all c,d € C, f € C*.
If rC' s locally projective (cf. 4.2), the following are equivalent:
(a) B is C-balanced;
(b) Ie@p)o(A@Ic)=(B®Ic)o(Ic®A);
(c) B': C — C* is left C*-linear, that is, for all f € C* and d € C,
fxB4(d) = B'(f~d);
(d) " : C — C* is right C*-linear, that is, for all f € C* and c € C,
B fe) = B"(ef);
(e) B factors through B* : C @¢+ C — R.

Notice that description (b) occurs in the characterisation of coseparable
coalgebras (see 3.29).
Proof. (a) < (b) The condition in (b) explicitly reads, for all ¢,d € C,

> aBlea,d) =D Ble,dy)ds. (%)

Since rC' is locally projective, property 4.2(b) implies that (x) is equivalent
to the statement that, for all ¢,d € C and for all f € C*,

f(zclﬁ (co,d Zﬁ (c,dy)dy) .
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Now, since both f and [ are R-linear, this is equivalent to

Ble—f.d) = B flev)ea,d) = B(e, > dif(dy)) = Ble, f~d),

that is, § is C-balanced.
(a) & (c) < (d) are verified by similar arguments.
(a) < (e) follows from the definition of the tensor product C ®@c« C. O

6.5. Corollary. Let rC' be locally projective, let 3 : C' x C" — R be a C-
balanced bilinear form, and let X C C be an R-submodule.

(1) If X is a left C-subcomodule, then
Xt ={deC|B(zx,d) =0 forallx € X}

s a right C'-comodule.
(2) If X is a right C-subcomodule, then

X ={ceC|B(c,x) =0 forallz € X}

1s a left C-subcomodule.
(3) In particular, C*¢ is the kernel of 3 and +¢C' is the kernel of 5".

(4) Let R be Noetherian and X a finitely generated R-module. Then C') X5
and C/*5 X are finitely generated as R-modules.

Proof. (1) For d € X*# and any f € C*, B(x, f~d) = B(z~f,d) = 0.
This shows that X1¢ is a left C*-submodule and hence a right C-comodule
by the a-condition.

(2) This is shown by a similar argument.

(3) The assertions follow immediately from the definitions.

(4) Obviously X*# is the kernel of the map C' — X* d — 3(—,d)|x. Since
R is Noetherian, X* is a Noetherian R-module, and hence the submodules
(isomorphic to) C/X*¢ and C/1#X are finitely generated. O

6.6. Nodegenerate bilinear forms. A bilinear form § : C x C — R is
called left (right) nondegenerate if B! (resp. ") is injective.

A family of bilinear forms {3, : C' x C' — R}, is said to be left (right)
nondegenerate if (), Ke B4 = 0 (resp. (), Ke 5% = 0).

Properties. Let rC' be locally projective.
(1) The following are equivalent:

(a) there exists a left C*-monomorphism v : C' — C*;
(b) there is a left nondegenerate C-balanced bilinear form 3 on C.
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(2) The following are equivalent:
(a) there exists a left C*-monomorphism «y : C — (C*)*;
(b) there exists a family of left nondegenerate C-balanced bilinear
forms {Bx}a on C.

(3) Assume that R is Noetherian and that the conditions in (2) hold. Then
essential extensions of simple C*-submodules of C are finitely generated
as R-modules.

Proof. (1) Let v:C — C* be any left C*-linear map. Then
p:CxC—=R, (cd)—~(d)c),

is a C-balanced bilinear form with 8!(d) = v(d). Clearly v is injective if and
only if 3 is left nondegenerate, and this proves the assertion.
(2) Let v : C — (C*)A be a left C*-monomorphism. Then

M0 (CH)N = ¢

is a C*-linear map and (as in (1)) there are C-balanced bilinear forms 3, :

C x C — R with 3} = v, for which

ﬂAKe B = mAKe v\ = Kexy.

From this the assertion follows immediately.

(3) Let S be a simple C*-submodule of C' with an essential extension
S C C. There exists a bilinear form 3 : C'x C'— R such that 3(z, S) # 0, for
some z € C. Putting X = z-C*, we observe for X4 = {d € C'| 3(X,d) = 0}
that C/X1# is a finitely generated R-module (by 6.5).

Since SNX1# = 0, we also have SNX14 = 0 and there is a monomorphism
S—C /X5, This implies that S is a finitely generated R-module. O

6.7. Exercises
Let C be a matrix coalgebra with basis {e;;}1<i j<n (see 1.10). Prove that

B:CxC— R, (€jers)r 8isdjr,

determines a C-balanced, nondegenerate and symmetric bilinear form ([167]).

References. Doi [104]; Gémez-Torrecillas and Nastéasescu [123]; Heyne-
man and Radford [129]; Lin [152]; Miyamoto [160]; Nichols [167]; Sweedler
[45]; Wischnewsky [213].
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7 The rational functor

We know from Section 4 that there is a faithful functor from the category of
right C-comodules to the category of left C*-modules; we also know that M¢
is a full subcategory of ¢«M if and only if the a-condition holds. Now we
want to study an opposite problem. Suppose M is a left C*-module; is it also
a right C-comodule? If the answer is negative, does there exist a (maximal)
part of M on which a right C'-coaction can be defined? In other words, is it
possible to define a functor ¢~M — MY, that selects the maximal part of a
module that can be made into a comodule (hence acts as identity on all left
C*-modules that already are right C-comodules)? Such a functor exists and
is known as the rational functor, provided that C' satisfies the a-condition.
Then MY coincides with o[c«C], the full subcategory of ¢~M subgenerated
by C (cf. 4.3), and the inclusion functor has a right adjoint 7¢ (see 41.1),
which is precisely the rational functor. This functor is the topic of the present
section.

Throughout (except for 7.9 and 7.10) we assume that rC' is locally projec-
tive. We also use freely torsion-theoretic aspects of the category of modules
and its subcategory o[M]. The reader not familiar with those aspects is
referred to Section 42.

7.1. Rational functor. For any left C*-module M, define the rational
submodule

Rat?(M) =T9(M) =) {Im f|f € c-Hom(U, M), U € M“},

where 7¢ is the trace functor ¢~M — ¢[C] (cf. 41.1). Clearly Rat®(M) is
the largest submodule of M that is subgenerated by C, and hence it is a right
C-comodule. The induced functor (subfunctor of the identity)

Rat®: oM — MY, M s Rat®(M),

is called the rational functor. Since Rat® is a trace functor, we know from
41.1 that it is right adjoint to the inclusion M¢ — .M and its properties
depend on (torsion-theoretic) properties of the class M in o~M. Of course
Rat®(M) = M for M € M if and only if M € MY, and M® = .M if and
only if zC' is finitely generated (see 4.7).

7.2. Rational elements. Let M be a left C*-module. An element k € M is
said to be rational if there exists an element > . m; ® ¢; € M @ C, such that

fk= Z.mif(ci), for all f € C™.
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This means that, from the diagram

M m
\Lﬂ)M I
M ®r C —2 Homp(C*, M) m® c——[fr>mf(c)], [fr—fm],

we obtain ¥ (k) = (D2, mi ® ¢;) (see 4.2). Since it is assumed that oy is
injective, the element ) .m; ® ¢; is uniquely determined.

7.3. Rational submodule. Let M be a left C*-module.

(1) An element k € M is rational if and only if C*k is a right C-comodule
with fk = f—=k, for all f € C*.
(2) Rat®(M) = {k € M | k is rational}.

Proof. (1) Let k € M be rational and ), m; ® ¢; € M ®p C such that
fk=>,mif(¢) for all f e C*. Put K := C*k and define a map

Q:KHM®R07 kasz(ngCl
For f,h € C*,
QM(Zimi ® f-ci)(h) = Zimih(féci) =hxfk=h-fk.

So the map p is well defined since fk = 0 implies ap (>, m; ® f-¢;) = 0,
and hence ) . m; ® f—c; = 0 by injectivity of ap;. Moreover, it implies that
ay o o(K) C Hompg(C*, K), and we obtain the commutative diagram with
exact rows

K

|

K®&pC M &g C M/K ®5 C

iOJK lOCM lakl/K

0 — Hompg(C*, K) — Hompg(C*, M) —— Hompg(C*, M/K) —0,

0 0

where all the o are injective. By the kernel property we conclude that o
factors through some o : K — K ®@p C, and it follows by 4.4 that o
coassociative and counital, thus making K a comodule. O

As a first application we consider the rational submodule of C**. The
canonical map ¢ : C' — C** is a C*-morphism, since, for allc € C, f, h € C*,

Do (f-c)(h) = h(f~c) = h(c)f () (hx f) = fOc(c)(h).

Hence the image of @ is a rational module. The next lemma shows that this
is equal to the rational submodule of C**.
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7.4. Rational submodule of C**. ®¢ : C' — Rat®(C**) is an isomorphism.

Proof. Local projectivity of zC implies that ®¢ is injective. Let o :
Rat®(C**) — Rat®(C**) ®p C denote the comodule structure map. For
v € Rat®(C**) write o(7) = % ® c;. Then, for any f € C*,

V() = f-2e) = flele) = FOQ o)),

where ) . 7v;(e)c; € C. So v € Im ®¢, proving that ®¢ is surjective. 0

The rational submodule of ~~C* is a two-sided ideal in C* and is called
the left trace ideal. From the above observations and the Finiteness Theorem
it is clear that Rat®(C*) = C* if and only if zrC' is finitely generated.

Right rational C*-modules are defined in a symmetric way, yielding the
right trace ideal “Rat(C*), which in general is different from Rat®(C*).

7.5. Characterisation of the trace ideal. Let T = Rat”(C*) be the left
trace ideal.

(1) Let f € C* and assume that f—C' is a finitely presented R-module.
Then feT.

(2) If R is Noetherian, then T can be described as

Ty = {feC*|C*x [ isa finitely generated R-module};

T, = {feC*| Kef contains a right C*-submodule K, such that
C/K s a finitely generated R-module};

T3 = {feC*|f-C is a finitely generated R-module }.

Proof. Assertion (1) and the inclusion 7" C T} in (2) follow from the
Finiteness Theorem 4.12.

[Ty C Ty ]: For f € Ty, let C*x f be finitely R-generated by g1, ..., gr € C*.
Consider the kernel of C* % f,

k
K = ){Ke h|heC**f}—Q Keg; .

Clearly K is a right C*-submodule of C'. Moreover, all the C'/Ke g; are finitely
generated R-modules, and hence

k
C/K C @ C/Keg;

i=1

is a finitely generated R-module. This proves the inclusion 77 C T5.
[Ty, C T3]: Let f € Ty. Since A(K) C C®r K, f-K =0 and f-C =
f—C/K is a finitely generated R-module, that is, f € Ts.
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(T35 C T]: For f € Ts, the rational right C*-module f—~C' is a finitely
presented R-module. Then, by 3.11, (f—C)* is a rational left C*-module.
Since e(f—c) = f(c) for all ¢ € C, we conclude f € (f—-C)* and hence f € T.

a

7.6. M closed under extensions. The following are equivalent:
(a) MC is closed under extensions in c«M;
(b) for every X € ¢~M, Rat®(X/Rat®(X)) = 0;
(c) there exists a C*-injective QQ € o«M such that

M = {N € ¢-M | ¢~Hom(N, Q) = 0}.

If R is QF, then (a)-(c) are equivalent to:
(d) the filter of open left ideals Fo (cf. 4.17) is closed under products.

Proof. The assertions follow from 42.14 and 42.15. O

Over a QF ring there is another finiteness condition that implies left ex-
actness of Rat®.

7.7. Corollary. Let R be QF and F¢ of finite type. Then MC is closed under
extensions in oM.

Proof. The filter F¢ is always bounded and by assumption of finite type.
Hence it suffices to show that the product of an ideal J € F¢ and a finitely
generated left ideal I € F¢ belongs to F¢. Clearly, JI is finitely generated
and hence closed. An epimorphism (C*)" — [ yields the commutative exact
diagram

(Cyr I 0
|
(C* )Ty ——T/J] ——0,

showing that /J1 is finitely R-generated. Now, in the exact sequence
0—1I1/J] —C*)JI — C*/] — 0,

I/JI and C*/I are finitely R-generated and so is C*/JI. By 4.17, this implies
that JI € F- and now the assertion follows from 7.6. O

7.8. MY closed under essential extensions. The following are equivalent:
(a) MC is closed under essential extensions in c«M;
(b) MC is closed under injective hulls in c-M;

(c) every C-injective module in M is C*-injective;
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(d) for every injective C*-module @, RatC(Q) 15 a direct summand in Q);
(e) for every injective C*-module Q, Rat®(Q) is C*-injective.
If (any of) these conditions hold, then MY is closed under extensions.

Proof. This is a special case of 42.20. ad

Before concentrating on properties of the trace ideal we consider density
for any subalgebras of C*. From the Density Theorem 42.2 we know that
for any C-dense subalgebra T C C* the categories M and o[rC] can be
identified. For the next two propositions we need not assume a priori that C'
satisfies the a-condition.

7.9. Density in C*. For an R-submodule U C C* the following assertions
are equivalent:
(a) U is dense in C* in the finite topology (of RC);
(b) U is a C-dense subset of C* (in the finite topology of Endg(C)).
If C is cogenerated by R, then (a), (b) imply:
(¢c) KeU={z € C|u(x)=0 for alluec U} =0.
If R is a cogenerator in Mg, then (c) = (b).

Proof. (a) < (b) As shown in 3.12 the finite topologies in C* and
End“(C) can be identified.

(a) = (c) Let C be cogenerated by R. Then, for any 0 # x € C, there
exists f € C* such that f(z) # 0. Then, for some u € U, u(z) = f(x) # 0,
that is, z € Ke U, and hence KeU = 0.

(c) = (b) Let R be a cogenerator in Mg. Let f € C* and x4, ...,2, € C.

Suppose that
f=(z1,...,2p) € U=(21,...,2,) C C™.

Then there exists an R-linear map ¢ : C™ — R such that
g(f—(x1,...,2,)) #0 and g(U~(zq,...,2,)) = 0.
For each uw € U (by 4.6),

0= Zzgz(u—‘%) = ZZU(SU@'—QJ = U(Zixi“gi)a

where ¢; : C — C" % R, and this implies > Ti~g; =0 and

0# g(f~(x1,... 20)) = Zigi(fé%‘) = Zif($i‘—gi) = f(Zixi’—gi) =0,
contradicting the choice of g. O

Remark. Notice that, for a vector space V over a field R, a subspace U C V*
is dense if and only if Ke U = 0. This is the density criterion that is well known
in the comodule theory for coalgebras over fields (e.g., [129], [152]).
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7.10. Dense subalgebras of C*. For a subalgebra T C C* the following are
equivalent:

(a) rC is locally projective and T is dense in C*;
(b) M® = o[yC].
If T is an ideal in C*, then (a),(b) are equivalent to:

(c) C is an s-unital T-module and C' satisfies the a-condition.

Proof. (a) < (b) This was also observed in 4.19: there are embeddings
MC C o[c-C] C o[rC]. Now MY = o[c-C] is equivalent to the a-condition
while o[rC] = o[+ C] corresponds to the density property.

(a) < (c) By 42.6, for an ideal T the density property is equivalent to
s-unitality of the T-module C' ad

Combining the properties of the trace functor observed in 42.16 with the
characterisation of dense ideals in 42.6, we obtain:

7.11. The rational functor exact. Let T = Rat“(C*). The following
statements are equivalent:

(a) the functor Rat® : ;M — MC is exact;

(b) MC is closed under extensions in ¢-M and the class
{X € ¢-M | Rat“(X) = 0}

18 closed under factor modules;
(c) for every N € M® (with N C C), TN = N;
(d) for every N € MC, the canonical map T®c«N — N is an isomorphism;
(e) C is an s-unital T-module;
(f) T> =T and T is a generator in M¢;
(9) TC = C and C*/T is flat as a right C*-module;
(h) T is a left C-dense subring of C*.

7.12. Corollary. Assume that Rat® is ezact and let T = Rat®(C*) C C*.
(1) M is closed under small epimorphisms in ¢-M.
(2) If P is finitely presented in MY, then P is finitely presented in ¢-M.
(3) If P is projective in MC, then P is projective in c-M.
(4) For any M € MC, the canonical map c-Hom(C*, M) — ¢-Hom(T, M)
18 1njective.

Proof. (1)-(3) follow from Corollary 42.17.
(4) By density, for every f € c-Hom(C*, M), f(e) = tf(e) = f(t) for
some t € T, and hence f(T) = 0 implies f(C*) = 0. O
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The density of an ideal S C C* in the finite topology implies that C'
is s-unital both as left and right S-module and hence M¢ = ¢[sC] and
“M = 0[Cs] (see 7.10). Therefore the exactness of Rat®, that is, the density
of Rat?(C*) in C*, also has some influence on left C-comodules.

7.13. Corollary. Assume that Rat® is exact and let T = Rat®(C*) Cc C*.
(1) For any N € “M, the canonical map Home«(C*, N) — Home- (T, N)
18 1njective.
(2) “Rat(C*) C T and equality holds if and only if T € “M.

Proof. (1) By the preceding remark, C' is also s-unital as a right 7-
module and hence the proof of Corollary 7.12(4) applies.

(2) By the density of T C C*, X-T = X, for each X € “M (see 42.6).
This implies

Home (X, C*) = Home« (X T, C*) = Home« (X, C* %« T)) = Home (X, T);

hence “Rat(C*) C T and “Rat(C*) = T provided T € “M. O
The assertion in 42.18 yields here:

7.14. Corollary. Suppose that MC has a generator that is locally projective
in o«M. Then Rat® : oxM — M is an ezact functor.

Except when RC' is finitely generated (i.e., Rat?(C*) = C*) the trace
ideal does not contain a unit element. However, if C'is a direct sum of finitely
generated left (and right) C*-submodules, the trace ideal has particularly nice
properties.

7.15. Trace ideal and decompositions. Let T := Rat®(C*) and T' :=
CRat(C*).
(1) If C is a direct sum of finitely generated right C*-modules, then T is
C-dense in C* and there is an embedding

W;T’e@AT'*eAcT,

for a family of orthogonal idempotents {ex}a in T.

(2) If C is a direct sum of finitely generated right C*-modules and of finitely
generated left C*-modules, then T =T" and T is a projective generator
both in MC and “M.

Proof. (1) Under the given conditions there exist orthogonal idempotents
{ex}a in C* with C = @@, ex—~C, where all ey—~C are finitely generated right
C*-modules. By the Finiteness Theorem 4.12, the ey—~C' are finitely generated
as R-modules, and they are R-projective as direct summands of C'. Now it
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follows from 7.5(1) that ey € T. Clearly C' is an s-unital left T-module and
hence the density property follows (see 42.6).

Consider the assignment v : 7" — @, 1" x ey, t — >t xey. For any
t € T', t«C* is finitely R-generated and so t x ey = 0 for almost all A € A.
Hence 7 is a well-defined map. Assume «(t) = 0. Then, for any ¢ € C,
0 =txey(c) =t(ex—c), for all A € A, implying ¢ = 0.

(2) By symmetry, (1) implies 7 = T" and so T' = @, T x e\ and T =
D, f.+T, where the {f, }o are orthogonal idempotents in C*, and the C'—f,,
are finitely R-generated (hence f, € T"). Clearly each T'xe, is a projective left
T-module and f,, * T a projective right T-module. Now the density property
implies that 7T is a projective generator both in M¢ and in M (see 7.11). O

Notice that, in 7.15, ey € T’ need not imply that C—ey is finitely R-
generated, unless we know that R is Noetherian (see 7.5).

7.16. Decompositions over Noetherian rings. Let R be Noetherian,
T = Rat®(C*) and T' = “Rat(C*). Then the following are equivalent:

(a) Cox and o«C are direct sums of finitely generated C*-modules;
(b) Cex is a direct sum of finitely generated C*-modules and T =T';
(c) o+C is a direct sum of finitely generated C*-modules and T = T';
(d) C =T-C and T =T and is a ring with enough idempotents.
If these conditions hold, T is a projective generator both in M and in “M.

Proof. (a) = (b) follows by 7.15.

(b) = (d) Let C = @, ex~C, with orthogonal idempotents {e)} in
C*, where all ey—~C' are finitely R-generated. Then ey € T'=T" and T' =
@, T *ey. For any t € T, the module t—~C is finitely R-generated (by 7.5)
and so

t—-C C e1=C @ --- @ e—C, for some idempotents e; € {ex}a.

This implies t = (e1+---+ex)xt € @ exxT. So@P,Txex =T =P, exxT,
showing that T is a ring with enough idempotents.
(d) = (a) f T =&, ex*T, then

C=T-C = @Aeﬁc,

and ey € T implies that ey—~C' is finitely R-generated. So, by 7.15, T" is dense
in C*, implying C'-T = C. Now symmetric arguments yield the decomposi-
tion of C' as a direct sum of finitely R-generated left C*-modules.

(c¢) & (a) The statement is symmetric to (d) < (a).

If the conditions hold, the assertion follows by 7.15. O

Fully invariant submodules of C' that are direct summands are precisely

subcoalgebras that are direct summands, and they are of the form e—~C', where
e is a central idempotent in C*. Hence 7.16 yields:
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7.17. Corollary. If R is Noetherian, the following are equivalent:
(a) C is a direct sum of finitely generated subcoalgebras;
(b) C is a direct sum of finitely generated (C*, C*)-sub-bimodules;
(c) T-C =C and T is a ring with enough central idempotents.

7.18. Corollary. Let R be Noetherian and C' cocommutative. The following
are equivalent:

(a) C is a direct sum of finitely generated subcoalgebras;
(b) C is a direct sum of finitely generated C*-submodules;
(c) T-C = C and T is a ring with enough idempotents.

Notice that, in the preceding results, the projectivity properties (of T') are
derived from decompositions of C' into finitely generated summands. In the
next sections we will return to the problem of projectivity for comodules. One
of the highlights will be the observation that, for coalgebras over QF rings,
the exactness of Rat® (see 7.11) is equivalent to the existence of enough
projectives in MY (see 9.6).

References. Heyneman and Radford [129]; Lin [152]; Wisbauer [210].
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8 Structure of comodules

In this section we study further properties of a coalgebra C' provided rC' is
locally projective. Since this means that the category of right C-comodules
M is isomorphic to the category o[c-C] of C-subgenerated left C*-modules
(cf. 4.3), we can use the knowledge of module categories to derive properties
of comodules. For example, we analyse projective objects in M¢ and study
properties of C' motivated by module and ring theory.

Throughout this section we assume that C' is an R-coalgebra with rC
locally projective (see 4.2).

Let N be a right C-comodule. Then a C-comodule @) is said to be N-
injective provided Hom®(—, Q) turns any monomorphism K — N in M€ into
a surjective map. We recall characterisations from 41.4.

8.1. Injectives in M. (1) For Q € MY the following are equivalent:
(a) Q is injective in MY;
(b) the functor Hom®(—, Q) : M® — My, is exact;
(c) Q is C-injective (as left C*-module);
(d) Q is N-injective for any (finitely generated) subcomodule N C C;
(e) every exact sequence 0 — Q — N — L — 0 in MY splits.

(2) Every injective object in M is C-generated.

(3) Every object in MY has an injective hull.

A C-comodule P is N-projective if Hom® (P, —) turns any epimorphism
N — L into a surjective map. From 41.6 we obtain:

8.2. Projectives in M. (1) For P € MC the following are equivalent:
(a) P is projective in M ;
(b) the functor Hom® (P, —) : M® — My, is exact;
(c) P is C™-projective, for any set A;
(d) every exact sequence 0 — K — N — P — 0 in MC splits.
(2) If P is finitely generated and C-projective, then P is projective in MC.

Notice that projectives need not exist in M®. As observed in 3.22, pro-
jective objects in M (if they exist) are also projective in Mp.

8.3. Cogenerator properties of C'. If C cogenerates all finitely C'-generated
left comodules, then the following are equivalent:

(a) o«C is linearly compact (see 41.13);
(b) Ces is C*-injective.
If R is perfect, then (a),(b) are equivalent to:
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(c) ¢+C is Artinian.

Proof. The equivalence of (a) and (b) follows from 43.2. If R is perfect,
C' is semi-Artinian by 4.16, and hence, by 41.13, (a) implies that - C is
Artinian. The implication (c) = (a) is trivial. O

Over a Noetherian ring R, C'is left and right locally Noetherian as a C*-
module (by 4.16), and therefore we can apply 43.4 to obtain:

8.4. C' as injective cogenerator in MY. If R is Noetherian, then the
following are equivalent:

(a) C is an injective cogenerator in MC;
(b) C is an injective cogenerator in “M;
(c) C is a cogenerator both in MC and M.

8.5. (' as injective cogenerator in Mc¢«. If R is Artinian, then the fol-
lowing are equivalent:

(a) C is an injective cogenerator in Mes;
(b) c~C is Artinian and an injective cogenerator in MY ;
(c) C is an injective cogenerator in M and C* is right Noetherian.

If these conditions hold, then C* is a semiperfect ring and every right
C*-module that is finitely generated as an R-module belongs to “M.

Proof. Since R is Artinian, C' has locally finite length as a C*-module.

(a) = (b) Assume C to be an injective cogenerator in M¢«. Then, by 8.4,
C is an injective cogenerator in M. Now 43.8 implies that ¢~C is Artinian.

(b) = (a) and (b) < (c) follow again from 43.8.

Assume the conditions hold. C* is f-semiperfect, being the endomorphism
ring of a self-injective module (see 41.19). So C*/Jac(C*) is von Neumann
regular and right Noetherian, and hence right (and left) semisimple. This
implies that C* is semiperfect.

Let L € Mg+ be finitely generated as an R-module. Then L is finitely
cogenerated as a C"*-module, and hence it is finitely cogenerated by C'. This
implies L € “M. O

The decomposition of left semisimple coalgebras as a direct sum of (inde-
composable) subcoalgebras (see 4.14) can be extended to more general situ-
ations. Recall that a relation on any family of (co)modules { M)}, is defined
by setting (cf. 44.11)

My ~ M,  if there exist nonzero morphisms My — M, or M,, — My,

and the smallest equivalence relation determined by ~ is given by

My ~ M, if there exist Ai,..., A\ € A,
such that My = My, ~---~ M,, = M, .
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8.6. o-decomposition of coalgebras. Let R be a Noetherian ring.

(1) There exist a o-decomposition C' = @, Cx and a family of orthogonal
central idempotents {ex}x in C* with C\ = C—ey, for each A € A.

(2) Each Cy is a subcoalgebra of C, Cf = C* x ey, o|c-Cy\| = o[c; O], and

M = @AU[C*OA] = @AMCA.

(3) MC s indecomposable if and only if, for any two injective uniform
LN € MY, L ~ N holds.

(4) Assume that R is Artinian. Then MC is indecomposable if and only if,
for any two simple Ey, By € 0¢+[C], E1 =~ Ey holds.

Proof. (1),(2) By the Finiteness Theorem 4.12, C' is a locally Noethe-
rian C*-module. Now the decomposition of M (=c[¢-C]) follows from 44.14.
Clearly the resulting o-decomposition of C'is a fully invariant decomposition,
and hence it can be described by central idempotents in the endomorphism
ring (= C*; see 44.1). Fully invariant submodules Cy C C are in partic-
ular R-direct summands in C' and hence are subcoalgebras (by 4.6). It is
straightforward to verify that Hompg(C\, R) = C} ~ C* x e, is an algebra
isomorphism. This implies o[c-Ch] = o[c:Cy] = M.

(3) is a special case of 44.14(2).

(4) follows from 44.14(3). Notice that E, ~ E, can be described by
extensions of simple modules (see 44.11). (The assertion means that the Ext
quiver of simple modules in M is connected.) O

Transferring Corollary 44.7 we obtain:

8.7. Corollary. Let C' be a coalgebra with o-decomposition C = @, C,.
Then the left rational functor Rat® is exact if and only if the left rational
functors Rat are exact, for each Cl.

Even for coalgebras C over fields there need not be any projective co-
modules in M (see example in 8.12). We discuss the existence of (enough)
projectives in MY and the projectivity of C' in M¢ or in M.

Definition. A coalgebra C' is called right semiperfect if every simple right
comodule has a projective cover in M¢. If zrC is locally projective, this is
obviously equivalent to the condition that every simple module in o[c+C] has
a projective cover in o[c-C] (by 4.3), that is, MY = o[c-C] is a semiperfect
category (see 41.16).

Notice that a right semiperfect coalgebra C' need not be a semiperfect left
C*-module as defined in 41.14. The following characterisations can be shown.
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8.8. Right semiperfect coalgebras. The following are equivalent:
(a) C is a right semiperfect coalgebra;
(b) M has a generating set of local projective modules;
(c) every finitely generated module in M has a projective cover.
If R is a perfect ring, then (a)-(c) are equivalent to:
(d) MC has a generating set of finitely generated C-projective comodules.

Proof. The equivalence of (a), (b) and (c) follows from 41.16. If R is
perfect, any finitely generated comodule is supplemented (see 41.22), and (a)
< (d) holds by 41.14. 0

Semiperfect coalgebras over QF rings are described in 9.6. As an obvious
application of 8.6 we obtain:

8.9. o-decomposition of semiperfect coalgebras. Let R be Noetherian
and C with o-decomposition C = @, Cx. Then C is a right semiperfect
coalgebra if and only if the C) are right semiperfect coalgebras, for all A € A.

We finally turn to the question of when C' itself is projective in M® or
o+M. Since C' is a balanced (C*, C*)-bimodule, we can use standard module
theory to obtain some properties of C' as a locally projective C*-module.

8.10. C locally projective as C*-module.
(1) If C is locally projective as a left C*-module, then C' is a generator in
M.
(2) If C is locally projective as a left and right C*-module, then both Rat®
and “Rat are ezact.

Proof. (1) If ¢-C is locally projective, then, by 42.10(g), Cc~ is a
generator in [Ce] = “M.

(2) Assume that both ¢«C and Cg« are locally projective. Then, by (1),
¢-C'is a locally projective generator in of¢+C], and, by 7.14, Rat® is an exact
functor. Similar arguments show that “Rat is exact. ad

8.11. C projective in M. Assume that C is projective in MC.
(1) If C* is an f-semiperfect ring, or C' is C-injective, then C is a direct
sum of finitely generated left C*-modules.
(2) If C* is a right self-injective ring, then C is a generator in “M.
(3) If C* is a semiperfect ring, then rC' is finitely generated.
Proof. (1) This is a decomposition property of projective modules with

f-semiperfect endomorphism rings (see 41.19). If C' is self-injective, then C*
is f-semiperfect.
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(2) As a self-injective ring, C* is f-semiperfect. By 7.15, (1) implies that
C' is s-unital over the right trace ideal 7", and so T" is a generator (by
7.11). Moreover, right injectivity of C* implies that 7" = Tr(“M, C*) =
Tr(Ces, C*), and so C generates T" (see 42.7 for the definition of a trace).

(3) This follows from (1) and 41.19. 0

8.12. Exercises
(1) Let C be a free R-module with basis {c¢, |n =0,1,...} and define

k
A:C—-CRC,cp— Y ¢iQcki, €:C—R, c— oy
i=0

Prove ([45], [152]):
(i) (C,A,¢) is a coassociative coalgebra.
(ii) The nontrivial subalgebras of C are > ;" ; Re;, n € N.
(iii) C* is a power series ring R[[X]] in one variable X (where X (c;) = 011).
(iv) There are no finitely generated projectives in M.
(v) If R is a field, then MY is the class of all torsion modules in ¢+ M.
(2) Let C be a free R-module with basis {gx,dr |k = 1,2,...} and define

A:C—=CRC, gp— gk ® gk, dir gr@dy+di @ grit,
e:C — R, ge.— 1, dp—20.

(i) Prove that C is left and right semiperfect.
(ii) Show that C' is projective as a left C*-module but not as a right C*-
module.

Hint: Consider the elements in C*:
91(9i) = ki, g3(di) =0 and di(d;) := di, di(gi) := 0.

(iii) Replace A by A’ : C — C®C, gr — gk @ gk, dx — g1 @ d + di @
gr+1- Prove that (C, A’) is a right semiperfect coalgebra that is not left
semiperfect.

(From [152, Example 1], [123, Example 1.6], [152, Example 3].)

References. Allen and Trushin [53]; Al-Takhman [51]; Beattie, Dascéa-
lescu, Griinenfelder and Nastasescu [60]; Garcia, Jara and Merino [116, 117];
Green [124]; Gémez-Torrecillas and Nastéasescu [123]; Kaplansky [24]; Lin
[152]; Montgomery [161]; Shudo [189]; Shudo and Miyamoto [190]; Sweedler
[45]; Vanaja [202]; Wisbauer [210].
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9 Coalgebras over QF rings

Recall that a QF ring R is an Artinian injective cogenerator in Mg. Over
such rings coalgebras have particularly nice properties. In fact, we obtain
essentially all structural properties known for coalgebras over fields. We con-
sider R-coalgebras C' with zrC' locally projective (see 4.2). If R is a QF ring,
then this is equivalent to C' being projective as an R-module (cf. 42.11).

9.1. Coalgebras over QF rings. If R is a QF ring, then:
(1) C is a (big) injective cogenerator in MC.
(2) Every comodule in M€ is a subcomodule of some direct sum C'M).
(3) C* is an f-semiperfect ring.
(4) K = Soce-C < C and Jac(C*) = Homgz(C/K, R).
(5) C* is right self-injective if and only if C is flat as left C*-module.
Proof. (1),(2) By 3.21, C is injective in M¢. Over a QF ring R, every
R-module M is contained in a free R-module R™. This yields, for any right
C-comodule, an injection o™ : M — M @ C C RN @ C ~ CW,
(3) The endomorphism ring of any self-injective module is f-semiperfect
(see 41.19).
(4) By 4.16, ¢+ C is locally of finite length and hence has an essential socle.
By the Hom-tensor relations (see 3.9),

Jac(C*) = Hom“(C/K, C) ~ Homg(C/K, R).

(5) For any N € Mg+, there is an isomorphism Homg(N ®c« C, R) =~
Home« (N, Hompg(C, R)) = Home« (N, C*) (cf. 40.18). So, if C* is right self-
injective, the functor Homg(— ®c+ C, R) : Mg« — Mpg is exact. Since R is
a cogenerator in Mg, this implies that — ®c+ C' is exact, that is, ¢«C' is flat.
Similar arguments yield the converse conclusion. O

By 44.8, for any injective cogenerator, fully invariant decompositions
(coalgebra decompositions) are o-decompositions (see discussion of decom-
positions in Section 44). Consequently, 8.6 yields:

9.2. o-decomposition of C. If R is a QF ring, then:

(1) C has fully invariant decompositions with o-indecomposable summands.

(2) Each fully invariant decomposition (= decomposition into coalgebras) is
a o-decomposition.

(3) C is og-indecomposable if and only if C' has no nontrivial fully invariant
decomposition, that is, C* has no nontrivial central idempotents.

(4) If C' is cocommutative, then C' = @AE,\ s a fully invariant decompo-
sition, where {Ex}a is a minimal representing set of simple comodules
in MY, and EA denotes the injective hull of E).
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Proof. By 9.1, C is an injective cogenerator in o[c+C], and so (1), (2)
and (3) follow from 44.8 and 8.6. In (4), C* is a commutative algebra by
assumption, and so the assertion follows from 43.7. O

Over QF rings there is a bijective correspondence between closed subcat-
egories of MY and (C*, C*)-sub-bimodules in C. However, the latter need
not be pure R-submodules of C', and hence they may not be subcoalgebras.
Recall that injectivity of C'in M¢ implies Tr(c[N],C) = Tr(N, C), for any
N e M.

9.3. Correspondence relations. Let R be a QF ring and N € MC. Then:
(1) o[N] = o[Tr(N,C)].

(2) The map o[N]| — Tr(N,C) yields a bijective correspondence between
closed subcategories of MC and (C*, C*)-sub-bimodules of C.

(3) o[N] is closed under essential extensions (injective hulls) in MC if and
only if Tr(N, C) is a C*-direct summand of o~C'. In this case Tr(N,C')
18 a subcoalgebra of C.

(4) N is a semisimple comodule if and only if Tr(N,C) C Soc(c+C).
(5) If R is a semisimple ring, then Tr(N,C') is a subcoalgebra of C.

Proof. Since R is a QF ring, ¢«C has locally finite length and is an
injective cogenerator in M. Hence (1)—(4) follow from 44.3. Furthermore, if
R is semisimple, the (C*, C*)-sub-bimodule Tr(N, C) is an R-direct summand
in C' and so is a subcoalgebra by 4.6. This proves assertion (5). O

Since over a QF ring R any R-coalgebra C'is an injective cogenerator in
M and “M (by 9.1), the results from 8.5 simplify to the following.

9.4. C injective in M¢-«. If R is QF, the following are equivalent:
(a) C is injective in Mes;
(b) C is an injective cogenerator in Mcx;
(c) ¢+C is Artinian;

(d) C* is a right Noetherian ring.

Proof. In view of the preceding remark the equivalence of (b), (c¢) and
(d) follows from 8.5. The implication (b) = (a) is trivial, and (a) = (c¢) is a
consequence of 8.3. O

For finitely generated comodules, injectivity and projectivity in M may
extend to injectivity, resp. projectivity, in ¢« IM.



82 Chapter 1. Coalgebras and comodules

9.5. Finitely presented modules over QF rings. Let R be a QF ring
and M € MC.

is projective in , then is C'-injective as a ri -module
1) If M is projective in MY, then M* is C-injecti jght C*-modul
and Rat®(M*) is injective in M.
(2) If M is finitely generated as an R-module, then:
(i) if M is injective in MC, then M* is projective in Mcs.
(ii) M is injective in MC if and only if M is injective in o« M.
(iii) M is projective in M if and only if M is projective in c-M.

Proof. (1) Consider any diagram with exact row in “M,

0 K N

|1

M* |

where N is finitely generated as an R-module. Applying (—)* = Homg(—, R)
we obtain — with the canonical map ®,, : M — M** — the diagram

MH M**
|
N~ K* 0,

where the lower row is in M¢ and hence can be extended commutatively by
some right comodule morphism g : M — N*. Again applying (—)* - and

recalling that the composition M* Dary s (Zae)” M* yields the identity (by
40.23) - we see that ¢* extends f to N. This proves that M* is N-injective
for all modules N € “M that are finitely presented as R-modules.

In particular, by the Finiteness Theorem 4.12, every finitely generated
C*-submodule of C' is finitely generated - hence finitely presented — as an
R-module. So M* is N-injective for all these modules, and hence it is C-
injective as a right C*-module (see 8.1). Notice that M* need not be in “M
(not rational). It is straightforward to show that Rat”(M*) is an injective
object in “M.

(2)(i) We know that M C R, for some k € N, and so there is a monomor-
phism in M®, A/ e M ®r C— RF @z C ~ C*, that splits in M¢ and
hence in M (by 4.1). So the dual sequence (C*)* — M* — 0 splits in Mc-,
and hence M* is projective in M.

(ii) Let M be injective in M®. Then M* is projective in Mg (by (i)).
Consider any monomorphism in M — X in ¢«M. Then X* — M* — 0 is
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exact and splits in Mg+, and hence, in the diagram

0 M X

o

O M** X** ,

the bottom row splits in ¢~M and as a consequence so does the upper row,
proving that M is injective in ¢+ M.

(iii) Let M be projective in M. Since M* is in “M (by 3.11), we know
from (1) that it is injective in “M. Now we conclude, by the right-hand
version of (i), that M ~ M** is projective in o+M. 0

As shown in 9.5, for coalgebras over QF rings, finitely generated projective
modules in M are in fact projective in ¢~M. This is the key to the fact that
in this case right semiperfect coalgebras are characterised by the exactness
of the left trace functor (so also by all the equivalent properties of the trace
functor given in 7.11).

9.6. Right semiperfect coalgebras over QF rings. Let R be QF and
T = Rat®(C*). Then the following are equivalent:

(a) C is a right semiperfect coalgebra;

(b) MC has a generating set of finitely generated modules that are projective
m C*M;

(c¢) injective hulls of simple left C-comodules are finitely generated as R-
modules;

(d) the functor Rat® : ;M — MC is exact;
(e) T is left C-dense in C*;
(f) KeT ={x € C|T(x) =0} =0.

Proof. (a) < (b) If C is right semiperfect, there exists a generating set
of finitely generated projective modules in MY (see 8.8). By 9.5, all these are
projective in ¢«M. The converse conclusion is immediate. R

(a) = (c) Let U be a simple left C-comodule with injective hull U — U
in “M. Applying Homp(—, R) we obtain a small epimorphism in M,

17*—>U*—>O,

where U” is a simple left C*-module. Moreover, since R is QF, we know that
U is a direct summand of Cg«, and so U* is a direct summand of C*, and
hence is projective in M. By assumption there exists a projective cover
P — U* in M. Since P is finitely generated as anR-module and projective
in MY, it is also projective in ¢-M (by 9.5), and hence U* ~ P. So U* is

~

finitely generated as an R-module and so is U.
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(¢c) = (a) Let V. C C be a simple left C*-submodule. Then V* is a
simple right C*-module in “M. Let V* — K be its injective hull in “M. By
assumption, K is a finitely generated R-module, and so K™ is a projective
C*-module (by 9.5) and K* — V** ~ V is a projective cover in M.

(b) = (d) The assumption implies that M has a generator that is pro-
jective in o« M, and the assertion follows from 7.14.

(d) & (e) & (f) These equivalences follow from 7.11 and 7.9.

(d) = (c) Let V' C C be a simple left C*-submodule. Then U = V* is

a simple left C-comodule and there is a projective cover U — Vin oM
(see proof (a) = (c)). By 7.12, (d) implies that M¢ is closed under small
epimorphisms and hence U* € MC. O

The conditions on left C*-modules (right C-comodules) posed in the pre-
ceding theorem imply remarkable properties of the left C-comodules.

9.7. Left side of right semiperfect coalgebras. Let C' be right semiperfect,
R a QF ring and T = Rat®(C*). Then:
(1) the injective hull of any X € M s finitely R-generated, provided X is
finitely R-generated.
(2) For every X € “M that is finitely R-generated, Home« (T, X) ~ X .
(3) For every M € “M, the trace of M in M* is nonzero.

(4) Any module in “M has a mazimal submodule and has a small radical.

Proof. (1) Let X € “M be finitely generated as an R-module. Then
X has finite uniform dimension, and so its injective hull in “M is a finite
direct sum of injective hulls of simple modules, which are finitely generated
by 9.6(c).

(2) By (1), the C-injective hull X of X is finitely R-generated and hence
is C*-injective (see 9.5). So any f € Home- (T, X) can be uniquely extended
to some h : C* — X and h(e) € X, which is s-unital over T (see 7.13). Hence

h(e) € h(e) - C* = h(e) - T = W(T) = f(T) C X,

showing that h € Home« (C*, X) ~ X.
(3) For every simple submodule S C M with injective hull S in “M, there
are commutative diagrams

0—S——M M* — 57

WAl

S ) S* I

where 7 is injective and j is nonzero. By 3.11, S belongs to M and so does
its nonzero image under j*.
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(4) Let M € “M. By (3), there exists a simple submodule @ C M* with
Q € MC. Then Ke@Q = {m € M |Q(m) = 0} is a maximal C*-submodule of
M. This shows that all modules in “M have maximal submodules, and hence
every proper submodule of M is contained in a maximal C*-submodule. This
implies that Rad(M) is small in M. 0

9.8. Finiteness properties. Let R be a QF ring.

(1) If C is right semiperfect and there are only finitely many nonisomorphic
simple right C'-comodules, then rC' is finitely generated.

(2) If C is right semiperfect and any two nonzero subalgebras have non-zero
intersection (i.e., C is irreducible), then rC' is finitely generated.

(3) grC is finitely generated if and only if M has a finitely generated pro-
jective generator.

(4) C* is an algebra of finite representation type if and only if there are only
finitely many nonisomorphic finitely generated indecomposable modules
in MC.

Proof. (1) Since Ce- is self-injective, the socle of Ce« is a finitely
generated R-module by 41.23. Hence Soc(Cg+) has finite uniform dimension,
and since Soc(Ce+) < C, C' is a finite direct sum of injective hulls of simple
modules in “M that are finitely generated R-modules by 9.7.

(2) Under the given condition there exists only one simple right C-como-
dule (up to isomorphisms), and the assertion follows from (1).

(3) If gC is finitely generated, then M® = .M. Conversely, assume
there exists a finitely generated projective generator P in M®. Then P is
semiperfect and there are only finitely many simples in M¢. Now (1) applies.

(4) One implication is obvious. Assume there are only finitely many non-
isomorphic finitely generated indecomposables in M. Since C is subgener-
ated by its finitely generated submodules, this implies that M has a finitely
generated subgenerator. Now [46, 54.2] implies that there is a progenerator
in M, and hence gC is finitely generated by (3). 0

Unlike in the case of associative algebras, right semiperfectness is a strictly
one-sided property for coalgebras — it need not imply left semiperfectness (see
example in 8.12). The next proposition describes coalgebras that are both
right and left semiperfect.

9.9. Left and right semiperfect coalgebras. Let R be a QF ring, T =
Rat®(C*) and T' = “Rat(C*). The following are equivalent:

(a) C is a left and right semiperfect coalgebra;
(b) all left C-comodules and all right C'-comodules have projective covers;
(¢) T =T" and is dense in C*;
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(d) c«C and Ce« are direct sums of finitely generated C*-modules.

Under these conditions, T s a ring with enough idempotents, and it is a
generator in MC.

Proof. (b) = (a) is obvious.

(a) = (b) By 41.16, all finitely generated projective modules in M are
semiperfect in M¢. According to 41.14 and 41.15, a direct sum of projective
semiperfect modules in M is semiperfect provided it has a small radical.
Since this is the case by 9.7, we conclude that every module in M has a
projective cover. Similar arguments apply to the category “M.

(a) < (c) This is obvious by the characterisation of exactness of the ra-
tional functor in 7.11 and 9.6.

(¢) & (d) follows from 7.15.

The final assertions follow from 7.15 and 7.11. ad

For cocommutative coalgebras we can combine 9.9 with 9.2(4).

9.10. Cocommutative semiperfect coalgebras. Let R be QF and C
cocommutative. The following are equivalent:

(a) C is semiperfect;

(b) C is a direct sum of finitely generated C*-modules;

(c) C is a direct sum of finitely R-generated subcoalgebras;

(d) every uniform subcomodule (C*-submodule) of C' is finitely R-generated.

The trace functors combined with the dual functor (—)* define covariant
functors “Rat o (—)* : M¢ — “M and Rat® o (=)* : “M — M. Over QF
rings, these functors clearly are exact if and only if “Rat, respectively Rat®,
is exact, that is, C' is left or right semiperfect. In this case they yield dualities
between subcategories of M¢ and “M.

9.11. Composition of Rat® and (—)*. Let R be a QF ring. For any M €
M let @y : M — M** denote the canonical map and i : Rat® (M*) — M*
the inclusion. Consider the composition map

Bap =" 0 @y 0 M — M*™ — (Rat(M*))".
If C s right semiperfect, then By is a monomorphism and
Bc : C — “Rat (Rat”(C™))"
s an isomorphism.

Proof. Let U C M be any finitely generated subcomodule. Then Gy :
U — U** is an isomorphism, and, by the exactness of Rat®, Rat”(M*) —
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Rat®(U*) is surjective and hence U™ ~ (Rat”(U*))" C (Rat“(M*))". This
implies that 3); is injective. On the other hand, C' ~ “Rat(C**) by 7.4,
and the map “Rat(C**) — “Rat (RatC(C’*))* is surjective, so that G¢ is an
isomorphism. 0

9.12. Duality between left and right C*-modules. Let R be QF and
T = Rat(C*). Denote by o¢[c-C] (resp. of[Tr]) the full subcategory of MY
(resp. “M) of C*-modules that are submodules of finitely C-generated (resp.
finitely T-generated) modules. Then the following assertions are equivalent:

(a) C is left and right semiperfect;

(b) the functors “Rat o (=)* : M® — “M and Rat® o (=)* : “M — MC
are exact;

(c) the left and right trace ideals coincide and form a ring with enough
idempotents, and “Rat o (—=)* : o4[c+C] — o4[Tr| defines a duality.

Proof. (a) < (b) This follows from 9.9.

(b) = (c) The first assertion was noticed in 9.9, and by this the trace
functor Rat® is described by multiplication with 7. It is obvious that the
functor (—)*T transfers oy[c-C] to o [T

We know from 9.11 that fc : C — T ((C*)T)" is an isomorphism. It
remains to show that 3y : M — T ((M*)T)" is an isomorphism, for every
M € o4]c+C], that is, M is reflexive with respect to “Rat o (—)*. For this it
is obviously enough to prove that submodules and factor modules of reflexive
modules are again reflexive. To this end, consider an exact sequence in M,
0 — K — L — N — 0, in which L is reflexive. Then there is the following
commutative diagram with exact rows:

0 K L N 0

b

0—T((K)T) —=T((L)T)" —=T (N*)T)" —=0.

By assumption, 3, is an isomorphism, and (g, Sy are monomorphisms by
9.11. From the diagram properties we conclude that they are in fact isomor-
phisms, so both K and N are reflexive, as required.

(¢c) = (a) Clearly the functors transfer finitely generated R-modules to
finitely generated R-modules. By our assumptions, the simples in o¢[T7]
have projective covers that are finitely generated as R-modules. This implies
that C' is a direct sum of finitely generated left C*-modules and hence is left
semiperfect. Finally, since C' is reflexive by 9.11, C = T-C = @, ex~C for
idempotents ey € T', where the ey—~C' are finitely generated by 7.5. ad

Over a QF ring, projective comodules in M that are finitely generated
as left C*-modules are also projective in ¢«M (see 9.5). Moreover, any direct
sum of copies of C' is C-injective as a left and right C*-module.
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9.13. Projective coalgebras over QF rings. If R is QF, the following are
equivalent:

(a) C is a submodule of a free left C*-module;

(b) C (or every right C-comodule) is cogenerated by C* as a left C*-module;

(c) there exists a family of left nondegenerate C-balanced bilinear forms

CxC—R;

(d) in M every (indecomposable) injective object is projective;

(e) C is projective in MY ;

(f) C is projective in c+«M.
If these conditions are satisfied, then C' is a left semiperfect coalgebra and C'
is a generator in “M.

Proof. (a) < (b) By 4.16, C' is a direct sum of injective hulls of simple
modules in M®. If C is cogenerated by C*, then each of these modules is
contained in a copy of C*, and hence C' is contained in a free C*-module.
Recall from 9.1 that C' is a cogenerator in M® and hence C* cogenerates any
N € MY provided it cogenerates C'.

(b) < (c) This is shown in 6.6(2).

(¢) = (f) Let U be a simple left C*-submodule of C' with injective hull
U C C in MC. Then U is a finitely generated R-module by 6.6(3). Now we
conclude from 9.5 that U is injective in oM. Being cogenerated by C*, we
observe in fact that U is a direct summand of C*, and hence it is projective
in ¢-M. This implies that C' is projective in ¢« M.

(f) = (a) and (f) = (e) are obvious, and so is (d) < (e) (by 9.1).

(e) = (f) C is a direct sum of injective hulls U C C of simple submodules
U C C. By (e), U is projective in M. Since it has a local endomorphism
ring, we know from 41.11 that it is finitely generated as a C*-module and
hence finitely generated as an R-module (by 4.12). Now we conclude from
9.5 that U is projective in ¢«M and so is C.

Finally, assume these conditions hold. By the proof of 9.13, the injective
hulls of simple modules in M are finitely generated R-modules. By 8.8, this
characterises left semiperfect coalgebras, implying that the right trace ideal
T' := “Rat(C*) is a generator in “M. Now, by 9.5(1), T" is injective in “M,
and hence it is generated by C' and therefore C' is a generator in “M. ad

9.14. Corollary. Let R be QF and C projective in MC. Then the following
are equivalent:

(a) ¢+C contains only finitely many nonisomorphic simple submodules;
(b) Soc(c+C) is finitely generated as an R-module;

(c) C* is a semiperfect ring;
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(d) rC is finitely generated.

Proof. (a) = (b) Since ¢«C is self-injective, 41.23 applies.

(b) = (c¢) We know that C* is f-semiperfect. Clearly Soc(c+C) < C, and
hence C' has a finite uniform dimension as a left C*-module. This implies
that C* is semiperfect.

(c) = (a) For any semiperfect ring there are only finitely many simple left
(or right) modules (up to isomorphisms).

(c) = (d) is shown in 8.11(3).

(d) = (b) follows from the fact that R is Noetherian. O

From 9.1 we know that, over a QF ring R, C' is always an injective cogen-
erator in M®. Which additional properties make C' a projective generator?

9.15. C as a projective generator in MC. Let R be QF and T = Rat®(C*).
The following are equivalent:

(a) C is projective as left and right C'-comodule;
(b) C is a projective generator in M ;
(¢c) C is a projective generator in M;

(d) C =TC and T has enough idempotents and is an injective cogenerator
in MC.

Proof. (a) = (b) This is obtained from 9.13 and 8.10.

(b) = (a) By 9.13, C is projective as a left C*-module and hence C* is
C-injective as a right C*-module (by 9.5). To show that C' is projective as a
right C*-module we show that C* cogenerates C' as a right C*-module. For
this it is enough to prove that each simple submodule U C C¢+ is embedded
in C*. By 4.12, U is a finitely generated R-module. Clearly U* is a simple
module in M¢, and hence there is a C*-epimorphism C' — U*. From this we
obtain an embedding U ~ U** C C*, which proves our assertion.

(a) < (c) is clear by symmetry.

(a) = (d) From the above discussion we know that C' is a left and right
semiperfect coalgebra. Hence T is a ring with enough idempotents and M¢ =
ole-T] by 9.9. Since C is projective, C C T™, and hence T is a cogenerator
in M®. T is injective in M® by 9.5.

(d) = (b) Since T is projective in M injective hulls of simple modules
in MY are projective, and so C' is projective in M. T is injective, and hence
it is generated by C. By our assumptions T is a generator in M® and so is
C. O

In the situation of 9.15, T is an injective cogenerator in M¢ and “M, and
hence the functors Homy(—,7") and rHom(—,7T") have properties similar to
(—)*. Following the arguments of the proof of 9.12, we obtain:
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9.16. Dualities in case (' is a projective generator. Let R be QF
and assume that C is a projective generator in MC. Let T = Rat®(C*) =
CRat(C*), and let o¢[Tr] and o¢[7T) be the categories of submodules of finitely
T-generated modules. Then the following pair of functors defines a duality:
(1) Rat® o Homy(—,C) : of[Tr] — oflrT],
(2) “Rat o pHom(—,T) : o4[rT] — of[Tr].

In case C' is finitely R-generated, M¢ = .M and we obtain:

9.17. C as a projective generator in o-M. If R is QF, the following are
equivalent:

(a) C is a projective generator in c~M;

(b) C is a generator in ¢ M;

(c) C is a generator in MY and gC is finitely generated;
(d) C* is a QF algebra and grC' is finitely generated.

Proof. (a) = (b) is obvious.

(b) = (c) As a generator in ¢« M, C'is finitely generated as a module over
its endomorphism ring C*, and hence rC' is finitely generated.

(¢) = (d) Clearly C* is left (and right) Artinian. By assumption, C' is an
injective generator in ¢o«M. This implies that C* is self-injective and hence
QF.

(d) = (a) As a QF ring, C* is an injective cogenerator in M® = oM.
From this it is easy to see that C' is a projective generator in ¢+ M. O

An R-coalgebra C'is called corefiexive if every locally finite left C*-module
is rational.

9.18. Coreflexive coalgebras over QF rings. Let C' be an R-coalgebra
with rC projective and R a QF ring. Then the following are equivalent:

(a) C is coreflexive;
(b) every R-cofinite (left) ideal of C* is closed in the C-adic topology;
(c) C*° is a right (left) C'-comodule;

(d) the evaluation map C' — C*° is an isomorphism.

Proof. (a) = (b) For a coreflexive coalgebra C, R-cofinite ideals of
C* are open in the C-adic topology, and open ideals are always closed in
topological rings.

(b) = (a) This follows by the fact that, for an R-cofinite closed ideal
I C C*, C*/I is finitely cogenerated as a C*-module and hence I is open.

(a) & (c) By 5.11, all (C*, R)-finite C*-modules are subgenerated by C*°.
Hence they all are C-comodules provided C*° is a C-comodule.

(¢) < (d) This is a consequence of the isomorphism C' ~ Rat®(C**) shown
in 7.4. O
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9.19. Remarks. As mentioned in the introduction to this section, coalgebras
over QF rings share most of the properties of coalgebras over fields. Let us
relate some of our observations to this special case.

Theorem 8.6 (and 9.2) extends decomposition results for coalgebras over
fields to coalgebras over Noetherian (QF) rings. It was shown in [24] that
any coalgebra C' over a field is a direct sum of indecomposable coalgebras,
and that, for C' cocommutative, these components are even irreducible. In
[161, Theorem 2.1] it is proved that C'is a direct sum of link-indecomposable
components. It is easy to see that the link-indecomposable components are
simply the o-indecomposable components of C. As outlined in [161, Theo-
rem 1.7], this relationship can also be described by using the “wedge”. In
this context, another proof of the decomposition theorem is given in [190,
Theorem|. We refer also to [116] and [117] for a detailed description of these
constructions. In [190] an example is given of a o-indecomposable coalgebra
(over a field) with infinitely many simple comodules.

In [124], for every C-comodule M, the coefficient space C'(M) is defined as
the smallest subcoalgebra C'(M) C C such that M is a C'(M)-comodule. The
definition heavily relies on the existence of an R-basis for comodules. In the
more general correspondence theorem 9.3, C'(M) is replaced by Tr(co[M], C).
For coalgebras over fields, C(M) and Tr(c[M], C') coincide and 9.3 yields [124,
1.3d], [117, Proposition 7], and [161, Lemma 1.8]. Notice that in [124] closed
subcategories in MY are called pseudovarieties. The assertion in 9.3(3) was
obtained in [165, Proposition 4.6].

For coalgebras over fields, 9.5(1) is shown in [152, Lemma 11] and (2) is
proved in [104, Proposition 4]. The characterisations of semiperfect coalgebras
in 9.6 are partly shown in [152, Theorem 10] and [123, Theorem 3.3]. The
equivalence of (a) and (b) from 9.9 can be found in [152, Corollary 18].

In [53] semiperfect coalgebras are called coproper coalgebras. Their de-
composition theorem [53, Theorem 1.11] follows from 8.9.

The exactness of the rational functor is also investigated in [189]. It is
proven there, for example, that any irreducible coalgebra C' with the ex-
act rational functor is finite-dimensional (see 9.8) and that cocommutative
coalgebras are semiperfect if and only if every irreducible subcoalgebra is
finite-dimensional (see 9.10).

Projective coalgebras as considered in 9.13 are called quasi-co-Frobenius
in [123], and some of the characterisations are given in [123, Theorem 1.3].
Moreover, characterisations of C' as a projective generator in 9.15 are con-
tained in [123, Theorem 2.6]. In this paper dualities similar to 9.12 and 9.16
also are considered (see [123, Theorems 3.5, 3.12]).

9.20. Exercises

(1) Let F be a free module over a QF ring R. Prove that an R-submodule U C F*
is dense in the finite topology if and only if KeU = 0. (Hint: 7.9)
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(2) Let R be QF and rC projective. Denote by fMC (resp. CMf) the full
subcategory of MY (resp. “M) consisting of finitely generated C*-modules.
Prove that Hompg(—, R) : yM% — “M/ induces a duality of categories.

(3) A comodule L € “M is called s-rational if the injective envelope of L in “M
embeds in M* as a right C*-module, for some M € “M. Let R be a QF ring
and rC projective. Prove ([157]):

(i) For a simple object S € MY, the following are equivalent:
(a) S is a quotient of a projective object of M¢;
(b) S is a quotient of an object of M that is a cyclic projective left
C*-module (and is finitely R-generated);
(c) S* is s-rational,

(d) the injective envelope of S* in “M is finitely generated as an
R-module.

(ii) C is a right semiperfect coalgebra if and only if every simple object of
CM is s-rational.

(4) Let R be QF and assume C to be a projective generator in M. Put
T = Rat®(C*) and denote by T-mod and mod-T the categories of finitely
generated left and right T-modules M, N with TM = M or N = NT, re-
spectively. Prove that pHom(—,T') : T-mod—mod-T induces a duality.

(5) An R-algebra A is called left almost Noetherian if any R-cofinite left ideal is
finitely generated as an A-module.

Let C be an R-coalgebra with rC projective and R a QF ring. Assume C*
to be left almost Noetherian. Prove that C' is coreflexive and M€ is closed
under extensions in ¢« M.

(6) A comodule M € MY is called cohereditary if every factor comodule of M
is injective. Let R be QF and assume rC' to be projective. Prove that the
following are equivalent:

(a) C is cohereditary;

(b) every injective comodule in M is cohereditary;

)
(¢) every indecomposable injective comodule in M is cohereditary;
(d) every C-generated comodule in MY is injective;
)

(e) for every (simple) comodule in M the injective dimension is < 1.

References. Allen and Trushin [53]; Al-Takhman [51]; Garcia, Jara
and Merino [116, 117]; Green [124]; Gémez-Torrecillas and Nastasescu [123];
Heyneman and Radford [129]; Kaplansky [24]; Lin [152]; Menini, Torrecil-
las and Wisbauer [157]; Montgomery [161]; Nastasescu and Torrecillas [165];
Nastasescu, Torrecillas and Zhang [166]; Radford [176]; Shudo [189]; Shudo
and Miyamoto [190]; Taft [194]; Wisbauer [210].



10. Cotensor product of comodules 93

10 Cotensor product of comodules

In this section we dualise the definition and characterisations of tensor prod-
ucts of modules over algebras (see 40.10) to obtain the corresponding notion
for comodules over coalgebras. In classical ring theory, a tensor product of
modules is defined as a coequaliser and can be seen as a (bi)functor from
the category(-ies) of modules to Abelian groups. Properties of modules such
as purity, flatness or faithful flatness can be defined via the properties of
the corresponding tensor functor. Dually, a cotensor product of comodules
is defined as an equaliser and can be viewed as a (bi)functor from comod-
ules to R-modules. The properties of this functor then determine whether a
comodule is coflat, faithfully coflat or whether certain purity conditions are
satisfied. In this section we study all such properties, as well as relations of
the cotensor functor to the tensor functor. In these studies the fact that we
consider coalgebras over a ring rather than coalgebras over a field plays a
significant role.
As before, C' denotes an R-coalgebra.

10.1. Cotensor product of comodules. For M € M and N € “M, the
cotensor product MOgN is defined as the following equaliser in Mpg:

MeIy

MDCNHM(@RN M®R0®RN

I @MNo

or — equivalently — by the exact sequence in Mg,
0—> MOcN —> M@ N —EM @rC o N

where wyy v = 0™ @ Iy — I,y ®™0. Tt can also be characterised by the pullback
diagram
MOcsN M ®r N

i iQM®IN
I @™o

M@r N — M QrCr N

In particular, for the comodule C, by properties of the structure maps there
are R-module isomorphisms

MOgC = oM(M)~ M, COcN ="p(N)~ N.

Proof. First observe that Wi, O o™ = 0 and hence o (M) C MOqC.
Conversely, take any > m' ®@ ¢ € MOcC and put m =Y _;m‘e(c’). Then

Zm[)@mlé Zm@clgcg Zm@c

showing that MOcC = o™ (M). 0
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10.2. Cotensor product of comodule morphisms. Let f: M — M’ and
g : N — N’ be morphisms of right, resp. left, C'-comodules. Then there exists
a unique R-linear map,

fOg: MOgN — M'OcN’,

yielding a commutative diagram

0——= MOGN ——>M @z N —5 M ®5C @ N
lfﬂg lf@g lf@]c@g
0—= M'OcN' —= M @ N LN @5 C @5 N'.
Proof. Since f and g are comodule morphisms,

(fRIc®g)owun = (f®Ic)oodM®@g—fIc®g)oo"
= (Mof)®wg—f® (0" og)
= ww N o(f®g)

This means that the right square is commutative and the kernel property
yields the map stated. O

10.3. The cotensor functor. For any M € MC there is a covariant functor

Mmc—icM%MR, N — Mlch,
f:N—N — I,0f: MOcN — MOcN'.

Similarly, every left C-comodule N vyields a functor —OcN : M© — Mp.

To understand the exactness properties of the cotensor product as well as
its relationship with the tensor product, a good understanding of the purity
of morphisms is required. The reader is referred to 40.13 for these notions.
10.4. Exactness of the cotensor functor. Let M € M® and zC be flat.

(1) Consider an exact sequence 0 — N’ LN %5 N" in CM. Assume
(i) M 1is flat as an R-module, or
(ii) the sequence is M-pure, or
(iii) the sequence is (C, R)-exact.

Then, cotensoring with M yields an exact sequence of R-modules,

0 — MOuN' 2 vooN ™Y vooN.

(2) The cotensor functor MOg— : “M — My, is left (C, R)-exact, and it
18 left exact provided that M is flat as an R-module.
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Proof. There is a commutative diagram with exact vertical columns:

0 0 0
0— = MON — % pogN — 29 yro N
Iy® Iny®
0 M@ N —M M opN—Y% _ pro, N”
War, N/ WM,N Whr, N
IQIRf I®I®g

OHM(@RC@RN/HM(@RC@RNHM@RC@RN”.

Under any of the given conditions, the second and third rows are exact, and
hence the first row is exact by the Kernel-Cokernel Lemma. ad

10.5. Direct limits and cotensor products. Let {N,}, be a directed
family in “M. Then, for any M € MY,

hi)n(Mch)\) >~ MDCH_H}N)\.

Proof. Since M ®g— commutes with direct limits, there is a commutative
diagram with exact rows:

0*>h_H>l(MDON)\)*>h_H>l<M KRR NA)HII_H}(M ®RC®R N,\)

l lg lg

A
OHMDCH_H}N)\HM@R@NAHM@RC@RH_H}INA.

This yields the isomorphism stated. O

Associativity properties between tensor and cotensor products are of fun-
damental importance, and for this we show:

10.6. Tensor-cotensor relations. Let M € M® and N € “M. For any
W € Mg and the canonical C-comodule structures on W @ g M and N @ p W
(cf. 3.8), there exist canonical R-linear maps

T™W - W@R (Mch) — (W@RM)DcN,
Ty 1 (MOcN)®@r W — MOc(N @ W),

and the following are equivalent:
(a) the map wyn: M @g N — M ®rC ®r N is W-pure;
(b) Tw is an isomorphism;,

(¢) Ty is an isomorphism.
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Proof. With obvious maps there is a commutative diagram:

I1Qwn, N

0——=W@r(MOcN) ——=WRr(MRrN) — Wr(M®rCRrN)

P -

WWQM,N

04>(W®RM)D0N4><W®RM)®RN4> (W@RM)(XJRC@RN,

where the bottom row is exact (by definition). If wys y is a W-pure morphism,
then the top row is exact and 7y is an isomorphism by the diagram properties.
On the other hand, if 7y is an isomorphism, we conclude that the top row is
exact and wys y is a W-pure morphism. Similar arguments apply to 7j,. O

We consider two cases where the conditions in 10.6(1) are satisfied.

10.7. Purity conditions. Let M € M® and N € M.
(1) If the functor MOgc— or —cON is right exact, then wyn s a pure
morphism.
(2) If M € M€ is (C, R)-injective and N € M, then the exact sequence

WM,N

OHMchHM@)RNHM@RC@RN
splits in Mg (and hence is pure).

Proof. (1) Let MOg— : “M — My, be right exact and W € Mp. From
an exact sequence F, — F; — W — 0 with free R-modules Fi, F,, we obtain
a commutative diagram:

(Mlch) @RFQH(MDCAZV) ®RF14>(MD0N) ®RW4>O

| | [

MOg(N @ Fy) — MOg(N ®g F1) — MOg(N @g W) ——0,
where both sequences are exact. The first two vertical maps are isomorphisms
since tensor and cotensor functors commute with direct sums. This implies
that 77, is an isomorphism and the assertion follows by 10.6.

A similar proof applies when —cON is exact.

(2) If N is (C, R)-injective, the structure map p : N — C ®@g N is split

by some comodule morphism A : C ® g N — N. The image of the map

lies in MO N, since, for any m®n € M Qg N,

(M@ Iy)oB(man) = S my®@m; @ Nmy@n)
> mo ® 0" (A(my ®n))
— (Iu® oY) o B(man).
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Furthermore, for any x € MOcN,
Blx) = (Tu @ N o (" @ In)(x) = (In @A) o (Inr ® ") (2) = x,

thus proving that MOgN is an R-direct summand of M ®g N.
To show splitting in M ®r N consider the map

Iy @A) MRrCRr N— M @z N .
For any element m ® n € M ®r N we compute

—(Iy @ N owynimen) = —(Iyy @) o (M Iy — Iy ) (men)
= —(Iy®N)o(M®Iy)(m@n)+men
= men—LFmen)
€ m®n+ MOcN,

which shows that M ®r N/MOgN is isomorphic to a direct summand of
M ®r C ®r N. A similar proof works if M is (C, R)-injective. O

10.8. Coflat comodules. Let zC be flat. A comodule M € M is said to
be coflat if the functor MOc— : “M — Mp, is exact.

Notice that, for any coflat M € M, M is flat as an R-module. Indeed,
since C'is (C, R)-injective, 10.7 implies MOc(C @p—) ~ (MOcC) Qr — =~
M ®pg—, from which the assertion is clear (grC' is assumed to be flat).

As a consequence of 10.5 we observe that direct sums and direct limits of
coflat C'-comodules are coflat.

A right C-comodule M is said to be faithfully coflat provided the functor
MOgs— : © M — Mgy, is exact and faithful. Recall that faithfulness means
that the canonical map “Hom(L, N) — Hompg(MOgL, MOcN) is injective,
for any L, N € “M. Similar to the characterisation of faithfully flat modules
(e.g., [46, 12.17]) we obtain:

10.9. Faithfully coflat comodules. Let zC be flat. For M € MC the
following are equivalent:

(a) M is faithfully coflat;

(b) MOg— : “M — Mg is exact and reflects exact sequences (zero mor-
phisms);

(c) M is coflat and MOgN # 0, for any nonzero N € “M.

Proof. (a) = (c) Assume MOcK = 0 for any K € “M. Then I;0I :
MOcK — MOgK is the zero map, and hence [ is the zero map, that is,
K =0.
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(c) = (a) Assume for some L — N € “M that the map MOgL — MOcN
is zero. Then MOgL — MUOgIm f is surjective and zero, and so Im f = 0
and f is zero.

(a) < (b) This follows by standard arguments in category theory (e.g.,
[46, 12.17)). 0

For coalgebras C' with zC' locally projective, the comodule categories can
be considered as categories of C*-modules (cf. Section 4). In this case the
cotensor product can be described by C*-modules.

10.10. Cotensor and Hom. Let zC be locally projective and, for M € M
and N € °M, consider M @ N as a (C*, C*)-bimodule. Then

MDCN ~ C*HOIHC*(C*,M ®R N)

Proof. Consider the following commutative diagram:

~

Mch M@RN C*HOII’I(C*,M®R N)
J/ \LQM@IN
N,
M@z N—2%2 M @rC QN i
Home« (C*, M ®p N) n Homp(C*, M @ N),

in which the internal rectangle (pullback) defines MOcN, iy and ig denote
the inclusion maps, and apsg,n is defined as in 4.2. The pullback of ¢7, and
1R is simply the intersection

c+Hom(C*, M @r N) N Home«(C*, M @ N) = ¢«Homes (C*, M ®r N),

and we obtain a morphism MOcN — o«Home«(C*, M @ g N). From the fact
that apsg,n is injective and the pullback property of the inner rectangle, we
obtain a morphism in the other direction and their composition yields the
identity. O

Recall from 3.11 that, for gC flat and a right C'-comodule N that is finitely
presented as an R-module, N* := Homg(N, R) is a left C-comodule. This
yields the following

10.11. Hom-cotensor relation. Let zC be flat and M, L € MC such that
rM is flat and rL is finitely presented. Then there exists an isomorphism
(natural in L)

MOgL* = Hom®(L, M).
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Proof. Consider the following commutative diagram with exact rows:

Wn,L*

0

MO L

M ®p L*

M@rC®pL*
|
| l: \L:
A
0 — Hom®(L, M) — Hompg(L, M) —> Homg(L, M @5 C),

where wy - = oM @ I1e — Iy @ o+ and y(f) == oM o f — (f ® I¢) 0 o (see
33). Form® fe M®rL*and l € L,

me fr——oM(m)@ f—me (f®I) o "

I I

= fOm]—=1[l = f()e™ (m) = 32 fllg)m @ 1],

showing that the square is commutative. Now the diagram properties yield
the isomorphism desired. O

10.12. Coflatness and injectivity. Let M € MY, and assume gpM and zrC
to be flat.

(1) Let0 — Ly — Ly — L3 — 0 be an ezact sequence in MY, where each L;
is finitely R-presented. If R is injective or the sequence is (C, R)-exact,
then there is a commutative diagram:

()—>]\/[DCL§ MDCLZ Mljclf{%-o

T

0 — Hom®(Ls, M) — Hom®(Ly, M) — Hom® (L, M) — 0.

So the upper sequence is exact if and only if the lower sequence is exact.
(2) Let R be QF. Then

(i) M is coflat if and only if M is C-injective;

(ii) M is faithfully coflat if and only if M is an injective cogenerator
in MY

Proof. (1) Since the L; are finitely R-presented, the isomorphisms are
provided by 10.11.

(2) Let R be QF. Then rC is projective.

(i) Assume MOg— to be exact. Then, by (1), Hom%(—, M) is exact
with respect to all exact sequences 0 — I — J — J/I — 0 in MY, where
J C C'is a finitely generated left C*-submodule of C. This implies that M
is C-injective as a C*-module, and hence it is injective in M (see 8.1).
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Now assume M to be C-injective. With R being a QF-ring, for any finitely
generated left C-comodule K, K ~ K** and MOcK ~ Hom“(K*, M) hold.
Any exact sequence 0 — K’ — K — K” — 0 in “M is a direct limit of exact
sequences 0 — K} — K, — K} — 0 in “M, where all K}, K\ and K} are
finitely presented as R-modules. By C-injectivity of M and (1),

0— MmcK;\ — MmcK)\ — MmcK;\/ — 0
is exact, for each A. Now the direct limit yields an exact sequence in Mg,
0 — MOcK' — MOcK — MOcK” — 0,

showing that M is coflat.

(ii) Let E be any simple right C-comodule. Clearly E is a finitely pre-
sented R-module and hence MOcE* ~ Hom®(E, M). The left side is nonzero
provided M is faithfully coflat, and the right side is nonzero provided M is a
cogenerator in M. From this the assertion follows. ad

Notice that, over arbitrary rings R, coflatness is not equivalent to injectiv-
ity: If gC is flat, then C'is a coflat but need not be an injective C'-comodule
(unless R is injective).

References. Al-Takhman [51]; Doi [104]; Lin [152]; Milnor and Moore
[159]; Sweedler [45].
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11 Bicomodules

Let A and B be associative R-algebras. An R-module M that is a left A-
and right B-module is called an (A, B)-bimodule provided the compatibility
condition (am)b = a(mb) holds, for all « € A, m € M and b € B. Similar
(dual) notions can be considered for coalgebras. In this case we are inter-
ested in R-modules that are at the same time left comodules of one coalgebra
and right comodules of a second coalgebra. In classical ring theory, given an
(A, B)-bimodule M, one uses the tensor product to define an induction func-
tor from the category of right A-modules to the category of right B-modules,
—®@4 M : My — Mp. To perform a similar construction for coalgebras, one
uses the cotensor product. However, the corresponding functor from comod-
ules of one coalgebra to comodules of the other is not always well defined.
This is again a feature that is typical for coalgebras over rings, and in this
section we study when such a coinduction functor is defined and when the
cotensor product is associative.

11.1. Bicomodules (cf. 3.24). Let C, D be R-coalgebras, and M a right C-
comodule and left D-comodule by o™ : M — M®rC and o : M — D®rM,
respectively. M is called a (D, C)-bicomodule if the diagram

M

M 2 M®grC

M, i \LMQ(@IC
Ip®oM

DR pM—D®@r M Qr(C

is commutative, that is, if o™ is a left D-comodule morphism or — equivalently

— Mp is a right C-comodule morphism.

Right C-comodules are left C*-modules, and left D-comodules are right
D*-modules canonically. Hence, any (D, C)-bicomodule is a left C*-module
and a right D*-module. The compatibility condition for bicomodules implies
that every (D, C)-bicomodule is in fact a (C*, D*)-bimodule. This is proven
by the following explicit computation for f € C*, g € D*, m € M:

(f~m)—g =(g@Iy® f)o((Mo®Ic)oo™))(m)
= (9@ Iy ® f)o ((Ip ® o™) 0 Mo))(m)
= f~(m=yg).

In particular, any coalgebra C'is a (C, C')-bicomodule by the regular coac-
tions (cf. 3.4) and hence a (C*, C*)-bimodule (see 4.6).

As outlined in 4.11, idempotents e in C* induce for any right C'-comodule
M a right e~C—e comodule e~M. Now we look at the effect of this con-
struction on bicomodules.
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11.2. Idempotents and bicomodules. For R-coalgebras C, D, let M be a
(D, C)-bicomodule and g*> = g € D*, e* = e € C*.
(1) e~M is a (D,e—~C—e)-bicomodule by the coactions

e~M — e~M ®pe~C—e, e=mr— Y, e—~my® e~mj—e

e~M — D ®pge~M, e—~m = ) m_; ® e~my.
(2) M~—gq is a (9—D~g,C)-bicomodule by the coactions

Meg — M~—g®pgC, meg — Y Mmo—g @ my
Me—g — g=D—gQr M—g, m-—g Zgémi;g ® mo—g.

(3) (e~M)* ~ M*-e as (D*,e*x C* xe)-bimodules and (M—g)* ~ g- M* as
(g % D* % g,C*)-bimodules.

Proof. The assertions in (1) and (2) are easy to verify.

(3) The first isomorphism is already given in 4.11(3). The check that it is
a morphism in the given sense is left as an exercise. The second isomorphism
is obtained by symmetric arguments. O

In general, for M € M® and N € “M, the cotensor product MOrN
is just an R-module. For bicomodules M, N, MOcN has a (bi)comodule
structure under additional assumptions.

For a (D, C)-bicomodule M and any left C-comodule N with coaction
No: N — C®pN, we consider M @z N as a left D-comodule canonically, as
in 3.8. Then the map

wMJVIQM®IN—IM®NQ2M®RN—>M®RC®RN

is a left D-comodule morphism. Hence its kernel M Ox N is a D-subcomodule
of M ®p N, provided wy n is a D-pure morphism (see 40.13 and 40.14).

11.3. Cotensor product of bicomodules. Let B,C, D be R-coalgebras, M
a (D, C)-bicomodule, L € MP, and N € “M.
(1) MOgN s a left D-comodule, provided wyy n is D-pure.
(2) LOpM is a right C-comodule, provided wy, py is C-pure.
(3) If N is a (C, B)-bicomodule, then MOgcN is a (D, B)-bicomodule, pro-
vided wyr,n 45 D-pure and B-pure.

Notice that the above conditions are in particular satisfied when B, C and
D are flat as R-modules. Furthermore, since C'is always (C, R)-injective, the
purity conditions are satisfied for the bicomodule C' (see 10.7), and hence
there is the following corollary of 11.3.
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11.4. Cotensor product with C. If M € M and N € °M, then M ~
MOcC and N ~ COcN always as comodules.

Coseparability of a coalgebra (cf. 3.28) is a sufficient condition for the
cotensor product to be a functor between comodule categories. Indeed, as
observed in 3.29, over a coseparable coalgebra any comodule is relative injec-
tive and hence the purity conditions 10.7 are satisfied and 11.3 implies:

11.5. Cotensor product over coseparable coalgebras. Let B, C' and D
be R-coalgebras. If C' is a coseparable coalgebra, then:

(1) For any (B,C)-bicomodule M and N € “M, MOcN is a left B-
comodule.

(2) For any M € M® and a (C, D)-bicomodule N, MOcN s a right D-
comodule.

(3) For any (B, C)-bicomodule M and a (C, D)-bicomodule N, MO¢N is
a (B, D)-bicomodule.

The comodule structure on cotensor products rises the question of

11.6. Associativity of the cotensor product. Let C, D be R-coalgebras
with zrC, gD flat, M a (D, C)-bicomodule, L € MP, and N € “M. Then

(LOpM)OcN ~ LOp(MOcN),
provided that the canonical maps yield isomorphisms
(LOpM)®r N ~ LOp(M ®g N) and L®r (MOcN) ~ (L ®g M)OcN .

These conditions are satisfied if, for example,
(i) L and N are flat as R-modules, or
(ii) L is coflat in M, or
(iii) N is coflat in M, or
(iv) M is coflat in PM and MC, or
(v) M is (D, R)-injective and (C, R)-injective, or
(vi) L is (D, R)-injective and N is (C, R)-injective.

Proof. Since pC and rD are flat, we know that LOpM € M and
MOeN € PM (by 11.3). In the commutative diagram

0—= (LOpM)OcN — (L@ M)OgN —> (L ®@r D ®p M)OcN

- - -

00— LOp(MOgN) —— L®r (MOcN) — L ®g D ®p (MOgN) ,
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the top row is exact since wy, s is N-pure (see 10.4), and the bottom row is
exact by definition of the cotensor product. L-purity of wys, x implies that 1),
and 13 are isomorphisms (since gD is flat), and so ¢, is an isomorphism.

It follows from 10.7 that each of the given conditions imply the necessary
isomorphisms. O

In 11.14, an example is considered showing that (unlike the tensor prod-
uct) the cotensor product need not be associative in general.

11.7. Cotensor product of coflat comodules. Let C, D be R-coalgebras
with rC, gD flat, L € MP and M a (D, C)-bicomodule. If L is D-coflat and
M is C-coflat, then LOpM is a coflat right C-comodule.

Proof. By the flatness conditions, LOpM is a right C-comodule and
MOgK is aleft D-comodule, for any K € “M (see 11.3). Any exact sequence
0— K — K — K" —0in “M yields a commutative diagram:

0— (LOpM)OcK' —— (LOpM)OcK —— (LOpM)Oc K" —— 0

with vertical isomorphisms (by 11.6). By assumption, the bottom row is exact
and hence the top row is exact, too. a

11.8. Coalgebra morphisms. Let v: C' — D be an R-coalgebra morphism
(cf. 2.1). A right C-comodule N can be considered as a right D-comodule by

o =(I®7)oo": N> N@rC — N®gD,

and morphisms of right C-comodules f : N — M are clearly morphisms of
the corresponding D-comodules. Similarly, every left C'-comodule has a left
D-comodule structure. In particular, C itself is a left and right D-comodule
and v is a left and right D-comodule morphism.

Consider the following commutative diagram with exact rows:

NOpC —>N@rC -4 N@r D@ C
IND“fl \LIN®’Y l1N®ID®'V
NOpD —>N®zr D —2N®p D®gD,
where wy o = (In®7) 00" @Ic — In® (y® Ig) o Ac and wyp = (Iy ®

7)o oV @ Ip — Iy ® Ap. Clearly wy o o oV = 0, and hence the image of oV
is contained in NOpC, and thus there are maps

N
N 2o NoOp,0 X NOp,D~ N
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whose composition yields the identity. Since both ¢V and IyOy are D-
comodule morphisms, N is a direct summand of NOpC' as a D-comodule.

In particular, Az may be considered as a (C, C)-bicolinear map A¢ : C' —
CcopC.

11.9. Coinduction and corestriction. Related to any R-coalgebra mor-
phism ~ : C' — D there is the corestriction functor

( )y :MY—=MP, (M, oY)~ (M, (Iy®7)o o)

(usually we simply write (M), = M). Furthermore, if zC is flat, then one
defines the coinduction functor

—0pC:MP - MY N~ NOpC.

Here NOpC' is said to be induced by N.
Ic®y

Considering C' as a (C, D)-bicomodule by C 2 CorC 8 ¢ gD,
the corestriction functor is isomorphic to —OoC : MY — MP, and hence it
is left exact provided rC' is flat, and is right exact provided C' is coflat as a
left comodule.

We define the corestriction functor ,(—) similarly, and finally the core-
striction functor . (—), as a composition of - (—) with (—)..

11.10. Hom-cotensor relation. Let zC be flat, N € MC and L € MP.
Then the map

Hom® (N, LOpC) — Hom®(N, L), f+ (IyOy)o f,

is a functorial R-module isomorphism with the inverse map g — (g®1Ic)oo™.
Therefore corestriction is left adjoint to coinduction.

Proof. With the defining maps for comodule morphisms (see 3.3) we
construct the following commutative diagram:

0 —= Hom (N, L0 ,C') — Homp(V, LOpC') —2 Homp(N, LOpC'® 5 C)
l(IND'V)O_ l(IND“/‘@’Y)O_

0 Homp(N, L) —2 = Homg(N, L&rD),

Hom?”(N,L)

where 1 (f) = (o* @ Ig) o f — (f @ Ic) 0 oV and By(g) == 0F 0og— (g® Ip)o
(In ®7y) o o". From this we obtain the desired map.
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The inverse assignment is a C-comodule morphism N — L ®g C', and we
have to show that its image lies in LOpC'. This follows from the commuta-
tivity of the diagram

N ¢ NorC —2 . LepC
E’Nl J/IN®(’Y®IC)OA
I 0N @I,

N ®grC Unenee” ele N®rD®rC IL@(Y®Ic)oA
\L \%

9Rlc

L
LopC e ele LorDoRC .

Direct calculation confirms that the compositions of these assignments yield
the identity maps. O

Definitions. Let gC' be flat. Given a coalgebra morphism v : C' — D, a short
exact sequence in M is called (C, D)-ezact if it is splitting in M. A right C-
comodule N is called (C, D)-injective (vesp. (C, D)-projective) if Hom®(—, N)
(resp. Hom“(N,—)) is exact with respect to (C, D)-exact sequences. The
coalgebra C' is called right D-relative semisimple or right (C, D)-semisimple
if every right C-comodule is (C, D)-injective. Left-handed (in “M) and two-
sided (in “MY) versions of these notions are defined similarly.

11.11. (C, D)-injectivity. Let rC be flat, N € MY and v : C — D an
R-coalgebra morphism.

(1) If N is injective in MP | then NOpC' is injective in MC.
(2) The following are equivalent:
(a) N is (C, D)-injective;
(b) every (C, D)-exact sequence splits in MY ;
(¢) the map N ol NOpC splits in MC.
(3) If N is injective in MP and (C, D)-injective, then N is injective in MC.

Proof. With the formalism from 11.8 and in view of 11.10, the proof of
3.18 can be adapted. a

Since the counit € : ' — R is a coalgebra morphism, one obtains the
properties of (C, R)-exactness in 3.18 from 11.11 by setting D = R.

Definition. An R-coalgebra C' is said to be D-coseparable if the map Ac¢ :
C — COpC splits as a (C, C')-bicomodule morphism, that is, there exists a
map 7 : COpC — C with the properties m o Ag = I and

([CDDW) o (Acllec) = AC om = (WDch) 9 ([CDDAC>'
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The characterisation of coseparable coalgebras in 3.29 can be extended to
D-coseparable coalgebras.

11.12. D-coseparable coalgebras. For a coalgebra morphism v : C — D,
the following are equivalent:

(a) C is D-coseparable;

(b) there exists a (D, D)-bicolinear map 6 : COpC — D satisfying

do AC’ =7 and (IcljD(S) o (ACDD]C> = (5|:|ch> ©) (I()'DDAc).

If rC' is locally projective, (a) and (b) are also equivalent to:

(¢) the corestriction functor (=), : MY — MP is separable;

(d) the corestriction functor (=) : “M — PM is separable;

(e) the corestriction functor (=), : “MY — PMP is separable;

(f) C is D-relative semisimple as a (C,C)-bicomodule;

(9) C is D-relative injective as a (C,C')-bicomodule.
If these conditions are satisfied, then all left or right C-comodules are (C, D)-
mjective.

Proof. (a) = (b) Let 7 : COpC — C be left and right C-colinear with
mTolAg=Icand put 6 =yorn:COpC — D. Then §o Ag =yomoAg =7
and

(IcOpd) o (AcOple) = (IcBpv)o (IcOpm) o (AcOplc)
= (IcOpy)oAcom=m, and
(5|:|ch) o (IcljDAc) = (’YDD]C) (o] (WDch) (@) (ICDDAC)
(vOplg) o Acom =,
as required.
(b) = (a) Given 6 : COpC — D with the properties listed, define

7= (IcOpd) o (AcOple) : COpC — C.
It is easily checked that 7 is left and right C-colinear. Furthermore,
moAc = (IcOpd) o (AcOple) o Ag = (IcOpm) o (Ie ® Ag) o Ac = I¢.
(b) = (c) Given § and N € MY, define a map

vy 2 NOpC —=> NOoCOp0 2220 N
Note that vy is a C-comodule map since so are the defining maps. Now define
a functorial morphism @ : Hom”((—),, (=),) — Hom®(—, —) by assigning to
any D-colinear map f : M — N, where M, N € M, the map

fOplc

M 14
O(f): M L MOp,C—2E NO,C 25 N,
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Again ®(f) is C-colinear as a composition of C-colinear maps. Assume that
f is already a morphism in M®. Then (fOplc)o o™ = oV o f, and it follows
that ®(f) = f. This shows that the forgetful functor is separable.

Notice that the implication (b) = (c) holds without any conditions on
rC. From now on we assume that gC' is locally projective.

(c) = (b) If (=), is a separable functor, then there exists a functorial
morphism v : COpC — C in M. Since COpC is also in ¢~M, we conclude
from 39.5 that v¢ is left C*-linear and hence is (C, C)-bicolinear.

(a) & (d) Since the condition in (a) is symmetric, the proof of (a) < (c)
applies.

(a) = (e) The forgetful functor .,(—), : “ M — PMP is the composition
of the forgetful functors ,(—) and (—),, and hence it is separable (by 38.20).

(e) = (c) Since the composition of the left and right forgetful functors is
separable, then so is (each) one of these (by 38.20).

(e) = (f) For any (C,C)-bicomodule N, consider the map

N 22 copN 22" oo (vop0).

By D-coseparability both IoOpe" and " are split by morphisms from “M¢.

(f) = (g) follows immediately from the definitions.

(g) = (a) A: C — COpC is (D, D)-split, and hence it splits in “MC.

If (—), is a separable functor, it reflects retractions and hence all comod-
ules in MY, “M and “M¢ are D-relative injective (see 38.19). O

Let A and S be R-algebras. For any (A, S)-bimodule M and a right S-
module N, the R-module Homg(M, N) has a structure of a left A-module.
Similarly, we may ask if, for any comodules M € PM® and N € MY, the
R-module Hom“(N, M) has a D-comodule structure. In case M is finitely
R-presented, there is a Hom-cotensor relation MOcN* ~ Hom®(N, M) (see
10.11) and the left side is a left D-comodule provided gD is flat. More
precisely, we can show:

11.13. Comodule structure on Hom® (M, N). Let gC be flat, M € PM¢
and N € MY such that rRM is flat and gpN is finitely presented. If M is
(C, R)-injective, or M is coflat in M, or gD is flat, then

MOgN* ~ Hom®(N, M) in PM.

Proof. Since Homg(N, M) ~ M ®r N* and Homgr(N, M ®@p C) ~
M ®p C @r N* (see 40.12), both modules are left D-comodules (induced by
M). From 10.11 we obtain the commutative exact diagram

WM,N*

00— MON* M ®r N* M ®rC ®r N*

b p

0 —> Hom® (N, M) — Hompg(N, M) —— Hompz(N, M @ C),
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where (3 is an R-isomorphism, while (35, 33 and v are D-comodule morphisms
(by definition of the comodule structures). Under any of the given conditions
the sequences are D-pure in Mg (see 10.7). Hence the kernels of wy; y+ and
~v are D-subcomdules and 3; is a D-comodule morphism. O

11.14. Exercises

For some 0 # d € Z, let C = Z & Zd be a Z-coalgebra with structure maps A,
e given by A(l) =1, A(d) =d®1+1®d, (1) = 1, e(d) = 0. Prove (compare
[125]):

(i) A Z-module M is a (right) C-comodule if and only if there exists a €
Endz (M) with o2 = 0.

(ii) Given M, N € Mgz and a € Endz(M), 8 € Endz(N), with o?> = 0 and
3% = 0, a C-colinear map f : (M,a) — (N, f3) is a Z-morphism such that
Bof=foa.

(iii) For C-comodules (M, «), (N, (),

(M, a)[!cv(N, ﬁ) = {Z m;n; € M@y N ‘ Za(mi)@)ni = Zmz(&b’(nz) }

(iv) For some n € Z, consider the map « : Z/n?Z — Z/n?Z, z + nz, and show
that

((Z,0)8¢(2/n’Z,7))Bc(Z/nZ,0) # (Z,0)0¢c((Z/n*L,v)Dc(Z/nL,0)).

Hint: For the map g : (Z/nZ,0) — (Z/n?Z,0), z + nZ — nz + nZ, consider
(I0¢I)0O¢g and I0¢(10¢g) defined on the left and right side, respectively.

References. Al-Takhman [51]; Doi [104]; Grunenfelder and Paré [125].
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12 Functors between comodule categories

The classical Eilenberg-Watts Theorem 39.4 states that colimit-preserving
functors between module categories are essentially described by tensor func-
tors. In particular, this is the background for the classical Morita theory of
modules. The aim of this section is to study Eilenberg-Watts—type theorems
for coalgebras, that is, to study when covariant functors between comodule
categories can be considered as cotensor functors. These results are, in par-
ticular, applied to equivalences between comodule categories and thus lead to
the Morita theory for coalgebras, known as the Morita-Takeuchi theory.

12.1. Functors between comodule categories. Let C', D be R-coalgebras
with RC and gD flat. Let F': M¢ — MP be an additive functor between the
comodule categories that preserves kernels and colimits.

(1) F(C) is a (C, D)-bicomodule and there exists a functorial isomorphism
v:—0cF(C)— F.

(2) For any W € Mg and N € M€,
W @g (NOcF(C)) ~ (W @z N)OcF(C).
(3) F(C) is a coflat left C-comodule, and, for all W € MP, N € PMC,
WOp(NOcF(C)) ~ (WOpN)OcF(C).

Proof. (1) Since all comodules are in particular R-modules, we learn
from 39.3 that there is a functorial isomorphism

U:—-@pF(—)— F(—®p—) of bifinctors Mp x MY — MP.

Moreover, by 39.7, for the (C,C)-bicomodule C, F(C) is a left C-comodule
with the coaction

—1

3
Py - (O 2L (O 9 C) —2% C 0p F(C).

With the defining equalisers for the cotensor product we obtain for any M €
MC (recall M ~ MOcC) the commutative diagram

M1
MOGF(C) — M @ F(C) M @r C 5 F(C)
I @F ()
\L\I/]M,C \L\PM@@QC
F(eMelc)
F(M) F(M ®gC) F(M®rC®grC),

F(Iny®A)
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where the top sequence is an equaliser by definition and the bottom sequence

is an equaliser since F' preserves kernels. From this we derive the isomorphism
v MOcF(C) — F(M), which is functorial in M.
(2) This follows from the isomorphisms (tensor over R)

W M Iev ]\/I

(WeM)DeF(O) 2% FW M) " we F(M) =2 W e (MOF(0)).

(3) Both — ® C' and F are left exact functors and so their composition
F(—®rC)~—®pz F(C) is also left exact, that is, F/(C) is a flat R-module.
Since F' preserves epimorphisms, so does —O¢F(C'), and hence F'(C') is coflat
as a left C-comodule, and the associativity of the cotensor products follows
from 11.6. ad

12.2. Adjoint functors between comodule categories. For R-flat coal-
gebras C, D, let (F,G) be an adjoint pair of additive functors, F : M® — MP
and G : MP — MC, with unit n : Iyje — GF and counit ¢ : FG — Iyp. If
F preserves kernels and G preserves colimits, then:

(1) F(C) is a (C, D)-bicomodule and there exists a functorial isomorphism
VZ—DcF(C) — F.

(2) G(D) is a (D,C)-bicomodule and there exists a functorial isomorphism
p:—0pG(D) — G.
(3) For any M € M® and M' € “M,

(MOcF(C))8pG(D) ~ MOg(F(C)OpG(D)), and
F(C)Op(G(D)OcM') ~ (F(C)OpG(D))OaM'.
(4) There exist (C,C)-, resp. (D, D)-, bicomodule morphisms
c:C — F(C)0pG(D), ¢p:G(D)0cF(C) — D,
such that the following compositions yield identities:

ncOlpc) YrC)
— —

F(C)~COcF(C) F(C)OpG(D)OcF(C) F(C), and
G(D) "2 G(D)0cF(C)0pG(D) 25 DOpG(D) ~ G(D).

(5) There is an adjoint pair of functors (G', F"), where
G'=G(D)O¢—: M — "M and F' = F(C)Op—: PM — M.

Proof. (1),(2) Under the given conditions both F' and G preserve kernels
and colimits, and hence the assertions follow from 12.1.
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(3) From 12.1 we also obtain the first isomorphism and the isomorphism
M ®g (F(C)HpG(D)) = (M @ F(C)HpG(D),
which, by 10.6, implies the isomorphism (here commutativity of R is crucial)
(F(C)OpG(D)) @r M' ~ F(C)Op(G(D) @r M) .
Moreover, flatness of F(C') induces an isomorphism
(F(C)®@r G(D))BcM' ~ F(C) ®g (G(D)OcM').

These isomorphisms imply associativity of the cotensor product (see 11.6).
(4) Notice that C'is a (C, C')-bicomodule and GF preserves colimits, hence
ne is a (C, C')-bicomodule morphism by 39.7. Similar arguments apply to ¢ p,
while the properties for the compositions are given in 38.21.
(5) To show that (G’, F') is an adjoint pair, consider the maps

iy M~ MOC ™M MocF(C)OpG(D),
I G(D)OLF(C)OpN Y225 DopN ~ N
N )

where M € MY and N € PM. Applying the properties observed in (4) it is
straightforward to show that these maps satisfy the conditions for a unit and
a counit of an adjoint pair (see 38.21). 0

12.3. Frobenius functors between comodule categories. Let C, D be
coalgebras that are flat as R-modules and (F,G) a Frobenius pair of additive
functors, F : M® — MP and G : MP — MY, that is, F is a left and right
adjoint of GG.

(1) F(C) is a (C, D)-bicomodule, G(D) is a (D, C)-bicomodule, and there

are functorial isomorphisms
—0cF(C) ~ F(—), —-0pG(D)~G(-).
(2) (G', F') is a Frobenius pair of functors where

G'=GD)O¢—:“M - M and F' = F(C)Op—:"M — M.

Proof. (1) Under the given conditions, F' and G preserve limits and
colimits (see 38.23), and hence the assertions follow from 12.2.

(2) In this case both (F, G) and (G, F) are adjoint pairs. By applying 12.2
to each one of them, we obtain adjoint pairs (G', F’) and (F’, G"), respectively.
This means that (F’,G") is a Frobenius pair, as required. O

Recall that equivalences between module categories can be described by
the Hom and tensor functor (Morita Theorems). The next result shows that
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equivalences between comodule categories can be given by cotensor functors.
This was observed by Takeuchi in [197] (for coalgebras over fields) and hence
is called the Morita-Takeuchi Theorem. For coalgebras over rings one must
beware of the fact that the cotensor product need not be associative.

12.4. Equivalences between comodule categories. Let C, D be coalge-
bras that are flat as R-modules. The following are equivalent:
(a) there are functors F: MY — MP and G : MP — MY establishing an
equivalence;
(b) there are functors ' : PM — “M and G’ : “M — PM establishing an
equivalence;

(c) there exist a (C, D)-bicomodule X and a (D,C)-bicomodule Y with bi-
comodule isomorphisms 6 : C'— XOpY, v: D — YOcX, such that

(IyOcd) 0 o = (yOply) o Yo, (00pIx)o o= (IxOpv)o o,

X and'Y are flat as R-modules, and the following pairs of morphisms

YRIx X Iy

YorC®rX, X®QgY

Iy®Xp Ix®Yo

Y@RX X®RD®RY,

are pure in Mg.

Proof. (a) < (b) If the adjoint pair (F,G) gives an equivalence, then
the unit and counit of the adjunction are isomorphisms. In particular,

ne: C — F(C)OpG(D) and ¢p : G(D)OcF(C) — D
are bimodule isomorphisms, and hence the functors
F'=F(C)Op—:PM — “M and G'=G(D)0¢c—:“M — PM

induce an equivalence (cf. 12.2). The converse follows by symmetry.

(a) = (c) Putting X = F(C) and Y = G(D), we obtain the properties
and constructions required from 12.2.

(c) = (b) First observe that the given conditions imply associativity of
the cotensor products, for any M € M, N € MP,

(MOcX)OpY >~ MOe(XOpY), (NOpY)OeX ~ NOp(YOcX).

For the functors —0cX : M¢ — MP and —0OpY : MP — MC, the
associativity properties above yield the functorial isomorphisms

MO XOpY > MOsC ~M and NOpYOeX ~ NOpD ~ N,
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thus proving that they induce an equivalence. O

From 12.4 we know that functors describing equivalences between comod-
ule categories are essentially cotensor functors. However, so far we have not
investigated which properties of the comodules involved guarantee that the
cotensor product yields an equivalence. One of the striking facts in the above
observations is that —OpY has a left adjoint, and we focus on this.

12.5. Quasi-finite comodules. Any Y € MY is called quasi-finite if the
tensor functor — ®z Y : Mp — MY has a left adjoint. This left adjoint is
called a Cohom functor and is denoted by hco(Y,—) : MY — Mpg. Thus,
for each M € MY, W € Mp and a quasi-finite Y, there is a functorial
isomorphism

®prw : Hompg(he (Y, M), W) — Hom® (M, W @ Y).

If C' is flat as an R-module, then any quasi-finite comodule Y is flat as an
R-module (since right adjoints respect monomorphisms).

As a left adjoint functor, ho(Y, —) respects colimits (see 38.21). By 39.3,
this implies a functorial isomorphism

\IIW,M . W@RhC(KM) 2hc(Y,W®RM)

Moreover, if M is a (D, C')-bicomodule, then he (Y, M) has a left D-comodule
structure,

ha(Y, M) : he(Y, M) — he(Y, D ®@g M) ~ D @5 he(Y, M),

such that the unit of the adjunction, M — ho(Y, M) ®@r Y, is a (D,C)-
bicomodule morphism (see 39.7).

We know from the Hom-tensor relations 3.9 that — @z C' : Mz — MC is
right adjoint to the forgetful functor M¢ — Mg, and hence C is a quasi-finite
right (and left) C-comodule and the Cohom functor he(C, —) is simply the
forgetful functor.

For any quasi-finite Y € M® and n € N, a functorial isomorphism
Homp(he(Y, —), =) — Hom®(—, — ®z Y) implies an isomorphism

Hompg(he(Y™, —), =) — Hom®(—, — @ Y™),

showing that Y™ is again a quasi-finite C'-comodule. Similarly it can be shown
that any direct summand of a quasi-finite comodule is quasi-finite. So direct
summands of C™, n € N, provide a rich supply of quasi-finite right (and left)
C-comodules.
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12.6. Quasi-finite bicomodules. Let Y be a (D, C)-bicomodule that is
quasi-finite as a C-comodule and denote by n : Iyje — ho(Y,—) Qr Y the

unit of the adjunction. Then there exists a unique D-comodule structure map
e M) b (Y, M) — he(Y, M) ®r D satisfying

(e (viary ® Y0) 0 g = ("M @ Iy) oy and Im (nar) C he(Y, M)OpY.
This yields a functor ho(Y,—): MY — MP.
Proof. For the C-colinear map
(I @Y%) on: M — he(Y,M)®r D ®RY,
there exists a unique R-linear map
oM b (Y, M) — he(Y, M) ®g D,

with (Inovan @) onar = ("M @ Iy ) oy (the preimage of the given map
under ®). It is straightforward to prove that this coaction makes he(Y, M)
a right D-comodule. The (defining) equality means that Im 7y, lies in the
equaliser of

oY M)gr,,

he(Y, M) @ Y he(Y, M) @ D @Y,

Tne (v

that is, Im (na) C he(Y, M)OpY.

It remains to show that, for any f : M — M’ in MY, the induced map
he(Y, f) @ he(Y,M) — ho(Y,M') is D-colinear. First notice that the C-
colinear map s o f : M — he(Y, M') ®g Y induces a unique R-linear map,

he(Y, f) : ha(Y, M) — he(Y, M),
with ny o f = (he(Y, f) ® Iy) o nar. For the C-colinear map
(The (v ® Wonuof:M— hao(Y,M)®rD®RrY,
there is a unique R-linear map ¢ : ho(Y, M) — he(Y,M’) ®g D, with
(9@ Iy)ony = (Inav @ *0) om0 f (the preimage under ®). We compute
("M o ho(Y, f)) @ Do = ("M@ 1) o (ho(Y, )@ 1) ony
= ("M @) omy o f
(I®)onyof,  and
((he(Y, f) @)oo ™™ @Nony = (he(Y, folol)o(o" MM I)ony
= Helel)o(I®%)ony
hC’(Y>f) ®YQ) °Nm
)
)

he
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where we have suppressed the subscripts of the identity maps Iy (y,u), and
so on, to relieve the notation. By uniqueness of g we conclude

QhC(KM/) % hC(Y7 f) = (hC(Y7 f) ® [Y) © QhC(Y’M)u

which shows that he (Y, f) is D-colinear. O

12.7. Cotensor functors with left adjoints. For a (D, C)-bicomodule Y
the following are equivalent:

(a) —®rY : Mg — MY has a left adjoint (that is, Y is quasi-finite);

(b) —OpY : MP — MC has a left adjoint.

Proof. (b) = (a) By the isomorphism — ®r Y ~ (— ®z D)OpY, the
functor — ®pz Y is a composite of the functors — ®z D : Mp — MP and
—OpY : MP — M. We know that —®p D always has a left adjoint (forget-
ful functor). Hence the assertion follows from the fact that the composition
of functors with left adjoints also has a left adjoint.

(a) = (b) Let Y be quasi-finite as C-comodule with left adjoint ho(Y, —)
and denote by n : Iyje — he(Y,—) ®g Y the unit of the adjunction. By
12.6, there is a functor he(Y,—) : MY — MP, and for any M € MY,
Im ny C he(Y, M)OpY. We claim that this functor is left adjoint to —OpY'.
For M € M® and N € MP, define a map

P+ Hom”(he (Y, M), N) — Hom® (M, NOpY),  f > (fOpIy) o nar,

which is just the restriction of the adjointness isomorphism ®. There is a
commutative diagram

/
P v

Hom?” (he(Y, M), N) —— Hom® (M, NOpY)

| |

M,N

e c
Hompg(he(Y, M), N) —=Hom“ (M, N @z Y),
and it is left as an exercise to show that ®}, y is an isomorphism. O

12.8. Exactness of the Cohom functor. For coalgebras C', D that are flat
as R-modules, let Y be a (D, C)-comodule that is quasi-finite as a C-comodule.

(1) The following are equivalent:
(a) ha(Y,—): MY — My, is exact;
(b) W ®@gY is injective in MY, for every injective R-module W ;
(c) ho(Y,—) : MC — MP is exact;
(d) NOpY is injective in MY, for every injective comodule N € MP.
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If these conditions hold, then hc(Y,—) ~ —Oche(Y,C) as functors
MC — My (or MC — MP), and therefore ho(Y,C) is a coflat left
C'-comodule.

(2) If he(Y, =) is exact, then the following are equivalent:
(a) he(Y,—) is faithful;
(b) he(Y,C) is a faithfully coflat left C-comodule.

Proof. (1) (a) = (b) and (c) = (d) follow from the adjointness isomor-
phisms
Homg(he(Y, =), W) ~ Hom%(—, W ®zY),
Hom?” (he(Y, =), N) ~ Hom®(—, NOpY),

since exactness of he (Y, —) and Hompg(—, W) (resp. Hom®”(—, N)) implies
exactness of their composition. This means that W ®z Y (resp. NOpY) is
injective in M.

(a) = (c) This follows from the fact that any sequence of morphisms in
MP is exact if and only if it is exact in Mp.

(b) = (a) Since we know that ho (Y, —) is right exact, it remains to show
that, for any monomorphism f : K — L in MY, h = he(Y, f) is also a
monomorphism. For any W € My there is a commutative diagram

Hompg(he(Y, L), W) —=—=Hom® (L, W Q@5 Y)
HomR(h,W)l iHomc(.ﬂW@Ry)

Homp(he(Y, K),W) —=Hom%(K,W ®Y).

Let W be an injective cogenerator in M. Then by assumption W ®zY is in-
jective in M¢ and hence Hom®(f, W®RzY') is surjective and so is Hompg (h, W).
By the cogenerator property of W this means that h = he(Y, f) is injective.
(d) = (c) This follows by an argument similar to the proof (b) = (a).
(2) This is obvious by the isomorphism ho(Y, M) ~ MOcho(Y,C), for
any M € M. O

Property (1)(b) above motivates the following

Definition. A right C'-comodule Y is called an injector if the tensor functor
—®rY : My — MC respects injective objects. Left comodule injectors are
defined similarly.

The Hom-tensor relations 3.9 imply that a coalgebra C' is an injector as
both a left and right comodule.

In the preceding propositions we considered quasi-finite C-comodules with
an additional D-comodule structure. This is not a restriction because, for any
quasi-finite C-comodule Y, there exists a coalgebra D (the dual of the algebra
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of C-colinear endomorphisms of Y') that makes Y a (D, C)-comodule. Now
we outline the construction of such a coalgebra D.

Let ec(Y) = he(Y,Y). The unit of the adjunction yields a right C-
comodule morphism,

(Lecvy@my) oy Y —ec(Y) @rec(Y)®rY .
By the adjunction isomorphism (tensor over R)
Dy (v)zea(v) - Homp(ec(Y), ec(Y)®ec(Y)) = Hom (Y, ec(Y)®ec(Y)QY),
there exists a unique R-linear map
Ac:ec(Y) = ec(Y)®@rec(Y), with (Ie, vy @ny) ony = (Ae ® Iy) o ny.

Moreover, by the isomorphism ®y.r : Hompg(ec(Y), R) ~ Hom®(Y,Y), there
exists an R-linear map

gerec(Y)— R, with (e, ® Iy) ony = Iy.

12.9. Coendomorphism coalgebra. Let Y € MY be quasi-finite and put
ec(Y)=hc(Y,Y). Then ec(Y) is an R-coalgebra by the structure maps

Ac:ec(Y) —ec(Y)®rec(Y), e.:ec(Y)— R,

defined above. Furthermore, Y is an (ec(Y),C)-bicomodule by the mapping
ny 1Y = ec(Y)®gY, and there is a ring anti-isomorphism

ec(Y)* = Homp(ec(Y), R) 2% End®(Y).
The coalgebra ec(Y') is known as the coendomorphism coalgebra of Y.

Proof. To show that ¢, is a counit for A., consider

Do v)ee ) (Legv) ®ee) 0 Ae) = ((Leey)®ee) 0o Ac @ Iy) ony
= ([ee(v)®ee®@Iy)o(Ac®Iy)ony
= (Lepv)®ee @ Iy) o (Lep vy ®ny) 0 Ny
= Ny,
Pec(v)ecr)((Ee @ Lory) 0 Ae) = (6 ® Leg(v)) © A ® Iy) 0 1y
= (ee® Ieo(v) ® Iy) o (Ac® Iy) ony

= (ee ® Lep(y) @ Iy) 0 (Leg(y) @ ny) 0 Ny
= 7y, and

Peev)ec)Lecvy) = v



12. Functors between comodule categories 119

Now injectivity of ® implies
(IeC(Y) 0y 56) o Ae = IeC(Y) = (56 & ]eC(Y)) o Ae .

To prove coassociativity of A., we show that Homg(ec(Y), A) with the
convolution product is associative for any associative R-algebra A (cf. 1.3).
For this consider the following R-module isomorphism:

Py, 4

@' : Homp(ec(Y), A) — Hom (Y, A®RY) — sHom®(A®RrY, A®RrY),

where the second isomorphism is given by an extension of scalars (see 40.20).
This is in fact a ring anti-isomorphism since

P'(fxg) = Pya((f ®g)oA.) (f®g)oAc®Iy)ony

= (feg®ly)o(A.®Iy)ony
(f@g®Iy)o (L) ®ny)ony

= (g®Iy)onyo(f®ly)ony

= ®(g) o ¥'(f).

Since EndG (A ®gY) is associative, we conclude that Homg(ec(Y), A) is also
associative. Therefore A, is coassociative by 1.3.
By the definition of A, there is a commutative diagram

Yy L ec(Y)®rY

nYl \LAe(@IY

ec(Y)@rY 2% eo(Y) @p ec(Y) @R Y,

and the definition of . shows that 7y is a counital coaction. Since 7y is
C-colinear, Y is an (ec(Y'), C')-bicomodule. 0

12.10. Equivalence with comodules over ec(Y). Let C be a coalgebra
that is flat as an R-module. Let'Y be a right C-comodule that is quasi-finite,
faithfully coflat and an injector, and let ec(Y') denote the coendomorphism
coalgebra of Y. Then the functors

—O )Y - M) MO (Y, —) : MY — M)
where ho (Y, —) is the left adjoint to — ®gr Y, are inverse equivalences.

Proof. We prove that the conditions of 12.4(c) are satisfied. As shown in
12.9, Y is an (ec(Y), C)-bicomodule and the image of ho (Y, —) : M® — Mg
lies in Mc(Y) (see 12.6). Since Y is an injector, the functor he(Y, —) is exact
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(by 12.8), and hence ho(Y, —) ~ —Oche(Y,C) (by 12.2) and so he(Y,C) is
coflat as a left C'-comodule.

Given M € MY, consider the right C-comodule morphism (notice that
YR is ﬂat),

IyOene : M ~ MOsC — Mmc(hc(}/, C) KRR Y) ~ (MDChC(Y, C)) ®rY.
There exists a unique right ec(Y)-colinear morphism
(SM : hc<Y, M) — Mmchc(Y, C), with (5]\/[ XR [Y) ONpm = IMDCTICH

which is an isomorphism by exactness of he(Y, —) (see 12.2). Since Y is a
left ec(y)-comodule, the isomorphism dy : ec(Y) — YOche(Y,C) is in fact
(ec(Y), ec(Y))-bicolinear by 39.7. Furthermore, since Y is a faithfully flat C-
comodule, bijectivity of Ip;O¢ne implies that ne : C — he(Y,C)Oe ()Y s
an isomorphism in M. Since C'is a bicomodule, this is a (C, C)-bicomodule
morphism by 39.7.

To verify the purity conditions stated in 12.4(c)(2) we have to show that
the canonical maps

w ®R (hc(Y, C)Dec(y)Y) — (W ®R hc(Yv, C>>D60(Y)Y and
W &g (YDOchc(Y,C)) — (W®grY)Oche(Y,C)

are isomorphisms for any W € Mg (see 10.6). By 10.7, this follows from the
coflatness of Y as a left ec(Y)-comodule, and the coflatness of ho(Y,C) as a
left C-comodule, respectively. O

12.11. Equivalences and coendomorphism coalgebra. For R-coalgebras
C, D that are flat as R-modules, let F' : M® — MP be an equivalence with
inverse G : MP — M. Then:
(1) G(D) is quasi-finite, an injector, and faithfully coflat both as a left D-
comodule and as a right C'-comodule;
(2) F(C) is quasi-finite, an injector, and faithfully coflat both as a left C-
comodule and as a right D-comodule;

(3) there are coalgebra isomorphisms

ec(G(D)) ~ D ~ec(F(C)) and ep(G(D)) ~C ~ep(F(C)).

Proof. The proofs of (1) and (2) are symmetric; thus we only need to
prove (2). Since F' ~ —OxF(C) is an equivalence, it has a left adjoint and
is exact and faithful. Hence F(C) is quasi-finite as a right D-comodule and
faithfully flat as a left C-comodule. Moreover, F' = F(C)Op— : PM — “M
is an equivalence (see 12.4) that implies that F'(C) is quasi-finite as a left
C-comodule and faithfully flat as a right D-comodule.
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For any injective W € Mg, by 3.9, W @5 C is injective in MY and, by
the properties of equivalences, W @ F(C) ~ F(W @ C) is injective in M,
that is, F/(C) is an injector as right D-comodule. Similarly we observe that
F'(D@r W) ~ F(C)Op(D ®r W) ~ F(C) @ W is injective in “M and
hence F(C) is an injector as left C-comodule.

(3) Since G ~ —OpG(D) is left adjoint to F ~ —OcF(C),

ep(F(C)) ~ F(C)OpG(D) ~ GF(C) ~ C.

The other isomorphisms are obtained similarly. O

The highlight of the characterisations of equivalences is the following ver-
sion of the Morita-Takeuchi Theorem.

12.12. Equivalences between comodule categories (2). For coalgebras
C, D that are flat as R-modules, the following are equivalent:
(a) the categories MC and MP are equivalent;
(b) the categories “M and PM are equivalent;
(c) there exists a (D, C)-bicomodule Y that is quasi-finite, faithfully coflat
and an ingector as a right C'-comodule and ec(Y) ~ D as coalgebras;
(d) there exists a (D, C)-bicomodule Y that is quasi-finite, faithfully coflat
and an injector as a left D-comodule and ep(Y') ~ C as coalgebras;
(e) there exists a (C, D)-bicomodule X that is quasi-finite, faithfully coflat
and an injector as a right D-comodule and ep(X) ~ C as coalgebras;

(f) there exists a (C, D)-bicomodule X that is quasi-finite, faithfully coflat
and an injector as a left C'-comodule and ec(X) ~ D as coalgebras.

Proof. (a) < (b) is shown in 12.4, and (c¢) = (a) follows by 12.10.

(a) = (c) Given an equivalence F : M — MP with inverse G : MY —
MC, it was shown in 12.11 that Y = G(D) satisfies the conditions stated.

The remaining implications follow by symmetry. O

For coalgebras over QF rings (in particular fields) quasi-finite comodules
can be characterised by finiteness conditions; hence the terminology.

12.13. Quasi-finite comodules for coherent base ring. Let R be a
coherent ring, C' an R-coalgebra that is flat as an R-module, and Y a quasi-
finite right C-comodule. Then, for any P € MC that is finitely presented as
an R-module, Hom®(P,Y) is a finitely presented R-module.

Proof. The coherence of R implies the flatness of R, for any index set A.
Now 3.23 provides an isomorphism R*®zHom(P,Y) ~ Hom“ (P, R*®rY),
and by quasi-finiteness of Y we obtain

Hom®(P, R* ®z Y) ~ Hompg(ho(Y, P), R*) ~ Hom® (P, Y)".
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By 40.17, the resulting isomorphism R* @z Hom“(P,Y) ~ Hom®(P,Y)*
implies that Hom“(P,Y) is finitely presented as an R-module. ad

12.14. Equivalences for QF base rings. Let R be a QF ring, C' an
R-coalgebra that is projective as an R-module, and Y a quasi-finite right C'-
comodule. Then the following are equivalent:

(a) Y is faithfully coflat and an injector in MC;
(b) Y is an injective cogenerator in MC.

If this is the case, there is an equivalence

—Dec(Y)Y : MGC(Y) N 1\/107 hc(Y, _) . MC - Mec(Y)

?

and for any M € MC,
he(Y, M) ~ li_rr;AHomC(MA, Y)*,

where { My} denotes the family of all finitely generated subcomodules of M
and (—)* = Hompg(—, R).

Proof. Recall from 10.12 that Y is injective (and a cogenerator) in M
if and only if Y is a (faithfully) coflat C-comodule. Hence (a) implies (b).
Conversely, suppose that (b) holds and consider any injective R-module W.
Since R is QF, W is projective and hence

(W @rY)do— =W @k (YOc—) : MY — Mpg.

Since W ®g (YOe—) is an exact functor, so is (W ®g Y)Oe—. This means
that W ®g Y is coflat and hence injective by the above remark. So Y is an
injector and (a) holds.

It follows from 12.10 that —O.,y)Y induces an equivalence with the in-
verse ha(Y, —). By the quasi-finiteness of Y,

he(Y, My)* ~ Homg(ho(Y, My), R) ~ Hom® (M, Y).

All M), are finitely presented R-modules, and hence the Hom®(M,,Y) are
finitely presented R-modules (by 12.13). This implies

he(Y, My) ~ he(Y, My)™ = Hompg(he(Y, My), R)* ~ Hom®(M,,Y)*.

Since heo (Y, —) has a right adjoint, it commutes with direct limits, and there-
fore

ho(Y, M) = ho(Y,lim  My) =~ lim ho(Y, M) =~ lim Hom® (M), Y)",

as required. a



12. Functors between comodule categories 123

12.15. Idempotents and cotensor product. Let e? = e € C*, assume rC
to be flat, and let e~C'—e be the coalgebra in 4.10.

(1) For any M € MC there is an e~C—e-comodule isomorphism
Y e~M — MOge—~C, e—m — Z moy @ e—~m;.

(2) e~C is a (C,e~C«—e)-bicomodule and C—e is a (e~C—e, C')-bicomodule
and there are bicomodule morphisms

vie~Cee — Ceelge~C, e—c—e Y c1—e® e—Cy,
0:C — e~CO.c.Cewe, Cc Yy e—sc ® cyee,

where 7y is an isomorphism.

(3) For any K € M¢~Y~¢_ there are e~C—e-comodule isomorphisms
e~(KO ¢ eCe) ~ KO, .c. o(C—eOge—~C) ~ K.
(4) The functor e~ — (~ —Oge—~C) is left adjoint to the functor
—O, oo Cee - MC¢ _ MC
by the isomorphism (for M € MY, K € M¢~¢*¢)
Hom®(M, KO, .¢...C~¢) — Hom* " ¢(MOge~C, K), f— f(e~—),
with inverse map h — (hOlc..) o (1);00).

Proof. (1) To simplify notation, write eC' for e~C', Ce for C—e, and eM
for e~M. From the defining diagram of MOnC we obtain by multiplication
with e from the left

Q]vj@IeC

M
eM —+ M ®p eC M ®rC ®p eC,

IM®A

where we have used that the maps involved are right C'-comodule and hence
left C*-module morphisms. To show that this is an equaliser diagram we first
observe that o™|.5; is injective. Next, consider any Youmi®ec; € M ®peC
that has the same image under o™ ® I.¢ and Iy ® A. Since (I¢ ® €)Alc =
(e ® Io)Alec = Iec, we obtain

Yomi®ee = (Iy®@Ic®e)o(Iy@A)(D,m @ ec)

Iy ®Ic®e)o (oM@ Le) (>, mi @ ec;)

(I @ Ic @) (D, mig @ miy ® ec;) = Y. myg @ mye(c;)
= > mig @ emge(c) = 3, oM (emie(c;)),
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showing that this is an equaliser diagram, and hence — by definition of the
cotensor product — eM ~ MOgeC'.

(2) The bicomodule structures are special cases of 11.2, and it is easy to
see that 7 is an (eCe, eCe)-bimodule and ¢ is a (C, C')-bicomodule morphism.
It follows from (1) that v = v|¢c. is an isomorphism.

(3) The isomorphisms follow by (1), (2), and the fact that the cotensor
product is associative by 11.6 since eC' is a coflat left C-comodule.

(4) For every f € Hom® (M, KO.c.Ce) and m € M we know that f(m) =
ef(m) = f(em) € e(KOgc.Ce) ~ K. The eCe-comodule morphisms

fDIeC

eM ~ MOgeC KO.c.CeOceC ~ K

show that the map f +— f(e——) is well defined. The inverse map is obtained
by assigning to any A € Hom®“¢(MOgeC, K) the composition of C-comodule
morphisms

In36 hOIce

M ~ MDCC MDCGCDeCBCG KDecece .

O

The choice of the idempotent e decides about further properties of the
functors related to e—~C' and C—e.

12.16. Idempotents and equivalences. Let rC be flat. For an idempotent
e € C*, the following are equivalent:
(a) the functor —Oce—~C : MY — M*~C¢ is an equivalence;
(b) the functor e~CO, o c— : "M — “M is an equivalence;
(c) 0:C — e~CO, .c..C—e (see 12.15) is an isomorphism;
(d) e~C s faithfully coflat as a left C-comodule.
If R is a QF ring, then (a)-(c) are equivalent to:
(e) & (asin (c)) is injective;
(f) e~C is a cogenerator in “M.
In particular, if R is QF and C* x e x C* = C*, then § is injective.

Proof. Again we write eC' for e~C', and so on.

(a) < (b) This follows by 12.4 and 12.2.

(b) < (d) eC is a direct summand of C' as a left C-comodule, and hence
it is an injector. Clearly eC' is quasi-finite and the assertion follows by 12.12.

(a) < (c) By the results in 12.15, —OgeC' is an equivalence if and only if,
for any M € M®, M ~ (MOgeC)O.c.Ce. In view of the associativity of the
cotensor product in the given situation (see 11.6) the assertion is obvious.

(¢) = (e) = (f) are obvious. Now suppose that R is a QF ring.
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(f) = (d) Since eC is injective in “M, condition (e) implies that it is
an injective cogenerator and hence is faithfully coflat and an injector in “M.
Hence, by 12.12, eC' induces an equivalence.

Finally, write (—)* for Homg(—, R), and consider the diagram with obvi-
ous maps

C*®rC* (eC ®@g Ce)*

| |

C*xe@pexC* * C*,

which is commutative since a straightforward computation shows that on
both ways f ® g € C* @ C* is mapped to f * e * g. Therefore the equality
C* x e x C*" = C* implies that 0* is surjective and hence 9§ is injective. ad

Semiperfect rings A are called basic if A/Jac(A) is square-free as a left
A-module (no distinct summands are isomorphic). Dually, one can consider

12.17. Basic coalgebras. Let C' be a coalgebra over a QF ring R with rC
flat. Then the following are equivalent:

(a) the left socle of C is square-free;

(b) C is the direct sum of pairwise nonisomorphic injective hulls of simple
left comodules;

(c) C is the direct sum of pairwise nonisomorphic left comodules with local
endomorphism rings;

(d) every simple left subcomodule of C' is fully invariant;
(e) for every minimal (C*,C*)-sub-bimodule U C C, Homg(U, R) is a di-
vision ring;
(f) the right socle of C' is square-free.
If R is a semisimple ring, then (a)-(f) are equivalent to:

(g) for every minimal subcoalgebra U C C, Homg(U, R) is a division ring.

Proof. (a) < (b) C is just the injective hull of its socle in “M, and
simple comodules are isomorphic if and only if their injective hulls are.

(b) < (c) An injective comodule has an essential simple socle if and only
if it has a local endomorphism ring.

(a) = (d) The image of any simple subcomodule S C C'is either zero or
isomorphic to S and hence equal to S. Hence S is fully invariant in C'.

(d) = (e) Any minimal (C*,C*)-sub-bimodule U C C' is the trace of
a simple comodule S C C, and hence equal to S. By Schur’s Lemma,
End®(U) is a division ring and is isomorphic to Hom® (U, U) ~ Hom® (U, C') ~
Hompg(U, R).
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(e) = (a) Any minimal (C*, C*)-sub-bimodule of C'is just a homogeneous
component of the socle of C'. Since its endomorphism ring is a division ring,
it must be a simple subcomodule.

(e) & (f) Condition (e) is left-right symmetric, and hence the assertion is
obvious.

(f) < (g) Over a semisimple ring all submodules are direct summands,
and hence, by 4.6(4), (C*, C*)-sub-bimodules correspond to subcoalgebras. O

The interest in basic coalgebras lies in the fact that over QF rings any
coalgebra is Morita-Takeuchi equivalent to a basic coalgebra.

12.18. Basic coalgebra of a coalgebra. Let C' be a coalgebra over a QF
ring R with rC' flat. Then there exists an idempotent e € C* such that e~C—e
1s a basic coalgebra and

—Oge—~C : MY — M0
is an equivalence. This e~C'—e s called the basic coalgebra of C.

Proof. Asin the proof of 12.15 we write eC' for e~C, Ce for C—e. Choose
a family of pairwise orthogonal idempotents {e)}a such that the e C' form
an irredundant representing set of all injective hulls of simple left comodules.
This is possible since C' is an injective cogenerator in “M. The internal direct
sum P, e,C is injective and hence a direct summand in C, that is, it has the
form eC' for a suitable idempotent e € C*. Clearly eC' is a cogenerator and
hence induces an equivalence (see 12.16(f)). In particular, CeyOceC ~ eCey
and hence eCey ~ eCey if and only if A = ).

Consider a right eC'e-comodule decomposition eCe ~ @, eCe,. All the
Endece(eC’eA) ~ e,C*ey =~ Endc(e,\C) are local rings, and hence eCe is a
basic coalgebra (see 12.17). 0

12.19. Projective modules and adjoint functors. Let P be a finitely
generated projective R-module with dual basis py,...,p, € P, m,..., 7, €
P*. Then C ®gr P is a direct summand of C™ and hence s quasi-finite.
Furthermore, it is a (C, D)-bicomodule where D = C ®@g (P* ®g P) is the
tensor product of coalgebras. Considering C' @r P* as a (D, C)-bicomodule,
we obtain an adjoint pair of functors

—0c(C®r P): M® - MP,  —0Op(C @z P*): MP — M,

Proof. The coalgebra structure on P*®pg P is introduced in 1.9, and the
corresponding comodule structures of P and P* are given in 4.9. The tensor
product of coalgebras is defined in 2.12. There are bicomodule morphisms

v:C®r(P*®rP) — (C®rP)0c(C ®g P),
cRfRp — Y. .a®f®c®p,

(SZC — (C@RP)DD(C(X)RP*),

c — Zi,cC;@)Pi@Cz@Wu
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where v is an isomorphism. For M € MY and K € MP, the adjointness
isomorphism is

Hom® (M, KOp(C®rP*)) — Hom”? (MO (C®pP),K), f+ (I0y)o(fOI),

with the inverse map h +— (hO[l) o (/06). All these assertions are verified by
standard computations. O

Notice that the functors considered in 12.19 induce an equivalence if and
only if ¢ is an isomorphism. This is the case when P = R", for any n € N.
Then P*®pg P is simply the matrix coalgebra M¢(R) (cf. 1.10) and one obtains
the coendomorphism coalgebra of C™.

12.20. Matrix coalgebra and equivalence. For any n € N, the coendo-
morphism coalgebra of C™ is the coalgebra MS(C) = C @r MS(R) and there
1s an equivalence of categories

—0cC™ : MY — MMa©),

References. Al-Takhman [51]; Cuadra and Gémez-Torrecillas [102]; Doi
[104]; Lin [150]; Takeuchi [197].
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Chapter 2

Bialgebras and Hopf algebras

In classical algebraic geometry one thinks about commutative algebras as al-
gebras of functions on spaces. If the underlying space is also a group, the
corresponding algebra of functions becomes a coalgebra. Both coalgebra and
algebra structures are compatible with each other in the sense that the co-
product and counit are algebra maps. This example motivates studies of
coalgebras with a compatible commutative algebra structure. Allowing fur-
ther generalisations, one considers coalgebras with noncommutative algebraic
structures, initially over fields, but eventually over commutative rings. Such
algebras with compatible coalgebra structures are known as bialgebras and
Hopf algebras and often are referred to as quantum groups.

There are numerous textbooks and monographs on bialgebras, Hopf al-
gebras and quantum groups (the latter mainly addressed to a physics audi-
ence), in particular, classic texts by Sweedler [45] or Abe [1], or more recent
works (Montgomery [37], Dascalescu, Nastasescu and Raianu [14]), including
the ones motivated by the quantum group theory (e.g., Lusztig [30], Majid
[33, 34], Chari and Pressley [11], Shnider and Sternberg [43], Kassel [25],
Klimyk and Schmitidgen [26], Brown and Goodearl [7]). In the majority of
these texts it is assumed at the beginning that all algebras and coalgebras
are defined over a field. By making this assumption, the authors are excused
from not considering some of the module-theoretic aspects of the discussed
objects. The aim of the present chapter is to glimpse at bialgebras and Hopf
algebras, and study those properties that are significant from the point of
view of ring and module theory, or which directly depend on the properties
of algebras, coalgebras, and so on, as R-modules.

13 Bialgebras

In this section we are concerned with the compatibility of algebra and coal-
gebra structures on a given R-module. In particular, we define bialgebras and
study their most elementary properties.

13.1. Bialgebras. An R-module B that is an algebra (B, p,t) and a coal-
gebra (B, A, ¢) is called a bialgebra if A and e are algebra morphisms or,
equivalently, ;1 and ¢ are coalgebra morphisms. For A to be an algebra mor-
phism one needs commutativity of the diagrams

129
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BorB - B R B
| 1l
(B®g B) ®@r (B ®g B) A R®r R—2%~ B®g B,
IB®tW®IBi

(B ®r B) ®g (B®r B) £ B®y B,

where tw denotes the twist map. Similarly, ¢ is an algebra morphism if and
only if the following two diagrams

BorB-—t>B

<l N

R®r R—=R, R

R

are commutative. The same set of diagrams makes p and ¢ coalgebra mor-
phisms. For the units 1z € B, 1z € R and for all a,b € B, the above diagrams
explicitly mean that

A(lB):lB@)lB, 8(13):1R,
A(ab) = A(a)A(b), e(ab) = e(a)e(b).

Note that this implies that, in any R-bialgebra B, R is a direct summand
of B as an R-module and hence B is a generator in Mg. As first examples
notice that, for any semigroup G, the semigroup coalgebra R|G] is a bialgebra
(see 1.7), in particular, the polynomial coalgebras (see 1.8) are bialgebras.

13.2. Decomposition. Let B be a bialgebra over R.
(1) B = Rl @ Kee is a direct R-module decomposition.

(2) If the family {bx}r, bx € B, generates B as an R-module, then the
family {bx — e(b))1p}a generates Kee as an R-module.

Proof. (1) follows from the axioms for .
(2) Clearly, for each A € A, by —e(by)1p € Kee. Let [ = ) r\by € Kee,
that is, (1) = >_ rxe(by) = 0. This implies

l = ZT’Ab)\ = ZT’)\(b)\ — €(b)\)13,

thus proving the assertion. O

13.3. Bialgebra morphisms. An R-linear map f : B — B’ of bialgebras is
called a bialgebra morphism if f is both an algebra and a coalgebra morphism.
An R-submodule I C B is a sub-bialgebra if it is a subalgebra as well as a
subcoalgebra. [ is a bi-ideal if it is both an ideal and a coideal.
Let f: B — B’ be a bialgebra morphism. Then:
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(1) If f is surjective, then Ke f is a bi-ideal in B.
(2) Im f is a subcoalgebra of B’.

(3) For any bi-ideal I C B contained in Ke f, there is a commutative dia-
gram of bialgebra morphisms

B d B
N
B/I .

A remarkable feature of a bialgebra B is that the tensor product of B-
modules is again a B-module. In other words, Mg (or pM) is a monoidal
category with the tensor product ®pg (cf. 38.31). This requires an appropriate
definition of the action of B on the tensor product of modules, which we
describe now. First, recall that an R-module N is a B-module if there is an
algebra morphism B — Endg(N).

13.4. Tensor product of B-modules. Let K, L be right modules over an
R-bialgebra B.

(1) K ®g L has a right B-module structure by the map

BB ®r B — Endgr(K) ®g Endg(L) — Endg(K ®g L) ;
we denote this module by K ®% L. The right action of B is given by
' K@QprL®rB— K®rL, k®@I®b— (k&1)Ab,
where the product on the right side is taken componentwise, that is,
(k@D'b:= (k1) Ab=> kb ®1by.

(2) For any morphisms f: K — K', g: L — L' in Mp, the tensor product
map f@g: K®% L — K' &% L' is a morphism in Mp.

Proof. (1) follows easily from the definitions. Assertion (2) is equivalent
to the commutativity of the following diagram:

K &b Lop BZLElK o I o B

!l l!

Kal L — kel L,

which follows immediately from B-linearity of f and g. ad
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Of course similar constructions apply to left B-modules K, L, in which
case the left B-multiplication is given by

' 'BRrRKQrL— KQrL, bk®Il— Abk®I).

Explicitly, the product comes out as b!(k ® 1) = > b1k ® byl. The actions !
are known as diagonal actions of B on the tensor product of its modules.
Dually, the tensor product of comodules has a special comodule structure.

13.5. Tensor product of B-comodules. Let K, L be right comodules over
an R-bialgebra B.

(1) K ®g L has a right B-comodule structure by the map (tensor over R)

twazo(oX ®ok) I®ILQu
e A

okl K L———FK®L®B®B K®L® B,

where twog = [ @ tw® Ip. This comodule is denoted by K ®% L. Thus,
explicitly, for allk ® 1l € K ®% L,

(k@ 1) = ko ® 1o ® kil

(2) For any morphisms f : K — K', g: L — L' in MPB, the tensor product
map fRg: K@% L— K ®%L s a morphism in MP,

Proof. (1) This is proved by computing for all k € K, [l € L,

(]K®1L®A)OQK®RL(I€®Z) = > ko®1ly @ A(kyly)
= Y ko®ly @kl ® kialio

1
(QK®RL ® ]B) o QK®RL(/€ ® l).
To prove (2), take any k € K, [ € L and compute

ool o (fog)kel) = Y f(k)o®g(l)® f(k)1g(D),
= > flko) ® g(lp) ® kaly
= (fogelp)o o (kal).

This shows that f ® g is a comodule morphism, as required. O

The coaction constructed in 13.5 is known as a diagonal coaction of a
bialgebra B on the tensor product of its comodules.

In contrast to coalgebras, for a bialgebra B, any R-module K can be
considered as B-comodule by K — K ®g B, k +— k ® 1p (trivial coaction).
In particular, the ring R is a right B-comodule, and this draws attention to
those maps B — R that are comodule morphisms.
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Definition. An element t € B* is called a left integral on B if it is a left
comodule morphism.

Recall that the rational part of B* is denoted by Rat®(B*) = T and
ol : T — T ®p B denotes the corresponding coaction.
13.6. Left integrals on B. Let B be an R-bialgebra and t € B*.
(1) The following are equivalent:
(a) t is a left integral on B;
(b) (Ip@t)oA=1r0t.
If B is cogenerated by R as an R-module, then (a) is equivalent to:
(c) For every f € B*, fxt= f(1p)t.
(2) Assume that rB is locally projective.
(i) Ift € T, thent is a left integral on B if and only if o* (t) = t®1p.
(ii) If R is Noetherian or if t(B) = R, then any left integral t on B
15 rational, that is, t € T'.
Proof. (1) (a) & (b) The map ¢ is left colinear if and only if there is a
commutative diagram

t

B R | t(b)

I 1

Ip®t
B@rB=">B  A(b)— (Iz®1) o A(b) = t(b)1p.

The commutativity of this diagram is expressed by condition (b).
(b) < (c) For any f € B* and b € B,
fxt) = (fot)oAb) = [f((Ip®t)oA(D)),
fp)t(b) = f(tb)lg) = [f(eot(b)).
From this (b) = (c) is obvious. If B is cogenerated by R, then (c¢) = (b).

(2)(i) If t € T, that is, t is rational, then f*t = (Ir ® f) o o7 (t), for any
f € B*, and (1)(c) implies

(Ir ® f)(e"(t)) = (Ir @ f)(t ® 1p).

By local projectivity (a-condition; see 4.2) this means o (t) =t ® 15. The
converse conclusion is obvious.

(ii) By (1)(c), B*«t C R1p. If R is Noetherian, this implies that B* x is
finitely presented as an R-module, and by 7.5(2) this implies that the element
t € Rat?(B*) = T. If t(B) = R, then t~B = (I ®t)A(B) = 10t(B) = R1p
is finitely presented as an R-module and ¢ € T by 7.5(1). 0

References. Abe [1]; Dascalescu, Nastasescu and Raianu [14]; Mont-
gomery [37]; Sweedler [45].
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14 Hopf modules

Since an R-bialgebra B has both a coalgebra and an algebra structure, one
can study R-modules that are both B-modules and B-comodules. Further-
more, since the coalgebra structure of B must be compatible with the algebra
structure of B, one can require compatibility conditions for corresponding
modules and comodules. This leads to the notion of Hopf modules, which,
together with various generalisations (cf. Section 32), play an important role
in representation theory of bialgebras, or indeed in classical module theory,
in particular in the case of modules graded by groups. In this section we in-
troduce Hopf modules, provide several constructions of such modules, study
their category-theoretic aspects, and properties of their invariants and coin-
variants. The latter can be viewed as a preparation for the Fundamental
Theorem of Hopf algebras 15.5 in Section 15. We concentrate on the case
when the module and comodule structures are given on the right side.

Throughout this section B denotes an R-bialgebra with product pu, co-
product A, unit map ¢ and counit €.

14.1. B-Hopf modules. An R-module M is called a right B-Hopf module
if M is

(i) a right B-module with an action gy : M ®g B — M,

(i) a right B-comodule with a coaction o™ : M — M ®p B,

(iii) for all m € M,b € B, o™ (mb) = o™ (m)A(b).

Condition (iii) means that o : M — M ®% B is B-linear and is equivalent

to the requirement that the multiplication gy : M ®% B — M is B-colinear,
or to the commutativity of either of the diagrams

QM®IB b c QM(X)CB c
MorBEE M@t Bor B M4 B> M &% B®g B
oM \L | QM\L i@]v[@lB

QM QJ\{
M M ®gr B, M M®grB.

An R-linear map f : M — N between right B-Hopf modules is a Hopf
module morphism if it is both a right B-module and a right B-comodule
morphism. Denoting these maps by

Hom% (M, N) = Homp(M, N) N Hom”? (M, N),
there are characterising exact sequences in Mg,
0 — Hom®%(M, N) — Homp(M, N) - Homp(M, N &% B),
where v(f) = oV o f — (f ® Ip) 0 o™ or, equivalently,

0 — Hom®Z(M, N) — Hom®(M, N) == Hom® (M &%, B, N),
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where 0(g) = on o (g ® Ig) — g o oum.

Left B-Hopf modules and the corresponding morphisms are defined simi-
larly, and it is obvious that B is both a right and a left B-Hopf module with
the action given by the product and the coaction given by the coproduct
(regular coaction).

We give the following three motivating examples of right B-Hopf modules.
14.2. Trivial B-Hopf modules. Let K be any R-module.

(1) K ®g B is a right B-Hopf module with the canonical structures
IK®AK®RB—>(K®RB)®RB, ]K®,LL (K@RB)®RB—>K®RB

(2) For any R-linear map f: K — K', the map f@lp: KQrB — K'QrB
1s a B-Hopf module morphism.

Proof. We know that K ®i B is both a right B-module, and a co-
module and the compatibility conditions are obvious from the properties of
a bialgebra. It is clear that f ® Ig is B-linear as well as B-colinear. O

14.3. B-modules and B-Hopf modules. Let N be any right B-module.

(1) The right B-module N ®% B is a right B-Hopf module with the canonical
comodule structure

IN®A:N®5L B — (N®%B)®r B, n®b— n® Ab.

(2) For any B-linear map f : N — N’ the map f@Ip: N@%B — N'®%B
1s a B-Hopf module morphism.
(3) The map

WW:N®@RrB—->N®%YB, n®b— (n®1p)A(b)=(n®1p)b
1s a B-Hopf module morphism.

Proof. (1) To show that Iy ® A is B-linear one needs to check the
commutativity of the following diagram:

IN®ARIRB
—_—

N ®% B®r B (N @Y% B) @4 B®r B

!i l!

A
N &% B e (N &b B) &% B.

Evaluating this diagram at any a,b € B and n € N yields
(Ivn @A) ((n®@b)A(a)) = > nay @ (bag)y @ (bag)y

= > _na; ® biag ® byas
= (In®A)(n®0b))Ala),
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by the multplicativity of A and the definition of the diagonal B-action on
(N &% B) @% B (cf. 13.4).

(2) It was shown in 3.8 that f ® I is a comodule morphism, and we know
from 13.4 that it is a B-module morphism.

(3) Clearly 7y is B-colinear, and for any ¢ € B,

v(n®@be) = (n® 1p)A(bc) = (n® 15)(Ab)(Ac) = yn(n & b)A(e),
showing that vy is right B-linear. a

14.4. B-comodules and B-Hopf modules. Let L be a right B-comodule.

(1) The right B-comodule L ®%, B is a right B-Hopf module with the canon-
ical module structure

In@p: LB B —-LR®;B, n®b®ar— nk ba.

(2) For any B-colinear map f : L — L', the map f®Ip: LGB — L'®%B
1s a B-Hopf module morphism.
(3) There is a B-Hopf module morphism

VLR B - LegrB, 1@b— o"(1)(13®0).

Proof. (1) To prove the colinearity of I;, ® p one needs to show the
commutativity of the diagram

Ir®u

L®% B®% B L®% B
QL®CB®cBi \LQL@)CB
L&, B®%Bor B2 [ 2 Bos B,

which follows from the multiplicativity of A.
(2) Clearly f ® Ip is B-linear, and, as shown in 13.5, it is also B-colinear.
(3) Obviously ~” is right B-linear, and colinearity follows from the com-
mutativity of the diagram (which is easily checked)

L
L®,B—" L®gB [ ® b Y lo® b

eI

L®%B®RBH‘L®RB®RB Zlg®b1®llbgl—>2lg®llbl@)lgbg.

This completes the proof. O

Right B-Hopf modules together with B-Hopf module morphisms form a
category that is denoted by MEB. This category is closed under direct sums
and factor modules and has the following properties.
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14.5. The category Mg. Let B be an R-bialgebra.
(1) The right B-Hopf module B ®@% B is a subgenerator in M5.
(2) The right B-Hopf module B @% B is a subgenerator in M5.
(3) For any M € M5, N € Mg,

Hom%(M, N ®Y% B) — Homg(M,N), f (Iy®¢)o f,

is an R-module isomorphism with inverse map hw— (h @ Ig) o oM.
(4) For any M € M5, N € M”,

Hompz(N @5, B, M) — Hom”(N, M), [+ f(—®15),

is an R-module isomorphism with inverse map h — oy o (h® Ip).
(5) For any K, L € Mg,

Hom% (K ® B, L ®g B) — Homg(K, L), f (I;®¢)o f(—®1p),
18 an R-module isomorphism with inverse map hvw— h ® Ipg.
Proof. (1) Let M € M2. For a B-module epimorphism f: BY — M,
folg: BYe%YB - MehB
is an epimorphism in M (by 14.3), and so M ®5% B is generated by

@y
BW &b B~ (B &% B)
Moreover, o™ : M — M ®% B is a ( B-splitting) Hopf module monomorphism,
and so M is subgenerated by B @Y% B.
(2) For any M € M2, there is a comodule epimorphism B®) — M @ B,
and from this we obtain a Hopf module epimorphism

(B®% B)™M ~ BM @¢ B — (M ®r B) ®% B.

Moreover, there is a Hopf module monomorphism o ® Iy : M ®% B —
(M ®p B) ®% B and a Hopf module epimorphism M ®9% B — M, and hence
M is subgenerated by B ®% B.

(3) There is a commutative diagram with exact rows (® means ®%),

0 —> HomZ(M, N® B) —= Hom® (M, N® B) —> Hom® (M ® B, N® B)
|

\L(IN(X)E)O— i(IN(X)E)O—

Homp(M, N) —2— Homp(M®B, N),

!
v
0 Homp (M, N)
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where 31(f) = foom — ongp o (f ® Ip) and Ba(g) = go omr — on 0 (9 ® Ip).
As shown in 3.9, the second and third vertical maps are isomorphisms and
hence the first one is also an isomorphism.

(4) Consider the commutative diagram with exact rows (® for ®%),

0 — HomZ(N®@B, M) — Homg(N® B, M) > Homp(N® B, M@ B)
I
| l—o<—®13> l—o<—®13>

\i
0 Hom?(N, M) Homp(N, M) —2— Homz(N, M®B),

where 11(f) = o™ o f — (f ® Ip) 0 0"*F and 15(g) = 0™ 0 g — (g ® Ip) 0 oV,
The second and third vertical maps are isomorphisms and hence the first one
is an isomorphism, too.

(5) View K as a trivial B-comodule. Then K ®% B ~ K ®g B, and, by
(4) and 3.9, Hom%(K ®r B,L ®r B) ~ Hom” (K, L ® B) ~ Hompg(K, L),
as required. O

14.6. ME for Bg flat. Let B be flat as an R-module and M,N € M%.
Then:
(1) MZE is a Grothendieck category.
(2) The functor Hom% (M, —) : ME — Mg, is left exact.
(8) The functor Hom%(—, N) : ME — Mg, is left exact.
Proof. (1) For any morphism f : M — N in M2, Ke f is a B-submodule
as well as a B-subcomodule (since By flat) and hence Ke f € ME.

ny exact sequence ) — X — Y — Zin induces the commutative
2) Any t 0 — X — Y — Zin ME induces th tati
diagram with exact columns

0 0 0
0 Hom% (M, X) Hom%(M,Y) Hom?2 (M, Z)
0 Homp(M, X) Homp(M,Y) Hompg(M, Z)

0 — Homp(M, X ®% B) — Homp(M,Y ®@% B) — Homp(M, Z®Y% B).

The columns are simply the defining sequences of Hom3 (M, —) in 14.1. The
second and third rows are exact because of the left exactness of Hompg(M, —)
and — ®r B. Now the diagram lemmata imply that the first row is exact.
(3) This is shown with a similar diagram that uses — ®% B instead of
— ®% B. O
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14.7. Coinvariants of comodules. For M € M?, the coinvariants of B in
M are defined as

MeP:={me M| ¢™m)=m®1lp} =Ke(o" — (— @ 1p)).
This is clearly an R-submodule of M and there is an isomorphism
Hom”(R, M) — M®P,  fws f(1),

where R is considered as a B-comodule. In particular, this implies that
BB = R1p. Furthermore, for any R-module K,

Hom? (K, M) ~ Hompg(K, M“P),
where K is considered as a trivial B-comodule.

The last isomorphism follows by the fact that f € Hom?” (K, M) is equiv-
alent to the commutativity of the diagram

f

K M ko f(k)
S T
Kor B8 MorB  k@lp— f(k) @15 = o™ (f(k)).
14.8. Coinvariants of Hopf modules. For any M € M2, the map
vy - HomB(B, M) — M8, f— f(1p),

is an R-module isomorphism with the inverse wy; : m +— [b — mb|. Further-
more, the diagram

HomZ(B, M) ®r B— M f®b——f(b)

V1M®IB\L i

M8 @p B M f(lp) ®b——=f(1B)b

is commutative. In particular, Hom5(B, B) — B®“" = R1p is a ring iso-
morphism.

Proof. The isomorphism v, is obtained from the following commutative
diagram of R-module maps with exact rows:

0 — Hom%(B, M) — Homp(B, M) —">Homp(B, M @ B)
I
I
A

L

MNcoB M 72 M KR B,

0

where v, (f) = oM o f — (f ® Ig) o A, that is, the top row is the defining
sequence of Hom% (B, M), and v5(m) = o™ (m) — m ® 1p. 0
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14.9. Coinvariants of trivial Hopf modules.
(1) For any K € My, Hom5(B, K ®z B) ~ K as R-modules.
(2) For all L € My and M € MZE, there are R-module isomorphisms

Hom2(L&rB, M) ~ Homg(L, M?) and EndZ(B®rB) ~ Endg(B).
(3) There is an adjoint pair of functors
—®prB:Mpr — ME  HomZ(B,—-): ME — Mg,
and Hom%(B, — ®g B) ~ Iy,

Proof. (1) Consider R as a B-comodule as in 14.5(4). Then the Hom-
tensor relation 3.9(1) implies

Hom%(B, K ®g B) ~ HomB(R @5, B, K ©x B) ~ Hom?(R, K @5 B) ~ K.
(2) Combining 14.5(4) and 14.7, one obtains the chain of isomorphisms
HomB(L ®x B, M) ~ Hom? (L, M) ~ Homp(L, M°P).

(3) By 14.8, the adjointness is just an interpretation of the isomorphism
in (2), and, by (1), the composition of the two functors is isomorphic to the
identity functor on Mp. ad

14.10. Coinvariants and B-modules. For any N € Mpg, the map
Vyep : Homp(B,N @ B) = N, f (Iy®¢)o f(1p),

is an R-isomorphism with the inverse n +— [b+— > nby ® by|. Furthermore,
the diagram

Hom7(B,N @% B) ®p B— N &% B g b———g(b)

N ®g B w N@hB (In®e)g(lp)@br—g(1p)Ab,

where vy is described in 14.3(3), is commutative. This yields in particular
(B ®% B)*P ~ Hom5 (B, B®Y% B) ~ B,
and the commutative diagram

Hom%(B, B ®% B) @ B— B®% B h®a————h(a)

| |

B®pB 1z B4 B  (Ip®e)h(lp) ® ar—s= h(1p)Aa.
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Proof. By 14.5, Hom% (B, N ®% B) ~ Hompg(B, N) ~ N and commuta-
tivity of the diagrams is shown by a straightforward computation. O

14.11. Invariants. Let A be an R-algebra A and ¢ : A — R aring morphism.
Considering R as a left A-module, one may ask for the A-morphisms from
R — M, where M € M. Define the invariants of M by

AM ={m € M | am = p(a)m for all a € A}.
Then the map sHom(R, M) — 4M, f +— f(1), is an R-module isomorphism.

14.12. Invariants for bialgebras. For any bialgebra B, the counit ¢ is a
ring morphism and hence induces a left and right B-module structure on R.
Therefore, for any left B-module M, the invariants of M corresponding to ¢
come out as

BM = {m & M | bm = ¢(b)m for all b € B}.

Furthermore, the map gHom(R, M) — ZM, f — f(1), is an R-module iso-
morphism. The left invariants 2B of B are called left integrals in B,

pHom (R, B) ~“B = {c € B | bc =¢(b)c for all b € B}.

Right invariants and right integrals in B are defined symmetrically .

On the other hand, for the dual algebra B*, the map ¢ : B* — R,
f— f(1p), is aring morphism. Coinvariants of right B-comodules are closely
related to invariants of left B*-modules corresponding to ¢.

14.13. Invariants and coinvariants. Let B be a bialgebra that is locally
projective as an R-module (cf. 4.2).

(1) For any M € ME, B'M = M«B,
(2) For the trace ideal T = Rat®(B*), BT = T5B.
(3) If Bg is finitely generated, then P"B* = (B*)®5.

Proof. (1) Let m € B°M and f € B*. From f-m = Y mgf(m,) we
conclude
(I @ f)o™(m) = (Inr ® f)(m @ 1),

Now local projectivity of B implies that op(m) = m®1p, that is, m € M<B,
as required. Conversely, take any m € M“? and compute

fom = Iy ® f)o" (m) = mf(ls) = me(f).

This shows that m € 2"M, and therefore B'M = M5,
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(2) From the definition of the trace ideal we know that T € M?; hence
the assertion follows from (1).

(3) If Bg is finitely generated and projective, then 7" = B* and the asser-
tion follows from (2). 0

For a bialgebra B the dual B* = Hompg(B, R) also has a natural (B, B)-
bimodule structure with the following properties.

14.14. B-module structure of B*. B* is a (B, B)-bimodule by

L :B@rB*— B, b®f— [c— fcb)],
—:B*®pB— B, f®b— [c— fbc)],

and for a,b € B, f,g € B*,
a(f*g) =Y (a1-f) * (az~9).
Proof. For any c € B, [(a—f)<b|(c) = f(bca) = [a—(f<b)](c), and

la—(f * g)l(c) = (f xg)(ca) = > flcrar)g(caaz)

I
3
@
=
{
s
~—
—
)

as required. O

Every Hopf module M € M2 is a right B-comodule, and hence it is a left
B*-module (in the canonical way). This yields an action of B®? @z B* on M,

BY @ B*@g M — M, (a® f)@m— (a® f)o" (m) :ngaf(ml).

This action is obviously an R-linear map, but it does not make M a module
with respect to the canonical algebra product in B” ® g B*. On the other
hand, there exists a different multiplication on B? ®r B* that makes M a
module over the new algebra. Denote this product by “?”. For all a € B,
f,g € B*, and m € M, a product 7 has to satisfy the associative law

[(a® f)?7(b®@g)l(m) = (a® f)((b®g)m) = > (a® f)(mebg(m,))
= > mgbia f(mib)g(ma)
= > mgbia (ba—f) * g(ma)
= [XZbia ® (ba—f) * g](m).

From this we can see how the multiplication ? on B? ® g B* should be con-
structed in order to possess the desired properties.
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14.15. Smash product B?#B*. Consider an algebra B°P#B*, which is
1somorphic to the tensor product B? ®r B* as an R-module and has the
product

(a#tf)(b#g) == ((Ab)(a#tf)) (1p#g) = > biatt(by—f) * g,

where a# f = a® f is the notation. Then BP?#B* is an associative R-algebra
with unit 1g#e<, and the maps

B? — BPH#B*  aw afte,

B* — BOp#B*’ f'_> 1B#f7
are injective ring morphisms, making every left B#B*-module a right B-
module and a left B*-module. The algebra BP# B* is called a smash product.

Every M € MZ is a left B?# B*-module, and therefore M5B is embedded
in opovyp|B Q{)I}’2 B] C porgp~M. If By is locally projective, then

ME = opyp-[B ®@% B] = opyp-[B ®% B).

In particular, M5 = popyp+M provided that Bg is finitely generated and
projective.

Proof. The first assertions are immediate consequences of the action
considered above and the definition of the product #. The local projectivity
implies that the right B-comodule structures correspond to left B*-module
structures.

If By is finitely generated and projective, then there is a right coaction
(see 3.11) B* — Endg(B) ~ B*®r B, g — (Ip- ® g) o A. The map

B* @3 B — BP#B", f®bw b,

is an isomorphism of left B?# B*-modules. Indeed, note that, for any b,z € B
and f,g € B*,

> (0-£)go(x)g1) = (b f)(Ip @ 9)A(w) = (b f) * g(x).

Using these identities we compute

(@#f)geb) = (a® flo"*P(g@b) =3 g0 @ biaf(gibs)
= D obia#(be—f)(91)90 = Y obra#(ba—f) * g
= (a#tf)(b#9),
that is, the map defined above is a morphism of left B?# B*-modules. Clearly

it is an isomorphism. Therefore, B?#B* € M2 and hence M2 = poyy5-M.
O

References. Abe [1]; Dascalescu, Nastasescu and Raianu [14]; Lomp
[153]; Montgomery [37]; Sweedler [45].
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15 Hopf algebras

Bialgebras can be viewed as a generalisation of algebras of functions on
monoids. Once one starts studying algebras of functions on groups, one im-
mediately realises that the inverse in the group induces an R-module endo-
morphism of the corresponding bialgebra. The abstract version of such an
endomorphism in a general noncommutative algebra is known as an antipode,
and a bialgebra with an antipode is called a Hopf algebra. In this section
we study Hopf algebras. In particular, we derive the Fundamental Theorem
of Hopf algebras, which states that the category of Hopf modules of a Hopf
algebra is equivalent to the category of R-modules. We also give a number of
examples of Hopf algebras at the end of this section.

15.1. The ring (Endg(B),*). For any R-bialgebra B, (Endg(B),*) is an
associative R-algebra with product, for f, g € Endgr(B),

frg=po(f®g)oA,

and unit ¢ o g, that is, t o e(b) = £(b)1p, for any b € B (cf. 1.3). If B is com-
mutative and cocommutative, then (Endg(B), %) is a commutative algebra.

Definitions. An element S € Endg(B) is called a left (right) antipode if it is
left (right) inverse to Ip with respect to the convolution product on Endg(B),
that is, S* Ip = toe (resp. Ig* S = to¢). In case S is a left and right
antipode, it is called an antipode. The corresponding conditions are

po(S®Ip)oA=1roe, po(lp®@S)oA=r0¢.
Explicitly, for all b € B, an antipode S satisfies the following equalities:
25 (br) by =e(b)1p =3 b5 (by) -

Left and right antipodes need not be unique, whereas an antipode is unique
whenever it exists. A bialgebra with an antipode is called a Hopf algebra.
Antipodes are related to the right Hopf module morphism (see 14.3, 14.10)

YB:B®rB— B®%Y B, a®b— (a®1g)Ab=>"ab; ® bs.
Notice that yg is also a left B-module morphism in an obvious way.

15.2. Existence of antipodes. Let B be an R-bialgebra.
(1) B has a right antipode if and only if yp has a left inverse in gM.
(2) If B has a left antipode, then v has a right inverse in pM.

(3) vB is an isomorphism if and only if B has an antipode.
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Proof. (1) If  is a left inverse of vp, for all b € B, 1z ® b = o
v(1p®0b) = B(AD) holds. This implies that toe(b) = (Ip®¢)o S(Ab). Then
S=(Ip®e)of(lp® —): B — B is aright antipode since

po(Ig®S)oA(b Zbl Ip®e)B(lp®by)) = (Ig®e) o f(AD) = roe(b),

where we used that [ is left B-linear.
Now suppose that S : B — B is a right antipode. Then

B:B®%B—B®@rB, a®b— (a®1p)(S®Ip)(Ab) = aS(b) @by,

is a left inverse of v, since for any b € B,

Boyp(lp®@b)=pB(Ab) = (p®Ip)o(Ip®S®Ip)o(lp®A)(AD)
= (u®@Ip)o(Ip®S®Ip)o(A®Ip)(Ad)
>_po(S®Ip)(Ab) ® by
= Zﬁ(bl)lB@)bz = 1B®b
(2) Let S be a left antipode, that is, o (S® Ip)(Ab) = toe(b), for b € B.
Then
B:BR%B—B@rB, lp®b (S@I5)(Ab) =) S(b)® by,
is a right inverse of vp, since
Yo B(lp ®b) =vp((S®Ip)(Ab)) = 325(b1)br @ by
ZE(bl)lB(g)bz = 1B®b

(3) Suppose that g is bijective. Take any f € Endg(B) and observe that
if po(Ip® f)(Ab) =0, for all b € B, then f = 0. Indeed, any element in
B ®pr B can be written as a sum of elements of the form (¢ ® 15)(Ab) and

po(Ip® f)((a®1p)(Ab)) = a(pu((Ip @ [)(Ab))) =0,

implying u(Ip ® f)(B ®gr B) = Bf(B) =0, and so f =0, as claimed.
By (1), there exists a right antipode S, and for this we compute

po(lp®@po(S®Ip)oN)(AD)

= po(lp@u)o(Ig®@S®Ip)o(Ip®A)(Ab)

= po(p®Ig)o(Ig®S®Ip)o(A® Ip)(Ab)

= > e(by)by = b = po(Ig®@roe)(Ab).
By the preceding observation this implies po(S®Ig)oA = toe, thus showing
that S is also a left antipode. O

Definition. Let H be a Hopf algebra with antipode S. An R-submodule
J C H is called a Hopf ideal if J is a coideal, an ideal, and S(J) C J.
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15.3. Factors by Hopf ideals. For any Hopf ideal J C H, the factor
module H/J is a Hopf algebra and the canonical map H — H/J is a bialgebra
morphism.

Proof. Clearly H/J is a factor algebra, and a factor coalgebra with
counit £ : H/J — R (see 2.4) satisfying the compatibility conditions and the
projection () : H — H/J is a bialgebra map. Since S(J) C .J, the map
S : H — H induces a morphism

S:H/J— H/J, hw~ S(h),

and for this we compute

ZS l 2 ZShl ) = (E)lH/J.

Similarly we get Y h1S(he) = £(h)1p,, so that S is an antipode for H/.J. O

15.4. Properties of antipodes. Let H be a Hopf algebra with antipode S.
Then:

(1) S is an algebra anti-morphism, that is, for all a,b € H, S(ab) =
S(b)S(a), and Sov=1.

(2) S is a coalgebra anti-morphism, that is, two (S ® S)o A = Ao S and
goS =¢.

(3) If S is invertible as a map, then, for any b € H,

> 8T by)by = (b)ly =Y b2S7 (b)

Proof. (1) Consider the convolution algebra H := (Homp(HQrH, H), %)
corresponding to the canonical coalgebra structure Ayg,nz on H @p H with
the counit € = ¢ ® . In particular, the unit in A comes out as

it HopgH 5 R H.
In addition to the product p: H ®g H — H, consider the R-linear maps
vi:H®rH — H, a®b— S(b)S(a), p:H®rH — H, a®b— S(ab).

To prove that S is an anti-multiplicative map, it is sufficient to show that
p¥i = pkv = o€ (the identity in H). By the uniqueness of inverse elements
we are then able to conclude that v = p. Consider the R-linear maps

AgeoH

H®RH*>H®RH®RH®RH H®RH*>H
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Take any a,b € H and compute

a@bHZ&l(@bl@a;@bg

Thus v = p, and S is an anti-multiplicative map, that is, S(ab) = S(a)S(b).
Furthermore, 1y = toe(ly) = (Ig * S)(1y) = S(1g), so that S is a unital
map and hence an algebra anti-morphism.

(2) This is a dual statement to (1), and we use a similar technique as for
the proof of (1). In this case consider the convolution algebra corresponding
to H as a coalgebra and H @ H as an algebra, (Homg(H, H ®r H), *). Let
vi=1two (S®Y5)oA and p := Ao S. Direct computation verifies that
pxA = 1goecgey = Axv. From this we conclude that p = v, so that §
is an anti-comultiplicative map. Furthermore, for all a € H, we know that
e(toe(a)) =¢(a), and toe(a) =Y S(a1)ay. This implies

e(a) =eoe(a)) =) e (S(ar))elag) =0 S(a),

hence S'is a coalgebra anti-morphism, as stated.
(3) Apply S™! to the defining properties of S. O

We now prove that Hopf algebras are precisely those R-bialgebras for
which the category MZE is equivalent to M. It is interesting to notice that
this can be seen from a single isomorphism.

15.5. Fundamental Theorem of Hopf algebras. For any R-bialgebra B
the following are equivalent:

(a) B is a Hopf algebra (that is, B has an antipode);

(b) v6 : B&r B — B®% B, a®b (a® 15)Ab, is an isomorphism in
MZE;

(c) Y2 : B®4 B — B®gr B, a®bw Aa(lg ®b), is an isomorphism in
M2E;

(d) for every M € ME, M“B@r B — M, m®b s mb, is an isomorphism
in M5B

(e) for every M € MZE, there is an isomorphism (in M%)
pu 2 Homg(B,M)@r B — M, f&b— f(b);

(f) vBep : Homb(B, B®Y% B)®@r B — B ®% B is an isomorphism in M5;
(9) Hom% (B, —) : ME — Mg, is an equivalence (with inverse — @p B).
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If B is flat as an R-module, then (a)-(g) are equivalent to:
(h) B is a (projective) generator in M5 ;
(i) B is a subgenerator in M2, and @y, is injective for every M € ME.
If Br is locally projective, then (a) — (1) are equivalent to:
(7) B is a subgenerator in MEB and the image of BP#B* — Endg(B) is
dense (for the finite topology).

For any Hopf module M over a Hopf algebra B, the coinvariants M<P
are an R-direct summand of M.

Proof. (a) < (b) was shown in 15.2, and by symmetry (see 14.4) the
same proof implies (a)<(c). (b) < (f) is clear by 14.10.

(d) < (e) This follows from the commutative diagram in 14.8.

(a) = (d) For any M € MZ, consider ¢ : M — M®°B m > mgS(my).
The following equalities show that the image of ¢ is in M<?:

oM (p(m)) = M (XomeS(my)) = > meS(ms) @ myS(my)
= ngS(mL) X 13 = gb(m) X 1B-

Now we show that the map
(p®1Ip)o o™ : M — M“P 2, B

is the inverse of the multiplication map oy : M°Z @z B — M. For m € M,

om0 (¢p@1Ig)(o(m)) = 3= d(mo)my = 3" meS(my)my = 3~ mee(my) = m.
On the other hand, for n ® b € M*°P @ B,

(0@ Ip)oo"(nb) = (9@ Ip)(3onbi®@by) = > (nb1) @by
== anlS(bz)@)b; = Zns(bﬁ@bg = n®b

(e) = (f) is trivial (take M = B ®% B).

(e) < (g) From 14.9 we know Hom5(B, — ®p B) ~ I,n. Condition (f)
induces Hom% (B, —) @z B ~ Inpz, and the two isomorphisms characterise an
equivalence between My and M2,

(g) = (h) Obviously (g) always implies that B is a generator in M2 and
that B is projective in M2 (that is, Homp5 (B, —) : M5 — My preserves
epimorphisms).

Now suppose that B is flat. Then M2 has kernels and Hom%(B, —) is a
left exact functor.

(h) = (i) Suppose that B is a generator in ME. Of course any generator
is in particular a subgenerator. For any M € M5, the set A = Hompg(B, M)
yields a canonical epimorphism

p:B™N — M, by f(D).
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Choosing A’ = Homp (B, Kep) we form — with a similar map p’ — the exact
sequence in M5

/

P p

BW) BW M 0.

Now apply Hom®%(B, —) to obtain the exact sequence
Hom?2(B, BA)) — Hom% (B, BY)) — Hom%(B, M) —=0.

By the choice of A and A’, this sequence is exact. Now tensor with — ®z B
to obtain the commutative diagram with exact rows (® for ®g),

Hom%(B, BA))® B — Hom%(B, BM)® B— Hom%(BM)®B —0

| | -

BA) BW) M 0.

The first two vertical maps are bijective since Hom2 (B, —) commutes with
direct sums. By the diagram properties this implies the bijectivity of ;.
(i) = (f) Assume that B is a subgenerator in M2 and that ¢, is injective
for all M € ME. Then clearly ¢y is bijective for all B-generated objects
N in ME and M is a subobject of such an N. Choose an exact sequence
0 — M — N — Lin ME where N and L are B-generated. Then clearly ¢y
and @y are bijective and there is a commutative diagram with exact rows,

0 — Hom?2(B, M)®r B — Hom% (B, N)®r B — Hom%(B, L)®xr B

lw lw lw

0 M N L.

From this we conclude that ¢, is also bijective.

(h) < (j) If Bg is locally projective, then, by 42.10(g), B is a generator
in 0[gnay(s)B). Moreover, ME = o[porpp- B @Y% B]. Now assume (h). Then
M2 = o[goryp-B] and the density property follows by 43.12. On the other
hand, given the density property and the subgenerating property of B, one
has o[gnay(5)B] = opergn-B] and B is a generator in ME.

The R-linear map ¢ : M — M<P considered in the proof (a)=-(d) splits
the inclusion M“? — M, thus proving the final statement. O

Notice that parts of the characterisations in 15.5 apply to Hopf algebras
that are not necessarily flat as R-modules (see 15.11 for such examples).

15.6. Finitely generated Hopf algebras. For an R-bialgebra B with Bg
finitely generated and projective, the following are equivalent:

(a) B is a Hopf algebra;
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(b) v : B®gr B — B QY% B is surjective;
(¢) B has a left antipode;
(d) B?#B* ~ Endg(B);
(e) B is a generator in popyp+M.
Proof. (a)&(b)e(c) follow from 15.2 and the fact that, for finitely
generated projective R-modules, any surjective endomorphism is bijective.
(a) = (d) As a generator in M2 = popyup-M, B is a faithful BP# B*-
module and the density property of B?#B* (see 15.5) implies B?#B* ~
EndR(B)
(e) < (d) Since B is a subgenerator in o|gna,(5)B], the assertion follows
from 15.5(j).
(e) = (a) Under the given conditions MB = popy5+M (see 14.15) and the
assertion again follows from the Fundamental Theorem 15.5. ad

Clearly, if B is a finitely generated projective R-module, then M? = 5. M
has (enough) projectives and 13.6 implies the following corollary.

15.7. Existence of integrals. Any Hopf algebra H with Hy finitely gener-
ated and projective has left (and right) integrals on H.

15.8. Canonical isomorphisms. Let H be a Hopf algebra with antipode S.
(1) For any N € My, the Hopf module morphism (see 14.3)

7N2N®RH—>N®%H, n®hv—>2nhl®h2,

18 1nvertible with the inverse,

By:N@yH—-NerH, mok— Y mS(k)® ks.
(2) For any L € MP | the Hopf module morphism (see 14.4)
VLG H - LepH, 1@h— Y lh®@hLbh,
18 tnvertible with the inverse,
liLeorH— L% H, m®kr—>2mg®5(ml)k:.
Proof. (1) Take any n®h € N®p H and m®@k € N ®% H and compute

Bu(w(n®@h)) = Bn(donhy ® hy)
= > nhiS(hy) ®hy = > n®e(h))hy = n®h,

IN(BN(m k) = w(Q_omS(k) ® k)
= > mS(k)ky®ks = m®k.
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Thus [y is the inverse of vy, as required.
(2) Take any [®@ h € L®% H and m® k € L ® H and compute

gryHleh) = Bl ®1ih)

= ZZQ(X)S(ll)lzh = Zlgg(ll)@)h = l®h,
YEBHm o k) = (XS me® S(my)k

= Y me@mS(my)k = Y mee(m) @k = m@k.

Thus % is the inverse of 4% as required. O

15.9. Hom-tensor relations. Let H be a Hopf algebra with antipode S, and
L, M,N € My.

(1) A right H-action on Homg(M, L) is defined by
(fh)(m) =>_ f(mS(hy))he, forhe H, me M, f e Homg(M,L).

Denote Hompg(M, L) with this H-module structure by Hompg(M, L)*.
Then there is a functorial isomorphism

Hompy(M ®% N, L) — Homy (N, Homg(M, L)*), f + [n— f(—®n)],

with the inverse g — [m ® n+— g(n)(m)].
(2) If S is invertible, then a right H-action on Homg(M, L) is defined by

(fR)(m)=>" f(mS~Y(hg))hy, for h € H,m € M, f € Homg(M, L).

Denote Hompg(M, L) with this H-module structure by Hompg(M, L),
Then there is a functorial isomorphism

Hompy (M ®% N, L) — Homy (M, Homg(N, L)), f+— [m— f(m®-)],
with the inverse g [m ®n — g(m)(n)].

Proof. (1) Clearly, the defined right H-action is unital, and it is also
associative since, for all h,k € H and m € M,

(f(hR))(m) = > f(mS(hyky)) hoky
= 2 [ (mS(k)S(h)) hoky = ((fR)E)(m).

The maps indicated yield the canonical isomorphism (see 40.18)

Hompg(M ®Y% N, L) — Homp(N, Homp(M, L)*),
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and it is left to show that H-morphisms on the left-hand side correspond to
H-morphisms on the right-hand side. Let m ®n € M ®4% N, h € H, and
f € Homy(M ®% N, L). Then

fm@nh)=>" f(mS(hy)hy @ nhg) =3 f(mS(hy) @ n)hy=(fh)(m @n).

This shows that n — f(— ® n) is an H-linear map.
For g € Hompy (N, Homg(M, L)*) and m®@n € M ®% N, the map m®@n
g(n)(m) is H-linear since, for any h € H,

(m@n)th =3 mhy @nhy — 3 g(nhy)(mhy) = >_(g(n)hs)(mhy)
= 2. 9(n)(mhyS(hy))hs = g(n)(m)h.
(2) The proof is similar to the proof of (1). O

We conclude this section by giving some general examples of bialgebras
and Hopf algebras. More examples, for example, those coming from quantum
groups, can be found in various monographs and textbooks on the subject
(see the Preface or the introduction to this chapter).

15.10. Semigroup bialgebra. Let G be a semigroup with identity e. The
semigroup algebra R|G) is the R-module R(%) together with the maps (defined
on the basis G and linearly extended)

i R[G] x R[G] — R[G], (g,h) — gh and ¢: R — R[G], r +— re.
Since R[G] is a free R-module, there are also linear maps (see 1.6)
A: R|G] — R[G]®r R|G], g—g®yg, ande: RG] — R, 1 — 1,9~ 0.

It is easily seen from the definitions that A and e are algebra morphisms.
If G is a group, then S : R[G] — R|[G], g — ¢!, is an antipode, that is,
in this case R[G] is a Hopf algebra.

15.11. Polynomial Hopf algebra. As noticed in 1.8, for any commutative
ring R, the polynomial algebra R[X] is a coalgebra by

Ay RIX]®@pRIX] > RX], 1—1, X'—»(X®1+1®X),
g9 R[X] — R, =1, X'—0, i=1,2,....

Together with the polynomial multiplication this yields a (commutative and
cocommutative) bialgebra that is a Hopf algebra with antipode

S:R[X]— RX], 1—1 X — -X.
For any a € R, denote by J the ideal in R[X] generated by aX. Since
Ay(aX)=1®aX +aX ®1, e3(aX) =0 and S(aX) = —aX,
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it is easily seen that J is a Hopf ideal. Therefore H = R[X]/J is a Hopf
algebra over R. Notice that H need no longer be projective or flat as an
R-module. In particular, if R is an integral domain and 0 # a € R, then
Hompg(R/aR, R) = 0 and H* = Hom(H, R) ~ R, and H-subcomodules of H
do not correspond to H*-submodules.

15.12. Tensor algebra of a module. For an R-module M, define
To(M):=R and T,(M):=M®---® M, n-times,n > 0.
Then T'(M) := P,,5, Tn(M) is an N-graded algebra with the product

To(M) @r Te(M)  — Toir(M),
(1@ @T) QPR BY) > TR DT, DY D D Y,

for all n,k € N. These give rise to an R-linear map u : T(M) @ T(M) —
T(M). (T(M),p) is called the tensor R-algebra over M. Ty(M) = R is
a subalgebra of T'(M) and the unit of R is the unit of T'(M). Moreover,
Ty(M) = M is a submodule of T'(M).

The tensor algebra is a cocommutative Hopf algebra.

This can be derived from the

Universal property of T'(M). Let A be a unital associative R-algebra and
let f: M — A be an R-linear map. Then there exists a unique R-algebra
morphism g : T(M) — A such that f = g|ay. Since, for every R-algebra map
h:T(M) — A, the restriction h|y : M — A is R-linear, there is in fact a
bijective correspondence,

Homp(M, A) — Algp(T(M), A),

where Algp(T(M), A) denotes all R-algebra maps T (M) — A.

Proof. For n > 1, the map M"™ — A, (mq,...,my,) — f(mq)--- f(m,),
is R-multilinear and hence it induces an R-linear map

gn Th(M)— A, m - Q@my+— f(my)--- f(m,).

For n =0 put go :=¢: R — A,r — rls. By the universal property of the
direct sum this yields an R-linear map g : T(M) — A, with g|z, () = gn- It
is easy to verify that ¢ is an R-algebra morphism. O

To define comultiplication on T'(M), consider the maps, for n > 1,

B s M — T(M) @5 T(M),
(@1, 2 = Y (@ ® O 3) ® (T4 @+ ® Ta),

0<i<n
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which is R-multilinear and factorises over h, : T,(M) — T(M) @5 T(M),
yielding an R-linear map A : T(M) — T(M) @g T (M). 1t is straightforward
to show that this is a coassociative and cocommutative coproduct with counit

e:T(M)— R, 1—1,2—0, forzeT,(M),n>1.

Moreover, the algebra and coalgebra structures on 7'(M) are compatible with
each other, thus making 7'(M) a bialgebra.

To define an antipode observe that, for the opposite algebra T'(M )P, the
R-module map M — T(M)°, m +— —m, can be extended to an algebra
morphism S : T (M) — T(M)° (by the universal property), which in turn
can be considered as an algebra anti-morphism S : T(M) — T(M). By
definition, for m; ® - - @ m,, € T,,(M),

S ®---@my,) = (—=1)"m,®---@my,
and from this we can deduce that S is an antipode for the bialgebra T'(M).
Other Hopf algebras can be derived from the Hopf algebra T'(M).

15.13. Symmetric algebra of a module. Let M be an R-module and
T(M) its tensor algebra. The symmetric algebra of M, denoted by S(M), is
the factor algebra of T'(M) by the (two-sided) ideal J generated by the subset

{t@y—yz|z,ye M} CT(M).

Properties. S(M) is a commutative graded algebra. S(M) contains R as a
subring and M as a submodule.

Proof. Denoting by z the image of x € M under T(M) — T(M)/J,
we see that S(M) is generated by {z |z € M}. It follows from the defining
elements of J that 2y = yz (product in S(M)) for all x,y € M. Hence S(M)
is commutative. Furthermore, writing .J,, := JNT,,(M), it can be shown that
J = &nJ, and hence

S(M) = B, T.(M)/J,.

which makes S(M) an N-graded algebra. The other assertions follow from
the fact that To(M)NJ =0 and T3 (M) N J = 0. 0

Remark. Since every permutation of n elements can be generated by trans-
positions, we know, for n > 1, that J, is the R-submodule of T},(M) generated
by all elements of the form

1‘1®$2®"'®.’L’n—$0(1)®l’0(2)"'®$0(n),

where all z; € M and the o are permutations of n-elements.
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Universal property of S(M). Let B be a unital associative and commuta-
tive R-algebra and f: M — B an R-linear map. Then there exists a unique
R-algebra morphism g : S(M) — B such that f = g|ar. This yields a bijective
correspondence
Algp(S(M), B) — Hompg(M, B).
Proof. By the universal property of T (M) there exists an algebra map
f:T(M) — B such that

flx®y) =g(x)g(y) = 9(y)g(x) = f(y @ ).

Hence all x ® y — y ® x are in Ke f , implying J C Ke f , and by factorisation
we obtain the assertion. O

Proposition. For any two R-modules My, My, there is an R-algebra isomor-
phism
g: S(Ml @D Mg) — S(Ml) ®R S(Mg)

Proof. Put M = M; & M,. The canonical injections e; : M; — M,i =
1,2, yield R-algebra morphisms s(e;) : S(M;) — S(M), i = 1,2. Since S(M)
is commutative, there exists a unique R-algebra map h : S(M;) ® S(M;) —
S(M), such that s(e;) = hof;, i = 1,2, where f; : S(M;) — S(M;)®RS (M) are
the canonical morphisms. They can be extended to an R-algebra morphism
g:S(M)— S(M;) ® S(M,), which is the inverse map for h. 0

The last proposition is the key for constructing the coalgebra structure of
S(M). The diagonal map ¢ : M — M & M, x — (z,z), is R-linear and
induces an R-algebra morphism s(¢) : S(M) — S(M @ M). Combined with
the isomorphism g : S(M @ M) — S(M) @ S(M), it yields an R-linear map

A:=gos(d):SM)— S(M)®@rS(M),

which makes S(M) a coalgebra. Tracing back the definitions we find that A
is coassociative and is an R-algebra morphism with

Alz)=g(z,2) =2 1+1®x, foralze M.
The counit for this cocommutative comultiplication is
e:S(M)—R, 1—1, 20, forze S, (M), n>1.

The structure maps A : S(M) — S(M) @r S(M) and ¢ : S(M) — R are
algebra morphisms and hence S(M) is a bialgebra.
For the antipode S of T (M) and z,y € M, we observe

Seey—yor)=5@)S) - S@)Sy) = (-y) @ (-2) - (-2) ® (-y),

that is, S(J) C J for the defining ideal J C T'(M) of S(M). Hence S factors
to amap S(M) — S(M) that is an antipode, making S(M) a cocommutative
Hopf algebra.



156 Chapter 2. Bialgebras and Hopf algebras

15.14. Exterior algebra of a module. Let M be an R-module and 7'(M)
its tensor algebra. The exterior algebra of M, denoted by A(M), is the factor
algebra of T'(M) by the ideal K generated by the subset

{r@z|zeM} CT(M).
Putting K, := KNT,(M) and A, (M) :=T,(M)/K,, we obtain

f(::(}}NA¢ and A(Al)::{})NAﬂ(AJ)
It is easy to check that this makes A(M) an N-graded algebra.

Similar to the symmetric case, Ky = K; = 0, and hence we may assume
R C A(M) and M C A(M). The product of two elements u,v € A(M) is
usually written as u A v and is called the exterior product of u and v. By
construction, the elements of A, (M),n > 2, are sums of elements of the form
1 AT N\ -+ ANz, with x; € M. It is an elementary computation to verify
that this product is zero if any two of the z; are equal (or, over a field, if the
x1,...,%, are linearly dependent).

Universal property of A(M). Let B be an associative R-algebra and let
f: M — B be an R-linear map such that f(x)> = 0, for all v € M. Then
there exists a unique R-algebra morphism h : A(M) — B such that f = h|y.

As for the symmetric algebra, for any R-modules M;, Ms, there is an
isomorphism g : A(M; @ Ms) ~ A(M;) ®g A(Ms). The diagonal map ¢ :
M — M & M, x+— (x,z), induces an R-algebra morphism

A(8) : A(M) — A(M & M).

Combined with the isomomorphism g : A(M & M) — A(M) ®@g A(M), this
gives an R-linear map

goA(d) : A(M) — A(M) ®@r A(M), r—rl+1Qw,
which makes A(M) a coalgebra. The counit is
e:AN(M)— R, 1—1,2—0, forze A,(M), n>1.

For the antipode S of T'(M), obviously S(K) C K for the defining ideal
K C T(M), and hence it factorises to an antipode A(M) — A(M).

15.15. Exercises

(1) Let H be a Hopf algebra with antipode S that is finitely generated and
projective as an R-module. Show that H* with the canonical structure maps
is again a Hopf algebra.
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(2) Prove that for a Hopf algebra H with antipode S, the following are equivalent:
(a) for any h € H, > S(ha)h1 = ¢(h)1m;
(b) for any h € H, > haS(h1) = e(h)lp;
(C) SofS = IH.

(3) Let H = R[X]/J be the Hopf algebra considered in 15.11. Show that every
element in H is contained in an H-subcomodule that is finitely generated as
an R-module.

(4) Let H, K be Hopf algebras with antipodes Sy, Sk, respectively. Prove that,
for any bialgebra morphism f: H — K, Sko f= foSy.

(5) Let L be a Lie algebra over R and assume L to be free as an R-module. In the
tensor algebra T'(L) (over the R-module L) consider the ideal J generated by
the subset

{ry—y®x—ay|z,y € L}
The factor algebra U(L) := T'(L)/J is called the universal enveloping R-
algebra of L. Prove that U(L) is a Hopf algebra.

(6) Let R be a Noetherian ring and B an R-bialgebra. Assume that the finite
dual B° is a pure R-submodule of R®. Prove that B° is again a bialgebra with
the coproduct as given in 5.7, and the product induced by the convolution
product on B*. Prove also that, if B is a Hopf algebra, then B° is a Hopf
algebra.

(7) Let G be a group and R a Noetherian ring. Prove that if if R[G]° is R-pure
in R[G]*, then R[G]° is a Hopf-algebra with antipode

RIGI® — RIGF, € lg+&(g™), for g €G]
(8) Let R be a Noetherian ring and R[X] the polynomial ring. Prove:

(i) The coalgebra structure A, €1 on R[X] (see 1.8) induces an algebra
structure on the finite dual R[X]° with product (£, ¢ € R[X]°)

(€- Q") = (€® OA1(a’) = €(a")¢(a"), i 20,
and unit u1 : R — R[z]°, 1~ [z — 1, i > 0], which is compatible with
the coalgebra structure on R[X]° (see 5.13).
(ii) The coalgebra structure Ag, 2 on R[X] (see 1.8) induces an algebra
structure on R[X]° with product

(€40 = (€8 Ota(a) = 3 (1)elal)gle ), i 20
§=0
and unit ug : R — R[z]°, 1+~ [z = &;0, i > 0], which makes R[z]° a
Hopf algebra with antipode

R[z]° — Rlz]®, & [z’ (=1)" €(a"), i 2 0].

References. Bourbaki [5]; Dascalescu, Néastasescu and Raianu [14]; Lomp
[153]; Montgomery [37]; Nakajima [164]; Pareigis [174]; Sweedler [45]; Wis-
bauer [212].
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16 Trace ideal and integrals for Hopf algebras

Sections 4, 7 and 8 displayed clearly the significance and usefulness of the
dual algebra C* of a coalgebra C' for analysing the structure of C' and of the
category of its comodules M¢. The relationship with C* allows one to turn
questions about the structure of M into questions about modules over C*.
Since a Hopf algebra H is a coalgebra with an additional structure, H* is a
(convolution) algebra, and the results in Sections 4, 7 and 8 can be applied
in particular to comodules of a Hopf algebra. In this section we investigate
the relationship between H and H*. We concentrate on properties that are
typical for Hopf algebras, in particular, on those that are related to Hopf
modules. One of such properties is the fact that the antipode S of H induces
a right H-module structure on H* that makes the rational module Rat (H*)
(cf. 7.1) a right Hopf module.

16.1. Right H-module structure on H*. Let H be a Hopf R-algebra,
locally projective as an R-module, and suppose that R is Noetherian. Let'I' =
Rat™ (H*) be the left trace ideal with the right H-coaction o : T — T ®p H.
Then H* is a right H-module with the multiplication

-~ :H*"®rH— H*, f®aw— S(a)-f.
Ezplicitly, for each ¢ € H (cf. 14.14 for the definition of —),

[f = al(c) = [S(a)~f](c) = f(eS(a))-

(1) For alla € H and g, f € H*,
g% (fera) = Y [(a29) * flevay

(2) With this structure T is a right H-submodule of H* and o' is a Hopf
module structure map.

(3) Hg is finitely generated if and only if H* is a Hopf module.

Proof. Since S is a ring anti-morphism, the definition clearly yields a
right module structure on H*.
(1) Evaluating both expressions at x € H, we obtain

> ([(a2—g) * flma)(z) = 2((az—g) ® f)(215(a12) ® 225(a))
= > g(z15(az)as) f(x25(a1))
= > g(xme(az)) f(z25(ar))
= 2 9(x1)f(x25(a)) = g*(f—a)(z).
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(2) Let f € T and 0" (f) =>_ fo® f1. Forany g € H*, g f = >_ g(f1) fo,
and for all « € H we obtain from (1),

*(fma) = Z[(QQ—fg)(fl)fO a1 = Zg f1a2)(fo—~a1) -

This shows that the left ideal generated by f—a in H* is a submodule of
the R-module generated by the finite family fy— a;. Since R is Noetherian,
H*%(f—a) is a finitely presented R-module and hence f—a € T by 7.5. This
proves that T is a right H-submodule in H*. Furthermore, since the identity
n (1) holds for all g € H*, the local projectivity implies that

o' (fva) = (forsar) ® fraz = 0" (f)Aa,

so that T" is an H-Hopf module with the specified structure maps.

(3) If Hp is finitely generated, then Rat” (H*) = H* is a Hopf module. On
the other hand, if H* is a Hopf module, then in particular it is an H-comodule
and hence Hp, is finitely generated (see 4.7). O

16.2. Coinvariants in H*. Let H be a Hopf R-algebra that is locally projec-
tive as an R-module, and let T = Rat® (H*). Then for allt € T the following
statements are equivalent:

(a) t is a left integral on H;
(b) t € TH,
If R is Noetherian, then (a) and (b) are equivalent to:
(¢c) a: H— H* b t—b, is a left H*-morphism;
(d) B:HxH— R, (¢,d) — (t—d)(c), is an H-balanced bilinear form.

Proof. (a) < (b) By 13.6, (a) implies t € T and o' (t) =t ® 1. This is
equivalent to t € TH (see 14.7).

Now assume that R is Noetherian.

(b) = (c) Let t € T From 16.1 we know that a(t) C T, so that there
is a commutative diagram

[0}

H T t—b

T

H@RHHT(@RH A(b)l—>2t\—sbl®bg,

showing that « is a right H-comodule (hence a left H*-module) morphism.
(c) = (a) Since « is a left H*-module morphism, a(ly) =t € T and
t® 1y = o' (t) (see 13.6).
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(¢) < (d) By definition, (c) is satisfied if and only if
t— (f—=d) = f * (t—d), for d€ H, f € H".
For any c,d € H, f € H*,

Ble=frd) = (td)(c—f) = [f * (t=d)](c),
Ble, f=d) = [t (f=d)](c).

From this the assertion is clear. O

16.3. The trace ideal as projective generator. Let H be a Hopf R-algebra
that is a locally projective R-module, and let T := Rat™ (H*). Consider the
following properties:

(i) T is a projective generator in M,

(1) T is a faithfully projective R-module,

(iii) T is a faithfully flat R-module,

(iv) H is cogenerated by H* as left H*-module.
Then there is a chain of implications (i) = (it) = (iii) = (iv).

(1) If (iii) holds, then S is injective.

(2) If R is a QF ring, then (iv) = (i).

Proof. (i) = (ii) By 3.22, a projective object T" in M is projective
in Mpg. Moreover, T' generates H and hence also R. This shows that 7' is
faithfully projective in Mp.

(i) = (iii) By the Fundamental Theorem 15.5, T'~ T @ H. Since H
and T are faithfully flat R-modules, we conclude that so is 7.

(iii) = (iv) For any ¢t € T the map H — H*, b — t—b, is a left
H*-morphism. Since T°H ® b # 0, for any nonzero b € H, the isomorphism
T @p H — T, t®b+— t—b, implies that there exists t € T such that
t—b # 0. Hence H is cogenerated by H*.

(1) To prove that S is injective take any a € H such that S(a) = 0. Then

T @ a~T" a=S(a)-T" =0.

This implies that a = 0 and hence S is injective.
(2) The implication (iv) = (i) over QF rings will be shown in 16.8. O

16.4. Proposition. Let H be a Hopf R-algebra that is a locally projective
R-module, and let T = Rat"(H*). For the conditions

(i) there exists a generator P in M which is projective in =M,

(ii) M is closed under extensions in g-M,
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(iii) H is a generator in MH
(i) if R is Artinian then T and T°H are faithfully projective as R-modules,
the implications (i) = (it) = (iii) and (it) = (iv) hold true.

Proof. (i) = (ii) is a special case of Corollary 42.18.

(ii) = (iii) By 42.16, T is a generator in M and, by 15.5, H generates
T (as a right Hopf module). Thus H is a generator in M.

(ii) = (iv) Since R is Artinian and H is projective as an R-module, H* is
also a projective R-module. By 7.11, H*/T is flat as a right H*-module and
hence is a direct limit of projective H*-modules, which are also projective
R-modules. Therefore H*/T is projective as an R-module and so is 7. This
also implies that TP is faithfully projective (see 16.3, (ii) = (iii)). O

Although in general left semiperfect coalgebras need not be right semiper-
fect, the above proposition implies that for Hopf algebras over QF rings these
two notions are equivalent.

16.5. Corollary. Let H be a right semiperfect Hopf R-algebra with Hg locally
projective, and let R be a QF ring. Then:

(1) H is cogenerated by H* as a left H*-module.
(2) H is left semiperfect as coalgebra and Rat™ (H*) = HRat(H*).

Proof. (1) follows from 16.3 (iii)=(iv).
(2) As shown in 9.13, (1) implies that H is left semiperfect. Now it follows
by 9.9 that the left and right trace ideals coincide. O

Next we prove a uniqueness theorem for the coinvariants of Hopf algebras
over QF rings.

16.6. Lemma. Let H be a right semiperfect Hopf R-algebra with Hg locally
projective, and let T = Rat™ (H*). If R is a QF ring, then:

(1) for every M € MY that is finitely generated as an R-module,
length z(Hompy-(H, M)) < length (M),

where length (M) denotes the composition length of the R-module M.
(2) In particular, T°" = Ry ~ R, for some x € T<H.
(3) There exists t € T with t(1y) = 1g.
(4) For any x € T" with T*" = Ry, there exists some a € H such that
X—a(lyg) = 1g.

Proof. (1) By 16.4(3), R is a direct summand of 7. By the Funda-
mental Theorem 15.5, this implies that H ~ R ®r H is a direct summand
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of T" @p H ~ T in ME, and hence also in M¥, yielding an epimorphism
Homp« (T, M) — Hompg+(H, M). Under the given conditions, 9.7 implies that

M ~ Hompy-(H*, M) ~ Hompy- (T, M),

and from this the assertion follows.

(2) With the trivial coaction R — R®@r H, 7 — r ® 1y, R is a right H-
comodule. Now (1) implies that length(Homp-(H, R)) < lengthp(R). Since
T = Rat”(H*) by 16.5, we know from 13.6 that Homy-(H, R) = T so
that length,(T°") < length,(R). Since R is a direct summand of T | this
implies that R ~ T,

(3) By 9.6 and 7.11, for any N € M¥, the canonical map T®y- N — N is
an isomorphism. In particular, the map T ®py+« R — R, t@r — t—r = rt(lg),
is an isomorphism. Therefore there exist tq,...,t, € T and ry,...,r, € R,
such that

L=t = é rits(Lu) = [é rits) (1),

=1

Hence t := Y rit; € T and t(1y) = 1g.
i=1
(4) By (2), there exists x € T such that 7" = Ry ~ R. By the
Fundamental Theorem 15.5, the map T°°" @z H — T, x @ h — Y h, is an

isomorphism in MZ. Thus there exists a € H such that x—a = t. O

16.7. Bijective antipode. Let H be a (right) semiperfect Hopf R-algebra
that is locally projective as an R-module. If R is a QF ring, then the antipode
S of H is bijective.

Proof. Let T := Rat”(H*) and let T = Ry (see 16.6). By 16.3, S is
injective. Now, suppose that S(H) # H. Since S(H) is a subcoalgebra, we
may consider it as a left subcomodule of H. Then 0 # H/S(H) € #M, and
hence there is a nonzero morphism w : H/S(H) — E(U) in #M, for some
simple object U with injective hull E(U) in 7M. Since R is a cogenerator in
Mpg, there is an R-morphism « : F(U) — R with cow # 0. The composition
of @ o w with the canonical projection, 7 : H — H/S(H), gives a nonzero
R-morphism A\ := aowon: H— R. Note that KeA D N D S(H), where
Kew = N/S(H). By definition, N C H is a left subcomodule and H/N
is finitely R-generated (since E(U) is). So, by 7.5, A € T and there exists
b € H such that A\ = xy—b. By construction, A\(S(H)) = x—b(S(H)) = 0.
Therefore, for any h € H,

0= x=b(S(h)) = x(S(h)S(b)) = x(5(bh)) = x o S(bh),

and we conclude that y o S(bH) = 0. It is straightforward to prove that,
for the left integral y, the composition y o S is a right integral and hence
xoS(H*~bH) = 0.
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Since H is a progenerator in M# (see 15.5), there exists an ideal J C R
such that the Hopf submodule H*~bH C H is of the form JH, and

0=xoS(H"-bH)=x0S(JH)= JxoS(H).

As we have seen in 16.6, there exists a € H with y o S(a) = 1g. This implies
J =0and bH C JH = 0, that is, b = 0, contradicting the fact that by
construction 0 # A\ = x—b. ad

16.8. Semiperfect Hopf algebras over QF rings. Let H be a Hopf R-
algebra that is locally projective as an R-module, and let T = Rat™ (H*). If
R is a QF ring, then the following are equivalent:

(a) H is a right semiperfect coalgebra;

(b) T is a projective generator in MY ;

(c) T is a faithful and flat R-module;

(d) T is a faithful and flat R-module;

(e) H is cogenerated by H* as a left H*-module (left QcF);

(f) H is projective in M ;

(9) H is a projective generator in M*;

(h) TH = Ry ~ R, for some x € T*H;

(i) T is a flat R-module and the injective hull of R in HM is finitely gen-
erated as an R-module;

(j) there exists a left H*-monomorphism H — H*, that is, H is a left
co-Frobenius Hopf algebra,

(k) H is a left semiperfect coalgebra.

The left-side versions of (b)—(j) are also equivalent to (a).

Proof. (a) = (c) = (d) = (e) We know from 9.6 that M has a
generator that is projective in z+M. So the assertions follows from 16.4.

(e) = (f) = (k) are clear by 16.5 and 9.13.

(a) = (b) Since (a) = (k), we obtain from 9.9 that T is a ring with
enough idempotents. From 9.6 (and [46, 49.1]) we know that 7" is a projective
generator in M (= 7 M).

(a) = (g) The implications (a) = (f) and (a) = (k) imply that H is
projective as a left and right comodule. So, by 9.13 and 9.15, H is a projective
generator in M (and M).

(b) = (a), (g) = (a), and (j) = (e) are trivial, while (a) = (h) is shown
in 16.6(2).

(a) = (i) As mentioned before, 16.4 applies and so Tx is projective, and
by 9.6, injective hulls of simple comodules in M are finitely generated.
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(i) = (c) Let E(R) denote the injective hull of R in "M. Assume it to be
finitely generated as an R-module. Then E(R)* is projective and cogenerated
by T. The inclusion R C E(R)* implies that R is cogenerated by T'. Hence
T is a faithful R-module.

(h) = (j) This follows from the fact that H — H*, b — x—b, is a
monomorphism.

(k) = (a) This follows from (a) = (k) by left-right symmetry. O

Over a field every nonzero vector space is faithfully flat, so 16.8 implies:

16.9. Corollary. For a Hopf algebra H over a field F and T = Rat™ (H*),
the following are equivalent:

(a) H is a right semiperfect coalgebra;

(b) T #0;

(C) TcoH ?é 07.

(d) T is one-dimensional over F;

(e) the injective hull of F in TM is finite dimensional;
(f) H is cogenerated by H* as a left H*-module;

(9) H is projective (and a generator) in MH ;

(h) H is left co-Frobenius;

(i) H is a left semiperfect coalgebra.

The left side versions of (b)—(g) are also equivalent to (a).
If these conditions are satisfied, then the antipode of H 1is bijective.

Definitions. Let B be an R-bialgebra. A left integral t € B* is called a total
left integral on B if t(1p) = 1g or, equivalently, t ot = 1g.

A Hopf algebra H is said to be left (H,R)-cosemisimple if, for any M €
HM, subcomodules of M that are R-direct summands of M are also direct
summands as comodules. H is said to be left cosemisimple if it is semisimple
as a left comodule.

16.10. Total integrals on H. For a Hopf R-algebra H, the following are
equivalent:

(a) there exists a total left integral t on H;
(b) there ezists an R-linear map o« : H @ H — R satisfying

aoA=c¢ and (Ip®@a)o(A®Iy)=(a®Iy)o Iy ®A);

(c) every left H-comodule is (H, R)-cosemisimple;
(d) H is (H, R)-cosemisimple as a left H-comodule.
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Proof. (a) = (b) Let t : H — R be a total left integral on H and
consider the map

o HopnH"S HopHS5 HSR, hoh — t(hS()).

The properties of the antipode immediately imply that
aoA=topo(lg®S)oA=toroec=c.
Furthermore, using 13.6(1), we obtain for all h, ' € H,
(@@ In)Iy @ A)(h@N) = > t(hS(h1))h'y
=) (WS(W)t((RS(H'1))2)H'2
=) S(W)l 5t(haS(H'1))
=) ht(haS(h)) = (In @ Q) (A @ I)(h @ I).
(b) = (c) Suppose there is an R-linear map o : H®r H — R satisfying the
conditions in (b). Let M be a left H-comodule with subcomodule i : N — M,

which is an R-direct summand, that is, there exists an R-linear p : M — N
such that po¢ = Iy. Define

B o= (a®Iy)o(Iy®")o(ly@p)o™: M — N,
m = Y a(m_y ® p(mg)_1)p(mg)o-

We have to show that [ is a left H-comodule morphism satisfying foi = Iy.
Compute

Boi = (a®Iy)o(Ig@™N)o(Ig®@p)oMoi
(a®Iy)o(Ig@MNo)o(Ig®@p)o(Iy ®i)olp
(a®Iy)o(Ig@MN) oM =(a®Iy)o(A®Iy)o™

= (a0 A®Iy)oMNo=(e®1Iy)o™ = Iy.

To verify that 3 is H-colinear, we prove that (I @ ) o Mp = Mo 3. For this
we use the properties of o and compute, for all m € M,

(In @ B) 0 *o(m) = m_y®a(m_y ®p(my)_)p(ma)
= Zp(mg);la(m;l ® p(mg) —2)p(mo)o
= "o B(m),

as required.

(c) = (d) is trivial.

(d) = (a) The map ¢ : R — H is a left H-comodule map that splits as an
R-linear map. Hence there is a left H-comodule morphism ¢ : H — R such
that t ot = 1g, that is, ¢ is a total left integral. ad
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16.11. Corollary. Let H be a Hopf R-algebra with a total left integral over
a semisimple ring R. Then H s a direct sum of simple left comodules, that
18, it is a semisimple right H*-module.

For a Hopf algebra H there is an interesting relationship between integrals
in H and the centre of H ®p H considered as an H-bimodule in the natural
way. Let

Z(HeprH)={ue€ HRrH |hu =uh for all h € H} ~ yHomy(H, H®grH).
16.12. Coinvariants and Z(H ®gr H). Define the R-linear maps

v HH — Z(H@g H), h — (I ® S)A(h),
0: Z(H@RH>—>HH, Zlaz®bl — Zaie(bi),

where '"H = {h € H| for all k' € H, h'h = e(h')h} is the R-module of left
invariants (cf. 14.12). Then § oy = Iny.

Proof. First we need to show that the image of v lies in Z(H ®gz H).
Consider the following equalities for all h € “H and a € H,

®G_ZA ®a2 ZA ®ag:Zalhl®aghg®a§.
Now apply Iy ® S and Iy ® p to obtain

(Un ®S)A(h)a=3"h ®S(hy)Ja = 3 aihy ® S(aghy)az
> aihy ® S(hy)S(az)az
= > ahy ®S(hy) = a(Ig ® S)A(h).

Thus the image of v is in Z(H ®g H), as required. The multiplicativity of €
ensures that the image of § is in #H. Finally, the fact that v is a section of
0 follows immediately from the counit properties and from the counitality of
the antipode. This completes the proof. O

Notice that similar maps exist for the right-hand versions.

16.13. Separable Hopf algebras. For any Hopf R-algebra H, the following
are equivalent:

(a) H is a separable R-algebra;

(b) H is left (right) (H, R)-semisimple;

(c) R is projective as a left (right) H-module;

(d) there exists a left (right) integral h in H with e(h) = 1.
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Proof. (a) = (b) = (c) are well known in classical ring theory.

(¢) = (d) Since R is a projective left H-module, the counit ¢ : H — R
is split by a left H-module morphism o : R — H. Then a(1z) € #H and
e(a(lg)) = 1g, that is, a(1g) is a normalised left integral in H (see 14.12).
Similar arguments apply for the right-hand case.

(d) = (a) Take any h € “H with e(h) = 1z. Then v(h) = (Ig ®S)A(h) €
Z(H @ H) (see 16.12) and

p(y(h)) = " hiS(hy) = e(h) = 1p.
Therefore v(h) is a separability idempotent. 0

Recall that a separable R-algebra that is projective as an R-module is a
finitely generated R-module. In particular, if R is a field, we obtain

16.14. Separable Hopf algebras over fields. For any Hopf algebra H
over a field F', the following are equivalent:

(a) H is a separable F-algebra;

(b) H is semisimple as a left (or right) H-module;

(c) F is projective as a left (or right) H-module;

(d) there exists a left (right) integral h € H with e(h) # 0.

Remarks. The assertions of 16.10 were proved in [148, Theorem]. The
uniqueness of integrals of Hopf algebras over fields (see 16.6) was shown in
[191]. Our proof adapts techniques of the proof given in [60, Theorem 3.3].

It was shown in [177, Proposition 2] that for semiperfect Hopf algebras
over fields the antipode is bijective. The original proof was simplified in [88].
We essentially followed these ideas to prove the corresponding result for Hopf
algebras over QF rings in 16.7.

Some of the equivalences given in 16.9 appear in [152, Theorem 3|. The
characterisation of these algebras by (g) is given in [191, Theorem 1] and
for affine group schemes it is shown in [109]. The characterisation of Hopf
algebras in 16.13 is taken from [153].

16.15. Exercises
Let H be a Hopf R-algebra that is finitely generated and projective as an R-
module. Prove:
(i) The antipode S of H is bijective.
(ii) The right coinvariants (H*)*H of H* form a finitely generated projective
R-module of rank 1.
(iii) If (H*)*H ~ R, then H ~ H* as left H-modules (that is, H is a Frobenius
algebra).

References. Beattie, Dascalescu, Griinenfelder and Nastasescu [60]; Déas-
calescu, Nastasescu and Raianu [14]; Larson [148]; Lomp [153]; Menini, Tor-
recillas and Wisbauer [157]; Pareigis [173]; Sullivan [191].
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Chapter 3

Corings and comodules

Our adventure with corings starts here. Corings should be seen as one of the
most fundamental algebraic structures that include rings and coalgebras as
special cases. They appear naturally in the following chain of generalisations:
coalgebras over fields; coalgebras over commutative rings; and coalgebras
over noncommutative rings (= corings). The scope of applications of corings
is truly amazing, and their importance can be explained at least on two
levels. First, corings are a “mild” generalisation of coalgebras, in the sense
that several properties of coalgebras over commutative rings carry over to
corings. In particular, various general properties of corings can be proven
by using the same techniques as for coalgebras over rings. From this point
of view the step from coalgebras over fields to coalgebras over commutative
rings is much bolder and adventurous than that from coalgebras over rings
to corings. Second, the range of problems that can be described with the use
of corings is much wider than the problems that could ever be addressed by
coalgebras. In situations such as ring extensions, even if a commutative ring
is extended, one will always require corings. In addition to all this, the theory
of corings also has an extremely useful unifying power. We shall soon see that
several results about the structure of Hopf modules (cf. Section 14), including
the Fundamental Theorem of Hopf algebras 15.5, and their generalisations to
different classes of Hopf-type modules, are simply special cases of structure
theorems for corings.

In this chapter we outline the scenery for the theory of corings. We stress
the relationship between corings and coalgebras over rings, and thus the pat-
tern of our presentation follows that of Chapter 1. We often use the same or
very similar techniques as in Chapter 1 to prove more general results about
corings. At the same time we indicate the differences and pay particular at-
tention to several fine points arising from the noncommutativity of the base
algebra. Section 24 has the full coring flavour: we discuss the effects of the
change of base for the corings and their comodules.

In the present chapter we concentrate on the theory of corings and their
comodules. Examples can be found in Chapter 4 and, specifically, in Chapters
5 and 6. Throughout, R denotes a commutative and associative ring with a
unit and A an associative R-algebra with a unit.

169
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17 Corings and their morphisms

Extending the notion of an R-coalgebra to noncommutative base rings leads
to corings over an algebra A. They are based on bimodules over A (instead
of R-modules). The formalism related to the basic notions is very much the
same as for coalgebras, except that we have to pay attention to the left-sided
and right-sided properties of the bimodules.

The notion of a coring can be viewed as an example of a coalgebra in
a monoidal category also called a tensor category (see 38.31). For this the
category of (A, A)-bimodules 4M, is taken with the usual tensor product
over A, and the neutral object is A itself. Thus an A-coring is simply a
coalgebra in the monoidal category (4Ma4, ®4, A). More explicitly, we have
the following definition.

17.1. Corings. An A-coring is an (A, A)-bimodule C with (A, A)-bilinear
maps
A:C—-C®sC and e:C— A,

called (coassociative) coproduct and counit, with the properties

(Ie®@A)oA=(A®Ic)oA, and ([c®e)oA=Ic=(e®I)oA

These can be expressed by the commutativity of the diagrams

A

C = C®sC C C®aC
Ai lfcm AJ{ X J/E@Ic
Co,.C22cw,couC, Co.Cl%2 ¢,

As for coalgebras, we will use the ¥-notation, writing for ¢ € C,

k

Al)=) a@&=) a®ao,

i=1

and — again as for coalgebras — the coassociativity of A is expressed by the
formulae

Zé(cﬁ@c; = ZCQ@CQ@CQ = ch®02®6§
= Y a®c®c = ) a®Ale),

and the conditions on the counit are

D ele)ey=c=Y_cieley).



17. Corings and their morphisms 171

17.2. Base ring extension. Given an R-algebra morphism ¢ : A — B, any
B-module has a natural A-module structure, and for an A-coring C, the map

V:C—-C®4C—-CR4B®4C, CHch(g)czHch@lB@%
induces a comultiplication and a counit,
Apep =109 RIp: B4CR®y B —>BR,4CR@4B®s4CR4 B,

e:BR4C®4B— B, b@cxb — be(c)b,

which makes BCB = B ®4 C ®4 B a B-coring, called a base ring extension
of C (compare 1.4 for the commutative case).

Let us consider some examples of corings.

17.3. The trivial A-coring. The algebra A is a coring with the canonical
isomorphism A — A ®4 A as a coproduct and the identity map A — A as a
counit. This coring is known as a trivial A-coring.

17.4. Coring defined by preordered sets. Let G be a set and Q C G x G
a relation on G that is reflexive, transitive and locally finite; that is, for any

g,h € G,

w(g,h) ={f €G|(g,f) € Qand (f,h) € Q} is a finite set.

For any ring A, let C = A@ be the free left A-module with basis @ and
consider C as an A-bimodule by

(DY an(gr, i) =Y aan(gr, k), (D ax(gr )b =D axblgr, ),

where (gx, hy) € @ and all a, and a, b are in A.
Define comultiplication and counit by the (A, A)-bilinear maps

A:CHC(@AC, (gah)HZfew(g,h)(gaf)(@(fvh):
§:C_>Aa (gah)H gh> for (gvh)€Q7

where 0,45, is the Kronecker symbol. Now, transitivity of () implies that A is
coassociative, and reflexivity of () implies that € is a counit. Hence C is an
A-coring. Notice that C is generated by A as an (A, A)-bimodule.

Putting @ = {(g,9) | ¢ € G} in the above example, we obtain the

17.5. Grouplike coring on a set G. For any set G, C = A® is an A-coring
by the comultiplication and counit

A:C—C®sC, gr—g®y,
e:C— A g— 1y forgedG.
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We have seen in 1.9 that finitely generated projective R-modules lead
to interesting examples of coalgebras. For bimodules, a similar construction
provides important corings.

17.6. Coring of a projective module. For R-algebras A, B, let P be a
(B, A)-bimodule that is finitely generated and projective as a right A-module.
Let p1,...,pp € Pand my,...,m, € P* = Homy (P, A) be a dual basis for Pj.
Then there is a (B, B)-bimodule isomorphism

P®s P*— Enda(P), p® f—[q¢— pf(q)]

Furthermore, the (A, A)-bimodule P* ®p P is an A-coring with coproduct
and counit defined by

A:P*®@pP — (P*@pP)®a(P*®pP), fRp—Y [fOpmQp,
e PPgp P — A, f®p|—>f(p).

Note that A is well defined. Indeed, denote the endomorphism ring
End4(P) by S. Using the above isomorphism, we can identify (P* ®p P) ®24
(P* ®p P) with P* ®p S ®p P and the map A with f®@p — f® 15 ®p.
The latter is well defined since the canonical map B — S (provided by left
multiplication) is an algebra map. This also shows that A is independent of
the choice of the dual basis for P4. Clearly, A is coassociative. The dual
basis property implies that ¢ is a counit.

As a special case we may consider the (A, A)-bimodule P = A", for n € N.
Then P* ®4 P can be identified with the ring M, (A) of all n x n matrices
with entries from A, and this leads to the matrix coring. Notice that this can
also be derived from the construction in 17.4.

17.7. Matrix coring. Let {e;;}1<ij<n be the canonical A-basis for M,(A)
and define the coproduct by

é . Mn(A) — Mn(A) Xa Mn(A) N Zkeik X €kj

and the counit by € : M,,(A) — A : e;; — 0;;. The resulting coring is called
the (n,n)-matriz coring over A and is denoted by MS(A).

Notation. From now on A will always denote an associative R-algebra
with unit (A, pu,:) and C will stand for a coassociative A-coring (C, A, ¢).
Z(S) denotes the centre of any ring S. The A-linear maps C — A have ring
structures that allow one to describe properties of the coring itself, and we
put

C*=Homy(C,A), *C = sHom(C,A), *C* = 4Homu(C,A) =*CNC".
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17.8. The dual rings.
(1) C* is a ring with unit € by the product (for f,g € C*, c€C)

f*”g:CAC@AC%C A, [+ g(c) Zg (c1)ca),
and there is a ring anti-morphism ig : A — C*, a v+ g(a—).
(2) *C is a ring with unit € by the product (for f,g € *C, c € C)

Ic®g

f+g: Cc=ce ce L, A, (o) Zf01902

and there is a ring anti-morphism iy : A — *C, a — g(—a).
(3) *C* is a ring with unit £ by the product (for f,g € *C*, c € C)

= fleDg(er),

and there is a ring morphism Z(A) — Z(*C*), a — g(a—) = &(—a).
(4) There are inclusions Z(*C) C Z(*C*) and Z(C*) C Z(*C*).

Proof. (1) For every ¢ € C and f € C*,

frele) =2 elfle)er) = fle), e+ fle) =2 flele)er) = f(e),

showing that ¢ is the unit in C*. Associativity of the product follows from
the equalities, for f,g,h € C*, c € C,

[ (g"h)(c) = 32 h(g*" fle)er) = D2 h(g(f(cr)ez)es)
= > g+ h(f(c)ex) = (f +"g) +" h(c).

Finally, for all a,a’ € A and ¢ € C we compute
(ir(a) ¥"ir(a’))(c) = Yl ir(d)(ir(a)(cr)cr) = doela’e(acy)cy)
= g(d'ac) = ig(d'a)(c).

This proves that ¢z is an anti-algebra map.

Similar computations show that *C is an associative algebra and that iy,
is an algebra anti-morphism, thus proving (2) and (3).

(4) For f € Z(*C), a € A, and ¢ € C,

flea) = f+ e(—a)(c) = e(—a) ¥' f(c) = f(c)a,

which shows f € C* and hence Z(*C) C *C*. This obviously implies Z(*C) C
Z(*C*). Similarly we get Z(C*) C Z(*C*). 0

Of course, if A = R, then C* = *C = *C*, and 17.8 reduces to 1.3.
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17.9. Dual rings of a coring associated to a projective module. Con-
sider the A-coring P*®pg P of Example 17.6. Its left dual algebra is isomorphic
to gEnd(P) by the bijective maps

“(P*®p P) = sHom(P* ®p P, A) ~ gHom(P,*(P*)) ~ gEnd(P),

which yield a ring isomorphism provided the product in gEnd(P) is given by
the composition ¢’ = ¢ o ¢'. Explicitly, the isomorphisms are given by

sEnd(P) = *(P*@p P), ¢ = [f@p— flep))]

and the inverse { — [p +— Y. p;£(m; ® p)], with {p;, 7;} a dual basis of Py.
For the right dual algebra there are the isomorphisms

(P* ®p P)* = Homu(P* ®@p P, A) ~ End(P*).

It is interesting to observe how a dual of a ring extension can be made into
a coring provided suitable finitely generated projective module type assump-
tions are made. This is well known and straightforward to see for the dual
of algebras but needs some more care over noncommutative rings. The con-
struction goes under the name of the dual coring theorem. First we consider
the following situation.

17.10. Ring anti-morphism. Let ¢ : A — S be a ring anti-morphism and
as usual view S as an (A, A)-bimodule with left and right multiplication of
s€Shbyabe A,

as = sp(a), sb= ¢(b)s.

Note that on the right-hand sides the product in S is used. Since S is an
(A, A)-bimodule, one can consider two types of dual bimodules, the right dual
with left and right A-action

S* = Homyu(S, A), (acb)(s) = ac(bs) = ac(sp(b)), for o € S*,
and the left dual with multiplications
*S = sHom(S, A), (aob)(s) = o(sa)b= o(¢(a)s)b, for o €S.
Given the above situation, S* and *S are corings under suitable conditions.

17.11. Dual coring theorem. Let ¢ : A — S be an algebra anti-morphism.

(1) If S is a finitely generated projective right A-module, then there is a
unique A-coring structure on S* whereby the evaluation map

B:S—*(S*) = sHom(Homy(S, A), A), s+ [0+ o(s)],
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is an algebra isomorphism. Here *(S*) has an algebra structure as in
17.8, and the following diagram, where iy, is as in 17.8(2), commutes:

A ° S
N

(2) If S is a finitely generated projective left A-module, then there is a
unique A-coring structure on *S whereby the evaluation map

f:S — ("S)" = s2Hom(Homy(S, A), A), s+ [0+ o(s)],

is an algebra isomorphism. Here (*S)* has an algebra structure as in
17.8, and the following diagram, where ig is as in 17.8(1), commutes:

A ’ s
k(*S)*% :

Proof. (1) Write C = S* and define ¢ : C — A by ¢ — ¢(lg). Then, for
a,be Aand c €,

g(ach) = achb(lg) = ac(p(b)) = ac(lsb) = ac(lg)b = ag(c)b,

where we used that ¢ is a right A-module map ¢ : S — A. Thus ¢ is an
(A, A)-bimodule morphism. Since S is a finitely generated projective right
A-module, the natural map

0:5 @45 — Homuy(S®4S,4), c®@ac —[s®@a5 — c(d(s)s)],
is an (A, A)-bimodule isomorphism with the inverse map
67! Homu (S ®4 9, A) — S*®@, 5%, o+ 0(5;@4 —) @4 ",
where {s;}icr C S, {¢'}icr € S* =C is a dual basis in S. Consider the map
k:C — Homy(S®45,A), c—[s®a8 — c(s's)].

First note that  is well defined, that is, x(c) is a right A-module map for
any ¢ € C. Indeed,

k(e)(s®@as'a) = c((s'a)s) = c(p(a)s’s) = c((s's)a) = c(s's)a = k(c)(s @48 )a,
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for all 5,8 € S and a € A. Then note that x is an (A, A)-bimodule map,
since, for all a,b € A, s,s' € S and ¢ € C,

k(ach)(s @4 8") = (acb)(s's) = ac(s'sp(a)), and
(ar(c)b)(s @4 8') = ar(c)(bs ®4 8') = ak(c)(sd(b) ®4 §') = ac(s'sp(a)).

Thus we can define an (A, A)-bimodule map A =60"1ox:C — C®,C.
Evaluated at s ® s’ € S®4 S, for ¢ € C, the map A(c) € C ®4 C reads,

A(Q)(s ®5') = c(s's).

The associativity of the product in S implies the coassociativity of A. Simi-
larly, the fact that 1g is a unit in S implies that ¢ is a counit for A. In this
way a coring structure on C = S* has been constructed.

Now we look at the map 3, which is well defined since, for all ¢ € S*,
a€Aand se S,

B(s)(ac) = (ac)(s) = ac(s) = af(s)(c),

that is, for all s € S, ((s) is a left A-module map S* — A. It is a bijection
since Sy is a finitely generated and projective module. We need to show that

(3 is an algebra map, where *C = *(S*) has the algebra structure given in
17.8(2). Recall that the product in *C is given by

(f+ g)(c) =3 flag(e)), forall f,ge*C, ceC.

In particular, using the explicit form of 6! given in terms of a dual basis in
S, for all s,s" € S, we obtain

(B(s) ' B(s))(e) = 32 B(s)(erB(s)(e2)) = 3 (e
= 2 (aa(®)(s) = c'(s
= Yiclssic'(s) = c(ss') = 8

Therefore (8 is a ring morphism, as claimed.

The uniqueness of A and ¢ follows directly from their construction. Fi-
nally, recall that, for all ¢ € C and a € A, iL(a)(c) = g(c)a, but note also
that

B(e(a))(c) = c(¢(a)) = c(lsa) = c(1s)a = g(c)a,

so that 0 o ¢ =i, as required. This completes the proof of the first part of
the theorem.
(2) This is proven in a way similar to the proof of part (1). 0
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17.12. Coring morphism. Given two A-corings C,C’, an (A, A)-bilinear
map f:C — (' is said to be a coring morphism provided the diagrams

C —f> c C *f> c'
RN
co, C 2L e, A

are commutative. Explicitly, we require that
ANof=(fef)oA and £of=¢,

that is, for all ¢ € C,

Y fley@flea) =) fle)i® f(e)s, and  £(f(e) =ele).

Notice that for a coring morphism f : C — C’ that is bijective, the inverse
map f~!:C" — C is again a coring morphism (see Exercise 2.15(2)).

As shown in 17.8, the contravariant functors Hom4(—, A) and 4Hom(—,A)
turn corings into rings. They also turn coring morphisms into ring morphisms.

17.13. Duals of coring morphisms. Let f : C — C' be an A-coring
morphism. Then the following maps are ring morphisms:

Homa(f, A): C™ — C*,
aHom(f, A): *C"—=*C. g gof,
aHomy(f, A) 1 *C"™ — *C*.

Proof. For g,h € C* and c € C,

(g h)o fle) = > hg(f(er))f(c2))

= 2 hof(gofle)ep) = (9o f) " (ho f)(c),

where we used the fact that f is an (A, A)-bimodule map to derive the second
equality. The other assertions are shown by similar computations. O

Coideals of an A-coring C are defined as the kernels of surjective A-coring
morphisms C — C'.

17.14. Coideals. For an (A, A)-sub-bimodule K C C and the canonical
projection p : C — C/K, the following are equivalent:

(a) K is a coideal;

(b) C/K has a coring structure such that p is a coring morphism;

(¢) A(K) C Ke(p®p) and e(K) = 0.
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If K C C is left and right C-pure as an A-module, then (c) is equivalent to:
(d) A(K) CC®a K+ K®4C and g(K) =0.

Proof. In the proof of 2.4, the commutativity of the base ring is of no
relevance, and hence this proof can be transferred to 4M 4. O

17.15. Factorisation theorem. Let f : C — C' be a morphism of A-corings.
If K C C is a coideal and K C Ke f, then there is a commutative diagram of
coring morphisms

¢ - C/K
N
c .
To show this we refer the reader to the proof of 2.5, and for our next
observation the proof of 2.6 applies.

17.16. The counit as coring morphism. For any A-coring C,
(1) € is a coring morphism.

(2) If € is surjective, then Kee is a coideal.

17.17. Subcorings. We call an (A, A)-sub-bimodule D C C a subcoring,
provided D has a coring structure such that the inclusion map is a coring
morphism. The image of any A-coring map f : C — C’ is a subcoring of C’.
To characterise sub-bimodules as subcorings, purity conditions on both sides
are needed.

An (A, A)-sub-bimodule D C C that is pure both as a left and as a right
A-module is a subcoring provided that Ap(D) € D®4D C C®4C and
glp: D — Ais a counit for D.

Since the coproduct of bimodules is also based on the coproduct of Abelian
groups, it is straightforward to obtain the

17.18. Coproduct of corings. For a family {Cy}a of A-corings, consider
C=@,C,iy:Cy— C the canonical inclusions and the (A, A)-bilinear maps

AAZC)\—>C)\®C)\CC®C, §/\IC>\—>A.

By properties of coproducts of (A, A)-bimodules there exist unique (A, A)-
bilinear maps

A:C—-C®sC with Aoiy=A47,, £:C— A with co0iy =¢,.

(C, A, ¢) is the coproduct of the corings C, in the category of A-corings.
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Similarly, the direct limit of A-corings can be obtained by the correspond-
ing construction for (A, A)-bimodules (compare 2.11).

Remarks. The notion of a coring was introduced by Sweedler in [193] but
can be traced back to the work of Jonah [22] on the cohomology of coalgebras.

The coring associated to a finitely generated projective module as in 17.6
was introduced by El Kaoutit and Gémez-Torrecillas in [111] and was termed
comatrix coring there.

The construction in 17.11 was first considered by Sweedler in [193].

References. Brzezinski [73]; El Kaoutit and Goémez-Torrecillas [111];
Guzman [126]; Sweedler [193]; Wisbauer [212].
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18 Comodules over corings

Following the pattern for comodules over R-coalgebras C', we introduce and
study right (left) comodules over any A-coring C. The structure of the cate-
gory of right (left) C-comodules is very similar to the structure of comodules
over an R-coalgebra C'; in particular, it depends on the A-module properties
of C in a significant way. Thus the discussion of this dependence in the case
of R-coalgebras presented in Section 3 comes in very handy here. Similarly
as for comodules of coalgebras, it will turn out in Section 19 that comodules
of corings C are closely related to modules over the dual algebras. In the case
of corings there are two dual algebras (cf. 17.8), *C and C*, and the right
C-comodules are left modules of the former while the left comodules are right
modules of the latter.
Throughout, (C, A, g) denotes an A-coring.

18.1. Right C-comodules. Let M be a right A-module. An A-linear map
M M — M ®4C is called a right coaction of C on M and is said to be
coassociative and counital, provided the diagrams

QAI QM
M M®aC M —M®®sC
QJM\L ilM@A \ \LIJM@&
]M®C
M@ACHM@)AC@AC M

are commutative. Adopting the notation from comodules over coalgebras (see
3.1) we write, for all m € M, o™ (m) =3 mg®@m;. Then the commutativity
of the above diagrams means explicitly

ZQM(mg)®m1 Zmo®A my) Zmo®m1®m27

where the last expression is a notation and m = > mee(my). An A-module
with a coassociative counital right coaction is called a right C-comodule.

18.2. Comodule morphisms. A comodule morphism f : M — N between
right C-comodules is an A-linear map f inducing a commutative diagram

f

N

Al
Mo, cl2 Ne,C,

which means o™ o f = (f ® I¢) o o™ and, for any m € M (as in 3.3),

D Fm)e® f(m)y =" f(mg) @ my.
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Instead of comodule morphism we will also say C-morphism or (C-)colinear
map. The set Hom® (M, N) of C-morphisms from M to N is an Abelian group,
and it follows from the definition that it is determined by the exact sequence
in MR,

0 — Hom®(M, N) — Homu (M, N) — Homy (M, N ®,C),

where y(f) = o™ o f — (f®1¢) 0 oM, or, equivalently, by the pullback diagram

Hom®(M, N) Hom (M, N)

| -

_ oM
Homa (M, N) (Fele)ee Homu (M, N ®4C).
The category of right C-comodules and comodule morphisms is denoted by
MC. Since Hom®(M, N) is an Abelian group for any right comodules M, N,
MC is a preadditive category.

18.3. Left C-comodules. Symmetrically, a left C-comodule is defined as a
left A-module M with a coassociative and counital left C-coaction, that is,
an A-linear map o : M — C ® 4 M for which

(A ILy)oMo=(Ic@™) oM, (e®Iy)oM =1y

For m € M we write Mp(m) = 3" m_; ® myg, and the above conditions are
expressed by m =) g(m_;)mg and

> mo @M =Y Am_)@mp=Y» m_@m_; @my.

C-morphisms between left C-comodules M, N are defined in an obvious way,
and the R-module of all such C-morphisms is denoted by “Hom (M, N). Left
C-comodules and their morphisms again form a preadditive category that is
denoted by “M.

18.4. (C,C)-bicomodules. An (A, A)-bimodule M that is a right C-como-
dule and left C-comodule by o™ : M — M ®4,C and M : M — C @4 M
respectively, is called a (C, C)-bicomodule provided it satifies the compatibility
condition

(Ie®o") oMo = ("o® Ic) 0 o™
Morphisms f: M — N of bicomodules are maps that are both left and right
C-colinear, and the R-module of all these maps is denoted by “Hom® (M, N).

With these morphisms the (C, C)-bimodules form a preadditive category that
we denote by ‘MC.
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Clearly C itself is a (C,C)-bicomodule by the structure map A. More
generally, bicomodules over different corings are considered in Section 22.

18.5. Comodules of a trivial coring. View A as a trivial A-coring
as in 17.3. Let M be a right A-module. By the canonical isomorphism
M ®4 A >~ M, right A-coactions in M are identified with right A-module
endomorphisms of M. Any such endomorphism o™ € End4 (M) is coassocia-
tive, while the counit property requires that o™ = I,;. Thus the category of
right A-comodules M is the same as the category of right A-modules M.
Similarly, the category of left A-comodules can be identified with 4M and
the category of (A, A)-bicomodules is just 4My.

As for corings, several constructions for C-comodules are built upon the
corresponding constructions for A-modules. Recalling the diagrams in 3.5 we
obtain

18.6. Kernels and cokernels in MC. For any f : M — N in M, the factor
module N/Im f in M4 has a comodule structure such that the projection
g: N — N/Im fis a cokernel of f in M®. This means that MC¢ has cokernels.

A similar construction yields kernels for morphisms f : M — N in MC¢
provided that f is C-pure as a right A-morphism. This shows in particular
that MC is an Abelian (in fact, Grothendieck) category provided C is flat as
a left A-module.

18.7. C-subcomodules. Let M be a right C-comodule. An A-submodule
K C M is called a C-subcomodule of M provided that K has a right comodule
structure such that the inclusion is a comodule morphism. A C-pure A-
submodule K C M is a subcomodule of M provided ¢*(K) C K ®4C C
N®C. Notice that the kernel K in M 4 of a comodule morphism f : M — N
need not be a subcomodule of M unless it is a C-pure A-submodule (compare
the discussion in 3.6).

The coproduct of A-modules also provides the coproduct for C-comodules
(compare 3.7).

18.8. Coproducts in M. Let {M,}, be a family of C-comodules. For
M =@, M, in M4, the canonical maps

o My — My®,CC M®4C

yield a unique right A-module morphism o™ : M — M ® 4 C which makes M
a right C-comodule such that the inclusions M) — M are C-morphisms. This
is obviously the coproduct of { M)}, in M.

As for comodules over coalgebras, an important class of C-comodules is
obtained by tensoring A-modules with C. More precisely, the arguments from
3.8 yield the following.
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18.9. Comodules and tensor products. Let M € M€ and [ : X — X' in
My. Then:

(1) X ®4C is a right C-comodule by
Ix@A: X®4C— X®1C®aC,

and the map fRIc: X @4C — X' @4 C is a C-morphism.

(2) For any index set A, AN @, C ~ CN, and there ewists a surjective
C-morphism
CN) S M®aC, for some A

(3) The structure map o™ : M — M ®4 C is a comodule morphism, and
hence M is a subcomodule of a C-generated comodule.

(4) Let B be an R-algebra such that M is a (B, A)-bimodule and o™ 1is
(B, A)-linear. Then, for any Y € Mg, the right A-module Y ®p M is
a right C-comodule by

Iy YRM—->Y 5 M®,C.

As for coalgebras, relations between the Hom and tensor functors are of
fundamental importance for corings.

18.10. Hom-tensor relations for right C-comodules. Let A, B be R-
algebras, M, N € MC¢, and X € M.

(1) There is a bijective R-linear map
¢ : Hom®(M, X ®4C) — Homy (M, X), f+— (Ix ®¢€)o f,

with inverse map hw— (h® I¢) o oM.

(2) Suppose that M is a (B, A)-bimodule such that 0™ is also B-linear, and
view Hom® (M, N) as a right B-module via (hb)(m) = h(bm). Then, for
any Y € Mp, there is a bijective R-linear map

¢ - Hom®(Y @ M, N) — Homp (Y, Hom® (M, N)), g — [y — g(y®—)],
with inverse map h— [y @ m— h(y)(m)].

Proof. (1) The proof of 3.9(1) can be transferred to noncommutative
base rings.

(2) By the Hom-tensor relations for modules, there is an isomorphism of
R-modules

¥ : Homa (Y ®p M, N) — Hompg(Y,Homa (M, N)), g+ [y — gy ® —)].
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For all y € Y, the commutativity of the diagram

M e Y @ M —— Yy ®m

m
@Ml ihv@gM I I
®—)R1c

M®,C Y @5 M @4 C oM (m) ——y @ o™ (m)

implies that the map y ® — is a C-morphism. So, for g € HomC(Y ®p M,N),
the composition g o (y ® —) is a C-morphism, too.

On the other hand, for any h € Homp(Y, Hom®(M, N)) there is the com-
mutative diagram

Y @5 M N Yy ®@m ———— > h(y)(m)

ol e |

Y@pM®AC—>N®AC y© o (m) — (h(y) @ Ic) o ™ (m).
This shows that ¢~ '(h) lies in Hom®(Y ® 5 M, N) and implies that v induces
a bijection Hom®(Y ®5 M, N) — Hompg(Y, Hom® (M, N)), as required. O

We also state the left-hand version of these relations for completeness.

18.11. Hom-tensor relations for left C-comodules. Let A, B be R-
algebras, M, N € °M, and X € 4M.

(1) There is an R-isomorphism
¢ “Hom (M,C @4 X) — sHom(M,X), f+ (e®Ix)o f,

with inverse map h — (Ic ®4 h) o M.

(2) Suppose that M is an (A, B)-bimodule such that o is also B-linear.
Then, for any Y € gM, there is an R-isomorphism

¢/ : CHOIII(M@BY, N) - BHOIH(Y,CHOIH(M, N))7 g [ZE = g(-@l‘)],
with inverse map h v+ [m ® x +— h(z)(m)].

Putting X = A and M = C in 18.10 or 18.11, the isomorphisms ¢ and ¢’
describe comodule endomorphisms of C.

18.12. Comodule endomorphisms of C.
(1) There is an algebra anti-isomorphism o : End®(C) — C*, f + co f,
with inverse map h— (h® I¢) o A.

(2) There is an algebra isomorphism ¢’ : “End(C) — *C, f — go f, with
inverse map h — (Ic ® h) o A.
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(3) ¢ and ¢’ are homeomorphism with respect to the finite topologies.

Proof. (1) Definition and bijectivity of the maps follow by 18.10.
Let f, g € End®(C). Recall that (f ® Ic) o A = A o f and consider the
product, for ¢ € C,

(o f)*"(eog)(c) = > eogleo fler)er)
= coglle®Ie)o(f®Ic)oAc)]
= coglle®le)oAo f(c)]
= go(gof)(c).

Clearly the unit of End® (C) is mapped to the unit of C*, and this shows that
@ is an algebra anti-isomorphism.
Part (2) is symmetric to (1), and for (3) adapt the proof of 3.12(3). O

Notice that in 18.12 the morphisms are written on the left side of the
argument. Writing morphisms of right comodules on the right side yields an
isomorphism between C* and End® (C). We summarise the preceding obser-
vations on the category of comodules.

18.13. The category MC.

(1) The category MC has direct sums and cokernels, and C is a subgenerator.
MC has kernels provided C is a flat left A-module.

(2) The functor —®4C : M4 — MC is right adjoint to the forgetful functor
(—)a: MC¢ — My.

(8) For any monomorphism f: K — L in My,

fIe: K®aC—LosC

is a monomorphism in MC.

(4) For any family {My}a of right A-modules, ([1y Mx)®a4C is the product
of the My ®4 C in MC,

Proof. In view of the preceding observations on C-comodules, the proof
of 3.13 can be suitably modified. O
As indicated in 18.13(1), the category of right C-comodules has particu-

larly nice properties when C is a flat left A-module.

18.14. C as a flat A-module. The following are equivalent:
(a) C is flat as a left A-module;
(b) every monomorphism in MC is injective;

(c) every monomorphism U — C in MC is injective;
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(d) the forgetful functor (=) : M€ — My respects monomorphisms.
If these conditions hold, then MC is a Grothendieck category.

Proof. As shown in 18.13(3), the functor — ®4 C preserves monomor-
phisms. Now the proof of 3.14 can be transferred. a

18.15. — ®4 C as left adjoint functor. If the functor — ®4C : My — MC¢
is left adjoint to the forgetful functor (—)a : MC — My, then C is finitely
generated and projective as a left A-module.

Proof. By 18.13 and 18.14, the proof for coalgebras 3.15 applies. O
The proof of 3.16 can be repeated to give the following finiteness property.

18.16. Finiteness Theorem (1). Assume the coring C to be flat as a left
A-module and let M € MC. Then every finite subset of M is contained in a
subcomodule of M, which is contained in a finitely generated A-submodule.

If 4C is flat, we can work with short exact sequences in MC. Referring to
the characterising sequence of the morphisms in 18.2, we obtain

18.17. Exactness of the HomC-functor. Let 4C be flat and M € MC.
Then:

(1) Hom®(—, M) : M® — My, is a left exact functor.

(2) Hom®(M, —) : M€ — Mg, is a left ezact functor.
Proof. The diagrams in the proof of 3.19 can be constructed in this
more general situation and the same arguments apply. O

As for coalgebras, a comodule M € MC is termed an A-relative injective
comodule or a (C, A)-injective comodule provided that, for every C-comodule
map ¢ : N — L that is a coretraction in M4, every diagram

%

N

M

L

in MC can be completed commutatively by some ¢ : L — M in MC.
18.18. (C, A)-injectivity.
(1) For any M € MC, the following are equivalent:
(a) M is (C, A)-injective;

(b) any C-comodule map i : M — L that is a coretraction in My is
also a coretraction in MC;



18. Comodules over corings 187

(c) o™ : M — M ®4C is a coretraction in MC.
(2) For any X € My, X ®4C is (C, A)-injective.

(3) If M € MC is (C, A)-injective, then, for any L € MC, the canonical
sequence (see 18.2)

0 — Hom®(L, M) ——> Homu(L, M) —> Hom(L, M ®4 C)

splits in Mp, where B = End®(L) and v(f) = o™ o f — (f ® I¢) o o*.
D Y % %

Proof. In the proof of 3.18, R can be readily replaced by A. ad

Let 4C be flat. Then a short exact sequence in MC is called (C, A)-ezact
provided it splits in M 4. A functor on MC is said to be left (right) (C, A)-
exact if it is left (right) exact on short (C, A)-ezact sequences. It is obvious
that a comodule M is (C, A)-injective if and only if the functor Hom®(—, M)
is (C, A)-exact.

An object Q € MC is injective in MC if, for any monomorphism f : M —
N in M€, the canonical map Hom®(N, Q) — Hom® (M, Q) is surjective. If 4C
is flat, injectives @ € MC are characterised by the exactness of Hom®(—, Q).

18.19. Injectives in MC. Assume 4C to be flat.
(1) If X is injective in My, then X ®@4 C is injective in MC.
(2) If M is (C, A)-injective and injective in M4, then M is injective in MC,
(3) If A is injective in My, then C is injective in MC.

Proof. (1) This follows from the isomorphism in 18.10(1).

(2) Let M be injective in M 4. Then, by (1), M ®4 C is injective in M€,
and, by 18.18, M is a direct summand of M ® 4 C as a comodule and hence
it is also injective in MC.

(3) This is a special case of (1). 0

An object P € MC is projective in MC if, for any epimorphism M — N
in M, the canonical map Hom®(P, M) — Hom®(P, N) is surjective.

18.20. Projectives in MC. Consider any P € MC.
(1) If P is projective in MC, then P is projective in M.
(2) If aC is flat, the following are equivalent:
(a) P is projective in MC;
(b) Hom® (P, —) : M® — Mg, is exact.

Proof. (1) Recalling the functorial isomorphism in 18.10(1) and taking
care of sides, we can follow the same steps as in the proof of 3.22.
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(2) By 18.17, the functor Hom®(P, —) is left exact. Hence it is exact if
and only if it preserves epimorphisms (surjective morphisms). O

Although MC need not be a full subcategory of some module category,
the Hom and tensor functors have essentially the same properties.

18.21. Hom and tensor functors. For any M € MC and S = End®(M),
writing morphisms on the left side, there is an adjoint pair of functors

—®g M : Mg — M°,  Hom®(M,—): M® — Mg,
that is, there are canonical isomorphisms, for N € M and X € Mg,
Hom®(X ®g M, N) — Homg(X, Hom®(M, N)), 6 — [z — §(z ® —)],

with inverse map ¢ — [x @ m — @(x)(m)].
Explicitly, the counit and unit of adjunction are

py : Hom®(M,N)®s M — N, f@m— f(m),
vx : X — Hom®(M, X ®s M), x> [m— 2z®@m].

Proof. In the standard Hom-tensor relation (see 43.9) is it easy to verify
that restriction to colinear maps yields the given mapping. a

The classes of modules for which the unit and counit of adjunction in
18.21 are isomorphisms are of particular interest.

18.22. Static and adstatic comodules. Given a right C-comodule M, let
S = End®(M). A right C-comodule N is said to be M-static if py (in 18.21) is
an isomorphism. The class of all M-static comodules is denoted by Stat(M).
A right S-module X is called M -adstatic if vx (in 18.21) is an isomorphism.

It is easy to sce that, for every M-static comodule N, Hom®(M, N) is
M-adstatic, and for each M-adstatic module Xg, X ®g M is M-static.

18.23. Generators in MC. Let 4C be flat, M € MC, and S = End®(M).
The following are equivalent:

(a) M is a generator in MC;

(b) the functor Hom® (M, —) : M€ — Mg is faithful;

(c) M generates every subcomodule of C™;

(d) for every subcomodule K C CN, jy (see 18.21) is surjective;
(e) sM is flat and every (finitely) C-generated comodule is M -static;
(f) sM is flat and every injective comodule in M€ is M -static;

(g) Stat(M) = MC.
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Proof. (a) < (b) holds in any category, and (b) < (c¢) < (d) is clear
because the subcomodules of CY) form a set of generators in MC.
(a) < (g) The proof of 43.12, (a) < (h), can be applied.
(e) & (f) < (g) The proof of [46, 15.9] shows that any generator in M is
flat over its endomorphism ring. Now the corresponding proofs of 43.12 hold.
g

In case monomorphisms are injective in MY, the properties of projective
generators can be transferred from module theory and 43.13 leads to the
following characterisations.

18.24. Projective generators in M€. Assume 4C to be flat. Let M € M€
with M4 finitely generated and S = Endc(M ). The following are equivalent:

(a) M is a projective generator in MC;
(b) M is a generator in M€ and gM is faithfully flat;

(¢) Hom®(M, —) : M® — Mg induces an equivalence of categories.

In the situation described in 18.23, in particular the coalgebra C itself is
M-static. This property is of more general interest and leads to the following
definition.

18.25. Galois comodules. Let M be a right C-comodule, and let S =
End®(M). M is termed a Galois comodule if M, is finitely generated and
projective, and the evaluation map

Hom®(M,C) ®s M — C, f @ m — f(m),
is an isomorphism of right C-comodules.

For any finitely generated projective P € M4 and S = End4(P), P*®g P
has a coring structure (see 17.6), and, by the isomorphism

Hom” ®s”(P, P* @g P) ®g P ~ Hom(P, A) ®¢ P = P* ®g P,

P is a Galois comodule for P* ®g P.

Notice that, by the identification P* ®g P ®4 P* ®g P >~ P* ®g S Qg
P ~ P* ®g P, this coring structure is very close to the trivial coproduct
A'(f ®sp) = f®sp. It follows from the next theorem that this is the
prototype of corings that have Galois comodules.

18.26. Characterisation of Galois comodules. Let M € MC with M4
finitely generated and projective and S = EndC(M). Consider M* ®g M as
an A-coring (via 17.6). Then the following are equivalent:

(a) M is a Galois comodule;
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(b) there is a (coring) isomorphism
canyy  M*®@s M —C, £R@m— Zé“(mg)m;;
(c) for every (C, A)-injective comodule N € M€, the evaluation
on : Hom®(M,N)®s M — N, f@m— f(m),

is a (comodule) isomorphism;
(d) for every right A-module X, the map

oy Homy (M, X)®@s M — X ®4C, gRm+— Zg(mg) ®my,

is a (comodule) isomorphism.

Proof. By the Hom-tensor relations 18.10, for any X € M4 and M €
MC, there is a commutative diagram of right C-comodule maps (® is ®4),

Hom®(MX ®C) s M —= X ®@C fem f(m)

| -] |

HOHIA(MX)@SM X®C (I®§)0f®m|—>Z([c@g)(f(mg))@ml.

Since X ®4C is a (C, A)-injective comodule (cf. 18.18(2)), the above diagram
implies that (c¢) = (d). The equivalence of (a) and (b) follows from the
diagram by putting X = A. Since C is (C, A)-injective, the implication (c) =
(a) is trivial.

To prove that can,; is a coring map, we first need to show the commuta-
tivity of the diagram (® is ®4)

4

M*®s M C Eam

AA{*®SJ\/I\L léc I

(M* ®5 M)@(M* @5 M) —22 caC S Cepiemiemi—s Y &(mg)miems,

> &(mo)my

where § = cany;, and m; € M*, p; € M denote a dual basis for M,. Take any
m e M, £ € M* and compute

> i EPi)pi @ mi(me)my = (@ Ip @ Ie) (3, 0™ (pimi(mg)) ® my)
= (@ Ip® 1) (3 0™ (mg) ® my)
= >_&(mg)my @ my.

Furthermore,

geocany(§ @m) = &(m) = gppganr(§ @ m).
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This completes the proof that can,, is a coring morphism.
(b) = (d) Consider any X € M,. Since M, is finitely generated and
projective and canj; is bijective, there are isomorphisms

HOHIA(M,X) ®5M2X®AM* ®SM2X®AC

(d) = (c) Assume that N € MC is (C, A)-injective. Then, by 18.18, the
canonical sequence

0 — Hom®(M, N) — Hom4 (M, N) —— Hom (M, N ©, C)
is (split and hence) pure in Mg, where v(f) = oN o f — (f ® I¢) o o™. Hence
tensoring with M yields the commutative diagram with exact rows (® is

®s):

0 — Hom®(M,N)®M — Homu (M,N)® M — Hom (M,N®4C)® M

L -

0 N N®sC N®AC®AC,

where (d) yields the vertical isomorphisms. From this the bijectivity of ¢x
follows. ad

The next theorem shows which additional condition on a Galois comodule
M is sufficient to make it a (projective) generator in MC.

18.27. The Galois comodule structure theorem. Let M € M€ such that
M is finitely generated and projective, and put S = End®(M).

(1) The following are equivalent:

(a) M is a Galois comodule and sM is flat;
(b) 4C is flat and M is a generator in MC.

(2) The following are equivalent:

(a) M is a Galois comodule and sM is faithfully flat;

(b) AC is flat and M is a projective generator in MC;

(c) AC is flat and Hom®(M, —) : M€ — My is an equivalence with
the inverse — @g M : Mg — MC.

Proof. (1) (a) = (b) Assume M to be a Galois comodule. Then, in the
diagram of the proof 18.26, (b) = (c), the top row is exact by the flatness
of ¢M without any condition on N € MC. So Hom®(M,N) ®s M — N is
surjective (bijective), showing that M is a generator. Since M* is projective
in 4M, the isomorphism — ®4 C ~ — ®4 (M* ®g M) implies that 4C is flat.



192 Chapter 3. Corings and comodules

(b) = (a) If 4C is flat, it follows from 18.23 that the generator M in MC
is flat over its endomorphism ring .S, and Homc(M ,N)®s M ~ N, for all
N € MC.

(2) This is clear by 18.24. O

Notice that any A-coring C with C4 finitely generated and projective is
a Galois comodule in M€ (by the isomorphism (C*)° ®c+yor C > C), which
need not be flat over its endomorphism ring C*.

At the end of this section we relate the category of comodules with more
general constructions from category theory. The composite of the functor
— ®4C : My — MC with the forgetful functor M¢ — M provides one with
the category theory or universal (co)algebra interpretation of corings. We
refer to 38.26 and 38.29 for the discussion of comonads and their coalgebras.

18.28. Corings as comonads. Let C be an (A, A)-bimodule.
(1) The following are equivalent:
(a) C is an A-coring;
(b) the functor F = —®4C: My — My is a comonad;
(c) the functor F=C®4—: M — sM is a comonad.

(2) If C is an A-coring, then the category of coalgebras of the comonad F
(resp. F') is isomorphic to the category of right (resp. left) C-comodules.

Proof. (1) (a) = (b) If C is a coring, then, by 18.13, F' is a composite of
a pair of adjoint functors and thus it is a comonad by 38.29. Note that, for all
M € My, the coproduct is given by 6y = [y @ A : M @4C — M ,C®4C,
and the counit is Yy = Iy ®e: M ®,C — M.

(b) = (a) Now suppose that F' = —®4C : M4 — My is a comonad with
coproduct ¢ and counit . Define A =604 :C —-C®4Cand e =1, : C — A.
To any element a in A associate a morphism in My, ¢, : A — A, d’ — ad'.
Since ¢ is a natural map, we have §40 (¢, ®1¢) = ({,®Ic®1z)0d 4. Evaluating
this equality at 14 ® ¢ for all ¢ € C, we obtain A(ac) = aA(c), that is, A
is a left A-linear map. Since 4 is a morphism in M4, A is also a right A-
module map, and we conclude that it is an (A, A)-bimodule map. Similarly,
the naturality of ¢ evaluated at ¢, implies that ¢ is a left A-module map and
thus an (A, A)-bimodule morphism. The coassociativity of A and the counit
property of € follow then from the axioms of a comonad. More precisely,
first note that F'(§4) = d4 ® Io. Next, for all ¢ € C consider a morphism
¢ A — Cin My, given by ¢¢: a — ca. Since the coproduct ¢ is a natural
transformation, dco ((°® I¢) = ((°® I ® I¢) 0§ 4. Evaluating this equality at
1a®c, with ¢ € C, we thus obtain d¢c(c®¢’) = c®d4(c’), that is, d¢ = [c @0 4.
Thus

Op(a) = 0aguc = 0c = Ic ®04.
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The fact that ¢ is a coproduct for a comonad F implies that
(Ic ® 5A) ©) (SA = ((SA ® [C) O (SA,

so that A = d4 is a coassociative coproduct for C. Similarly, note that
F(¢a) = a® Ic and Ypay = Ic ® ¥4. Whence the fact that 1 is a counit
for a comonad F' means in particular that

(Ya®1Ic)oda= (I @1pa)oda = I,

so that € =14 is a counit for the coproduct A = 4.

(a) < (c) This is proven along the same lines as the equivalence (a) < (b).

(2) Note that, for all M € My, F(M) = M ®4 C; hence the structure
map of a coalgebra (M, ™) of the comonad F = (F, Iy, ® A, Iy, ® €) comes
out as oM : M — M ®4 C. The diagrams defining an F-coalgebra with the
underlying object M and the structure map o™ are precisely the same as
the diagrams required for M to be a right C-comodule with coaction o*. A
symmetric argument shows the second isomorphism of categories. O

In addition to the forgetful functor (—)4, one can also study the forgetful
functor (—)r : M® — Mp, which turns out to provide a categorical interpre-
tation of dual rings defined in 17.8.

18.29. Dual rings as natural endomorphism rings.

(1) The ring Nat((—)g, (—)r) of natural endomorphisms of the forgetful
functor (—)g : M® — Mg, with the product given by ¢p¢' = ¢ o ¢, is
isomorphic to the ring *C = sHom(C, A) with product ',

(2) The ring Nat(gr(—), r(—)) of natural endomorphisms of the forgetful
functor r(=) : “ M — grM is isomorphic to the ring C* = Hom4(C, A)
with product *".

Proof. We only prove (1), since (2) will follow by the left-right symmetry.

If ¢ is an endomorphism of F = (=) and f : M — N a morphism in M€,

then F(f)oopy = ¢ono F(f). Forany V € M4 and v € V, define a morphism
in M¢, f,:C -V ®4C,byc—v®ec. Then, forallv eV, ceC,

Pvesc(v®@c) =v® ¢c(c), thatis, dyg.c = Iv ® ¢c. (*)

Similarly, since o™ : M — M ® 4 C is a morphism in MC,
¢M®AC © QM = QM © ng (**)

Applying (*) to V' = A and identifying A ® 4 C with C, one obtains that ¢¢ is
left A-linear. Since ¢ is an (A, A)-bimodule map, the composite £ o ¢¢ is an
element of *C = 4Hom(C, A), and thus there is a map

IT: Nat(F, F) — sHom(C, A), ¢ g0 ¢c.



194 Chapter 3. Corings and comodules

Conversely, for any ¢ € *C and M € M, define
Iy = (@& oo™ : M— M, me— > mg&(my).

For any f € Hom®(M, N), £ € *C, and m € M,

H(On(f(m)) =Y fm)o&(f(m)1) = Y fmo)€(my) = FIL()ar(m)),

where we used the fact that f is a morphism of right C-comodules. This
proves that I1(£),, is natural in M, and hence is an endomorphism of the
forgetful functor F' inducing a map

I1: *C — Nat(F, F), £ — II(¢).

Notice that II is a ring map, since for any &,& € *C, M € M€, m € M,

(IL(€) o TI(E")) ps(m) = Z ﬁ(g)M(ng(ml)) _ ngé(mﬁ’(mg))
= ng(g Y (my) = ﬁ(§ £ €Y (m).

It remains to prove that IT is the inverse of II. First take any £ € *C and
compute

T(II(E)) = oM(¢)e = g0 (le ®E) 0o A =&,

by definition of . Conversely, for an endomorphism ¢ of F, and any right
C-comodule M,

H(I(¢)y = (I @T(9)) 0 0" = (I ® &) o (In © ) 0 0™
(Inf ® £) © G e 0 0V
= (Iu®e)oo” ooy = du,
where equation (*) was used in the derivation of the third equality, while the

fourth equality follows from equation (#x*). This completes the proof of the
theorem. 0

References. Brzezinski [73]; El Kaoutit and Gémez-Torrecillas [111];
Guzman [126]; Sweedler [193]; Wisbauer [212].
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19 (C-comodules and C*-modules

Again C denotes an A-coring. As noticed in 17.8, a left dual ring *C (and
a right dual ring C*) is associated to C. This section starts with the key
observation in 19.1 that any right C-comodule is also a left *C-module, and
hence there is a faithful functor from M€ to «cM. One then would like to
determine when MC is a full subcategory of M or when these two categories
are isomorphic to each other. These are the topics covered in the present
section, which brings the corresponding problems for coalgebras considered in
Section 4 to a more general, less symmetric level. In particular, we introduce
the a-condition for corings and prove an important Finiteness Theorem.

19.1. C-comodules and *C-modules. Any M € MC is a left *C-module by
~:"C@rM — M, fem— (Iy® f)od"(m).
Any morphism h : M — N in MC is a left *C-module morphism, so
Hom®(M, N) C «cHom (M, N)
and there is a faithful functor M¢ — o[-cC] C «cM.

Proof. By definition, for f,g € *C and m € M, the actions f—(g—m)
and (f %! g)~m are the compositions of the upper and lower maps in the
diagram

M®sC
M M@yC@,C 2% o, o™y
oM %f
M®sC

Clearly e—~m = m for any m € M, and so M is a left *C-module. For the
remaining assertions the proofs of 4.1 apply. O

To assure that MC is a full subcategory of M we need

19.2. The left a-condition. C is said to satisfy the left a-condition if the
map
ay: N®4C— Homy("C,N), n®cw [f— nf(c)],

is injective, for every N € M 4. By 42.10, the following are equivalent:
(a) C satisfies the left a-condition;
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(b) for Ne My andu € N®4C, (Iy® f)(u) =0 for all f € *C, implies

u =0

(¢) C is locally projective as a left A-module.

The left a-condition enforces C to be flat and cogenerated by A as a left
A-module. Symmetrically, the right a-condition for C is defined and induces
corresponding (left-right symmetric) properties.

19.3. MC as full subcategory of ..M. For C the following are equivalent:
(a) M = ol-cC];
(b) MC is a full subcategory of «cM;
(c) for all M, N € M¢, Hom®(M, N) = ..Hom(M, N);
(d) C satisfies the left a-condition,
(e) every left *C-submodule of C", n € N, is a subcomodule of C™.

If these conditions are satisfied, the inclusion functor M — .M has a
right adjoint, and for any family {M\}x of A-modules,

1, M) @ac ~ [[, (0 @a0) [, (Mr @4 0).

where HC denotes the product in MC.

Proof. The proof of 4.3 is based on 42.10, which holds for general
noncommutative rings, and hence most of it can be transferred easily to the
present situation. Notice that C* in 4.3 has to be replaced by *C here. O

19.4. Coaction and *C-modules. Let C satisfy the left a-condition. For
an M € My, consider any A-linear map p : M — M ®4 C. Define a left
*C-action on M by

S CorM — M, fome— (Iy® f)op(m).

Then the following are equivalent:
(a) p is coassociative and counital;
(b) M is a (unital) *C-module by —.
Proof. (a) = (b) is shown in 19.2.
(b) = (a) With obvious modifications the proof of 4.4 applies. 0

By symmetry we have the corresponding relationships between left C-
comodules and right C*-modules, which we formulate for completeness.
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19.5. Left C-comodules and right C*-modules.
(1) Any M € °M is a right C*-module by

i M@RC =M, m® f— (f®Iy)o"o(m).
(2) Any morphism h: M — N in M is a right C*-module morphism, so
“Hom (M, N) C Home-(M, N)

and there is a faithful functor M — o[Ce-].
(3) C satisfies the right a-condition if and only if “M = o[Ce-].

The answer to the question when all *C-modules are C-comodules is similar
to the coalgebra case.

19.6. When is MC¢ = ..M? For C the following are equivalent:
(a) M€ = ..M;
(b) the functor — @4 C : My — M has a left adjoint;
(c) aC 1is finitely generated and projective;
(d) AC is locally projective and C is finitely generated as a right C*-module.

Proof. (a) = (b) By 18.13, the forgetful functor is left adjoint to —®4C.

(b) = (c) The condition implies that the functor — ®4 C commutes with
products and hence 4C is finitely generated and projective.

(¢c) = (d) Since there is a ring anti-morphism A — C* (see 17.8), (c)
implies that C is finitely generated as a right C*-module.

(d) = (a) Since C satisfies the a-condition, C* is the endomorphism ring
of the faithful left *C-module C. So :«¢C is a faithful module that is finitely
generated as a module over its endomorphism ring, and, by 41.7(3), this
implies M€ = o[-cC] = «cM. O

Notice how both left and right duals of C are used in 19.6. This is an
important difference between the coring and coalgebra cases.

19.7. The category M ®8F, For R-algebras A, B, let P € gM, be such
that P, is finitely generated and projective with dual basis py,...,p, € P
and my,...,m, € P* = Homu (P, A). Consider P* ®p P as an A-coring as in
17.6. Recall that *(P* ®p P) ~ gEnd(P) (cf. 17.9). It is straightforward to
verify (compare 4.9) that P is a right P* ® g P-comodule by

o' :P—>P®sP*®@sP, p—Y,pi®@m®p,

and P generates P* ®p P as a right comodule. So, by 19.1 and 17.9, P is
a right module over gEnd(P) (with product ¢/¢ = ¢ o ¢', in which case the
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isomorphism discussed in 17.9 is an anti-algebra map) and there is a faithful

functor M ®5P — [P, puqcp)]. Properties of the right comodule category

depend on properties of the left A-module P*®g P which in general is neither
projective nor finitely generated. These properties depend on the B-module
structure of P. More precisely:

(1) If gP is flat, then M ®8F s an Abelian category.
(2) If 5P is locally projective, then M¥" ®5F = ¢[P _puq(p)].
(3) If gP is finitely generated and projective, then MY ®5F = M p,q(p)-

Proof. (1) Since 4P* is projective, the flatness of g P implies the flatness
of P*®p P as a left A-module. Now the assertion follows by 18.14.
(2) Tt is enough to show that, for all N € M4, the canonical map

a:N®y (P*®g P)— Homus("(P*®p P),N)
(see 42.9) is injective. With the canonical map
0:"P&p P — gEnd(P), h®p— [¢— hig)p,

and the isomorphism *(P* ®p P) ~ gEnd(P), we obtain the commutative
diagram

N ®4 (P* ®p P) —*—=Homy(*(P* ®p P), N) —— Hom(gEnd(P), N)
:\L lHom(&N)
Hom (P, N) @ g P —— Hompg(*P, Hom (P, N)) — Hom,(*P ®p P, N),

where the first bottom map is injective by the local projectivity of gP.
This implies that « is injective, hence P* ®p P is locally projective as a
left A-module. By 19.3, this means that M ®2" is a full subcategory of
M, Ena(p), and, since P is a subgenerator in MP®8P this category is equal
to O-[PBEHd(P)]'

(3) If gP is finitely generated and projective, then *P ®p P ~ gEnd(P),
and hence M7 ®5” = M gnq(p). O

Under the a-condition, projectives and injectives in M have similar char-
acterisations as for comodules over coalgebras. Again, both types of duals
of C play an important role. Since we can identify M¢ with o[-cC], we may
formulate 41.4 in the following way.

19.8. Injectives in MC. Let C satisfy the left a-condition. For Q € MC the
following are equivalent:

(a) Q is injective in MC;
(b) the functor Hom®(—, Q) : M€ — Mgy, is exact;
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(c) Q is C-injective (as left C*-module);
(d) Q is N-injective for every (finitely generated) subcomodule N C C;
(e) every evact sequence 0 — Q — N — L — 0 in MC splits.

Moreover, injectives in MC are C-generated and every comodule has an injec-
tive hull in MC.

As for injectives, we also derive characterisations for projective comodules
from the module case (see 41.6):

19.9. Projectives in MC. Let C satisfy the left a-condition. For P € MC¢
the following are equivalent:

(a) P is projective in MC;
(b) the functor Hom® (P, —) : M€ — My, is ezact;
(c) P is CM-projective, for any set A;
(d) every ezact sequence 0 — K — N — P — 0 in MC splits.
If P is finitely generated in «cM (or My), then (a)-(d) are equivalent to:
(e) P is C-projective as *C-module;
(f) every exact sequence 0 — K' — N — P — 0 in MC with K' C C splits.

Notice that projectives need not exist in M. It is shown in 18.20 that
projective objects in MC¢ are also projective in M.
C is a left and right comodule; thus we can consider

19.10. C as (*C,C*)-bimodule. C is a (*C,C*)-bimodule by

~ "CRRrC—C, fRcr foc=Uc® [)oAc) =D cif(ca),

CCBRCT = C, g eeg= (9@ L) 0 Alc) = X gler)es.
(1) For any f € *C, g € C*, and c € C,
(f=c)=g = f=(c=g), and g(f-c) = f(c—g).

(2) C is faithful as a left *C- and as a right C*-module.

(3) If C is cogenerated by A as a left A-module, then, for all f € Z(*C),
ce€C, foc=c—f, and Z(*C) C Z(C*).

(4) If C is cogenerated by A as an (A, A)-bimodule, then, for all f € Z(*C*),
ceC, frc=c—f, and Z(*C) = Z(*C*) = Z(C).

(5) If C satisfies the left and right a-condition, then C is a balanced (*C,C*)-
bimodule, that 1s,

«cEnd(C) = End®(C) ~ C*, Ende-(C) = “End(C) ~ *C, and
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.cEnde-(C) = “End®(C) ~ Z(C*) = Z(*C),

where morphisms are written opposite to scalars. In this case a left and
right pure (A, A)-sub-bimodule D C C is a subcoring if and only if D is
a (*C,C*)-sub-bimodule.

Proof. (1) These identities are easily verified.

(2) Assume f—c =0 for all ¢ € C. Then 0 = g(f—c) = f(c—¢) = f(c),
and hence f is the zero map.

(3) Let f € Z(*C). By 17.8(4), f € *C* and, for any g € *C and c € C,

g(f=c) = Y gleif(er)) = g+ flc) = f+glc)
= Y g(flc)ea) = gle=f),

and the cogenerating condition implies f—c = c—f. Now, for any h € C*,

h fle) = X f(h(e)e) = h(e)fle) = h(f~c)

= R(e—f) = T h(f(a)ea) = f+ hlc),

showing f € Z(C*) and hence Z(*C) C Z(C*).
(4) By 17.8(4), Z(*C) C Z(*C*). Conversely, for f € Z(*C*), ¢ € C, and
all g € *C*, the equalities in (1) imply

gle=f) = frglc)=gx* f(c) = g(f~c).

If C is cogenerated by A as an (A, A)-bimodule, we conclude that c—f = f—c.
As shown in the proof of (3), this implies f € Z(*C) and so Z(*C*) C Z(*C).
We derive Z(*C*) C Z(C*), similarly.

(5) Notice that the left (right) a-condition implies that C is cogenerated
by A as a left (right) A-module. Hence (3) applies on the left and the right
side. The isomorphisms follow from 18.12 and 19.3.

Let D C C be a left and right pure (A, A)-sub-bimodule. If D is a subcor-
ing, then it is a right and left subcomodule and hence a (*C, C*)-sub-bimodule.
Conversely, assume that D is a (*C,C*)-sub-bimodule. Then the restriction
of A yields a left and right C-coaction on D and, by 40.16,

AD)CD®sC NCR®AD=D®sD,

proving that D is a subcoring. a

19.11. Factor corings. Let C be cogenerated by A as a left A-module. Then,
for any idempotent e € Z(*C), e~C is an A-coring and both e~ : C — e~C
and the inclusion e—~C — C are coring morphisms.
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Proof. As shown in 19.10, e is also in Z(C*) and e~C+—e = C—e = e~C.
For all ¢ € C, a coaction on e—~C is defined by

e=Cr> Y 1 @e—Cyg =) e~ ® Ca.
It is routine to verify coassociativity, and e is the counit since

(e®@ )P ®@e=ca) = Ye(er)e—cy = ) e(cr)eze(cs)

= e—~(c—e) = e=(e~c) =e—c,

where we used 19.10(3) to derive the penultimate equality. A similar compu-
tation applies for I ® e. O

Even if C is not finitely generated as an A-module, it is (C*, A)-finite as
defined in 41.22 provided it satisfies the a-condition.

19.12. Finiteness Theorem (2).

(1) Let C satisfy the left a-condition and M € MC. Then every finite subset
of M is contained in a subcomodule of M that is finitely generated as
a right A-module. In particular, minimal *C-submodules are finitely
generated as right A-modules.

(2) Let C satisfy the left and right a-condition. Then any finite subset of C
is contained in a (*C,C*)-sub-bimodule that is finitely generated as an
(A, A)-bimodule. In particular, minimal (*C,C*)-sub-bimodules of C are
finitely generated as (A, A)-bimodules.

Proof. (1) The proof from 4.12 applies: we show that, for each m € M,
the sucobmodule *C—m is finitely generated as an A-module. Write o (m) =

Zle m; ® ¢;, where m; € *C—m, ¢; € C. Then, for any f € *C,

Fom = (I ® f) o M (m) = ém 7).

So, as a right A-module, *C—m is (finitely) generated by my, ..., my.
(2) It is enough to prove the assertion for single elements ¢ € C. By (1),

*C—c is generated as a right A-module by some ¢y, ..., ¢, € C. By symmetry,
each ¢;—C* is a finitely generated left A-module. Hence *C—c—C* is a finitely
generated (A, A)-bimodule. O

By the definitions in 38.9, a right C-comodule N is semisimple (in MC) if
every C-monomorphism U — N is a coretraction, and N is simple if all these
monomorphisms are isomorphisms. The semisimplicity of N is equivalent
to the fact that every right C-comodule is N-injective. (Semi)simple left C-
comodules and (C,C)-bicomodules are defined similarly. A coring C is said
to be left (right) semisimple if it is semisimple as a left (right) comodule. C
is called a simple coring if it is simple as a (C,C)-bicomodule.
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19.13. Semisimple comodules. Let C be flat as a left A-module.
(1) Any N € MC is simple if and only if N has no nontrivial subcomodules.
(2) For N € M€ the following are equivalent:
(a) N is semisimple (in MC, as defined above);
(b) every subcomodule of N is a direct summand;
(¢c) N is a sum of simple subcomodules;

(d) N is a direct sum of simple subcomodules.

Proof. By 18.14, all monomorphisms in MC are injective maps and the
intersection of any two subcomodules is again a subcomodule. Hence the
proof of 4.13 can be followed. O

We are now able to characterise an important class of corings.

19.14. Right semisimple corings. For C the following are equivalent:
(a) C is a semisimple right C-comodule;
(b) aC is flat and every right subcomodule of C is a direct summand;
(c) AC is flat and C is a (direct) sum of simple right comodules;
(d) AC is flat and every comodule in MC is semisimple;
(e) AC is flat and every short exact sequence in MC splits;
(f) 4C is flat and every comodule in MC is projective;
(9) AC is projective and C is a semisimple left *C-module;
(h) every comodule in MC is (C-)injective;
(1) C is a direct sum of simple corings that are right (left) semisimple;
(j) Ca is projective and C is a semisimple right C*-module;

(k) C is a semisimple left C-comodule.

Proof. (a) = (b) = (¢) = (d) = (e) = (f) If C is right semisimple, then
every monomorphism U — C in MC is a coretraction and hence injective. By
18.14, this implies that C is flat in 4M. Now we can apply the arguments
used in the proof of 4.14.

(a) < (h) This follows from 38.13. Notice that (as a consequence of (g))
a right comodule is C-injective if and only if it is injective in MC.

(f) = (j) In particular, C is projective in MC, and hence, by 18.20, it
is projective in M 4. By a slight refinement of the proof of 41.8 we show
that C is a semisimple right module over C* = End“(C): let K C C be a
simple right subcomodule. We show that, for any £ € K, k~C* C C is
a simple C*-submodule: for any ¢t € C* with k—t # 0, K ~ K-t. Since
these are direct summands in C, there exists some f € C* with the property
k—t—f =k and hence k—C* = k—t—C*, implying that k—C* has no nontrivial
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C*-submodules. Notice that the right subcomodule K is a left *C-module and
hence *C-K = K.

As a right semisimple comodule, C = ), K, where the K are simple
right subcomodules. Now, C = *C—~(>_, K ~C*), showing that C is a sum of
simple right C*-modules f—k\—C*, where f € *C and k) € K.

(j) = (k) Since C, is projective, “ M = o[C¢+] and the assertion is obvious.

(k) = (g) By symmetry this can be shown with the proof (a) = (j).

(g) = (a) This is clear since 4C projective implies M¢ = o|¢-C].

(k) = (i) From what we have shown so far, (k) implies that C is projective
in 4M and M,. Hence, by 19.10(5), the direct summands as (*C,C*)-sub-
bimodules are subcorings, and the decomposition is a particular case of the
fully invariant decomposition of the semisimple left *C-module C (see 41.8).

(i) = (g) We know that the simple semisimple subcorings of C are projec-
tive as left (and right) A-modules. From this the assertion is clear. g

The above observations also imply characterisations of simple corings:

19.15. Simple corings. For C the following are equivalent:
(a) C is a simple coring that is right semisimple;
(b) C is projective in aAM and is a simple (*C,C*)-bimodule with a minimal
right C*-submodule;
(c) C is right semisimple and all simple comodules are isomorphic;
(d) C is a simple coring that is left semisimple;

(e) there is a Galois comodule M € M€ such that End® (M) is a division
algebra;

(f) there is a division R-algebra T and a (T, A)-bimodule P such that Pa
18 finitely generated and P* @1 P ~ C as corings.

Proof. (a) < (b) This follows by 19.14.

(b) < (c¢) Obviously all simple subcomodules of C are isomorphic, and all
simple comodules are isomorphic to subcomodules of C.

(a) < (d) The left-right symmetry is shown in 19.14.

(a) = (e) Let M be any simple left subcomodule of C. Then M is a finitely
generated projective generator in M¢, and, by Schur’s Lemma, EndC(M )is a
division algebra. Furthermore, by 19.12 and 18.20, M, is finitely generated
and projective, and so M is Galois comodule by 28.19.

(e) = (f) For the Galois module M and S = End®(M) there is a coring
isomorphism M* ®¢ M =~ C (see 18.26). Putting P = M, and S = T, the
(T, A)-bimodule P has the properties required.

(f) = (c) Under the given conditions P* & P is a coring, the dual al-
gebra *(P* @ P) is isomorphic to 7End(P), and M ®7F is equivalent to

0[P gna(p)) (see 19.7). Since P is a simple module over pEnd(P), all modules
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in 0[P, gna(p)] are semisimple and it contains only one type of simple modules.
Hence all comodules in M?” ®7F are semisimple and there is only one simple
comodule (up to isomorphisms). a

By the Finiteness Theorem 19.12 and the Hom relations 18.10, properties
of the base ring A have a strong influence on the comodule properties of C.

19.16. Corings over special rings. Let C satisfy the left a-condition.

(1) If A is right Noetherian, then C is a locally Noetherian right comodule,
and direct sums of injectives in MC are injective.

(2) If A is left perfect, then every module in MC satisfies the descending
chain condition on finitely generated subcomodules.

(3) If A is right Artinian, then every finitely generated module in MC has
finite length.

Proof. (1) Let A be right Noetherian and N C C a finitely generated
left *C-submodule. Then N is finitely generated — and hence Noetherian — as
a right A-module. This obviously implies the ascending chain condition for
subcomodules in N, and so C is locally Noetherian.

(2) For a left perfect ring A, any finitely generated right A-module sat-
isfies the descending chain condition on cyclic (and finitely generated) A-
submodules (cf. 41.17). By 19.12, this implies the descending chain condition
for finitely generated subcomodules for any M € MC.

(3) Over a right Artinian ring A, finitely generated right A-modules have
finite length. This implies finite length for finitely generated comodules. O

Recall that, over left Artinian (left perfect) rings A, the left a-condition
on C is equivalent to 4C being projective (see 42.11). QF rings A are Artinian
and are injective and cogenerators in 4M and My (see 43.6).

19.17. Corings over QF rings. Let 4C be projective and A a QF ring.
(1) C is a (big) injective cogenerator in MC.
(2) Every comodule in MC is a subcomodule of some direct sum C™).
(8) C* is an f-semiperfect ring.
(4) K :=Soc.¢C <C and Jac(C*) = Hom®(C/K,C) ~ Hom(C/K, A).

Proof. (1),(2) Over a QF ring A, every right A-module is contained in
a free A-module A™. This implies for any right C-comodule M the injection

MﬂM@ACcAW@AC:C(A).

(3) By 41.19, the endomorphism ring End®(C) ~ C* of the self-injective
module «¢C is f-semiperfect.
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(4) Tt follows from 19.16(3) that «¢C has an essential socle, and hence the
assertion follows by 41.19. ad

Notice that — in contrast to the situation for coalgebras considered in 9.1 —
we do not have a left-right symmetry here since 4C projective need not imply
that C4 is also projective.

Writing morphisms of right comodules on the right side, the image of the
functor Hom®(—,C) lies in the category of right modules over End®(C) ~
Hom4(C, A) = C*. This induces a connection between M¢ and Mc:-.

19.18. The functors Hom®(—,C) and Hom®(C, —).
(1) For any M € MC the R-module isomorphism (see 18.10)

¢ : Hom®(M,C) — Homu (M, A) = M*
nduces a right C*-module structure on M*,

M*@RC*— M*, g® [ [m— Y flg(mo)my)],
and so @ is a morphism in Mc« and the contravariant functor
Hom®(—,C) ~ Homy(—, A) : M® — M.

1s left exact provided that 4C is flat.

(2) The covariant functor Hom®(C, —) : M¢ — .M s left exact provided
that 4C s flat.

Proof. We get the right action by f € C* on g € M* for m € M by

g-fim) =o(e~ (g)(m)~f) =3 w(g(mo)my~f)
= flglmo)my)e(my) = > f(g(mo)my).

The remaining assertions are clear from module theory and 18.17. ad

Under certain finiteness conditions we can pass from left to right C-
comodules. This works in particular over QF rings. Recall from 40.12 that,
for a finitely presented right A-module M and a flat right A-module C, there
is an isomorphism

vy s C®4 Homy (M, A) — Homy(M,C), c®hr— c® h(—).

19.19. Comodules finitely presented as A-modules. Let M € M€ and
assume that My is finitely generated and projective, or that C4 is flat and M,
is finitely presented.
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(1) M* = Homa(M, A) is a left C-comodule by the structure map
0:M*— Homy(M,C) ~C®s M*, g (g®1Ic)0
The resulting right C*-module structure on M* is the map from 19.18,
M*@pC*— M*, g®f[m— > flg(mo)my)].

(2) Assume also that oC is flat. If M is injective as a right C-comodule and
is contained in a free A-module, then M* is projective in Mex.

Proof. (1) The coassociativity of g is shown with an obviously modified
diagram from the proof of 3.11. Let §: A™ — M be an epimorphism in M 4.
Consider the commutative diagram

M*
]
0 — = Homa(M,C) "9 Hom (A, C)
Vll lul
M AT
0 CosM — 2 0@, (A,
where, for a dual basis {e;,e’|i =1,...,n} of A",

Var  Homy(A",C) — C ®4 (A™)", @HZ
For g € M* we obtain
it (9@ le)o ™) = vii(lg@ le)o ™o B) =) (g®Ic) oo™ ofle) ®e

The canonical right action of C* on the left C-comodule M* is defined by the
composition of the structure map M* — C ® 4 M* and

Coa M @prC*— M, c®g® [ f(c)g.
So we obtain
9@ fr ) flg®le)o o™ ople) @ e,
and for m € M and a € A™ with $(a) = m, the right-hand side maps a to
Zif((g(g)IC)OQMOﬁ(ei))@ei( a) = f((g®1Ic)oo™oB(a)) =Y flglmg)m
(2) A monomorphism M — A™ in M4 induces a monomorphism

M—>M®AC—>An®ACECn
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in MC¢ that splits by assumption. This yields a commutative diagram

Hom®(C",C) — Hom®(M,C) — 0

zl ig

Hom(C", A) — Hom (M, A) — 0

in which the upper — and hence the lower — row splits in M¢-«, and so M* is
a direct summand of C*". O

With the module structures just described, the functors on MC considered
in 19.18 can be extended to functors on M.

Let M[f]¢ denote the full subcategory of M’ whose objects are finitely
presented as right A-modules. This is clearly an Abelian category provided
that A is right Noetherian. A similar notation is used for left comodules.

19.20. The functors Hom (—,C). Suppose that C satisfies the left and right
a-conditions. Then the (*C,C*)-bimodule C defines the right adjoint pair of
contravariant functors

*cHOHl(-,C) : *cM — Mc*, M +— *CHOHI(M, C),

Home«(—,C) : Mex — «cM, X +— Home: (X, C).

Restricted to the subcategory MC, .cHom(—,C) ~ Hom®(—,C).
If A is Noetherian, then there is a left exact functor

Homc(_7c) : M[f]c _>CM[f]7 M’_)Homc(Mvc)a
which induces a duality provided that A is a QF ring.

Proof. The first assertions follow from general module theory (see 40.23).
As shown in 19.19, for any N € MC that is finitely presented as an A-module,
Hom® (N, C) is a left C-comodule that is finitely generated as a left A-module.
If Ais QF, then both N and Hom®(N,C) are C-reflexive. O

19.21. The functor .¢cHom (C,—). Let C satisfy the left a-condition. The
(*C,C*)-bimodule C defines an adjoint pair of covariant functors

C ®c* —_ C*M — ]_\/_[c7 *CHOm(C, _) . MC - C*M

For X € ¢«M, the right A-module structure of C ®¢+ X is derived from the
left *C-module structure of C wvia the ring anti-morphism iy, : A — *C (cf.
17.8(2)). C Q¢+ X is a left *C-module and, in fact, a right C-comodule by

C®c X — (C Qe X)®4C, c®xr—>ch®x®CZ.



208 Chapter 3. Corings and comodules

Proof. Again the first assertions follow from module theory (43.9). To
show that the coaction is well defined we have to verify that, for any f € C*,
c€C,and x € X, the images of c® f-x and (f ® I¢) o A(c) ® x are the same.
This follows from the equality

Y aofrea=Y fla)e@rac

Furthermore, for any a € A, (c®z)a =iL(a)c®x =) c1e(ca) Rr = ca®x,
and this is mapped to

ch® T ® ce(cza) = ch@)x ® caa,

showing that the coaction is A-linear. O

Over QF rings, for some modules injectivity and projectivity in M¢ extend
to injectivity, resp. projectivity, in ¢« M.

19.22. Injectives — projectives. Let oC be projective, A a QF ring, and
M € MC.
(1) If M is projective in MC, then M* is C-injective as a right C*-module
and “Rat(M*) is injective in CM.
(2) If M is finitely presented as a left A-module, then:
(i) M is injective in MC if and only if M is injective in M.
(ii) M is projective in MC if and only if M is projective in M.
Proof. (1) We slightly modify the proof of 9.5. Consider any diagram

with exact row in CM,
0 K N

lf

M,

where N is finitely generated as a left A-module (right C*-module). Denoting
*(=) = sAHom(—, A) and (—)* = Homa(—, A), we obtain — with the canonical
map Dy, : M — *(M*) — the diagram in M

Dpr

|
*N *K 0’

where the bottom row is in M¢ (by 19.19) and hence can be extended com-
mutatively by some right comodule morphism ¢ : M — *N. Again applying

(—)* — and recalling that the composition M* 2ars (*(M*))* REL Ve yields
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the identity (by 40.23) — we see that ¢* extends f to N. This proves that
M* is N-injective for all comodules N € M that are finitely presented as A-
modules and hence is C-injective. A standard argument shows that “Rat(M*)
is injective in ©M.

(2) Since 3.11 was extended to corings in 19.19, we can follow the proof
of 9.5(2). O

19.23. Cogenerator properties of C. Let C satisfy the a-condition and
assume C to cogenerate all finitely C-generated comodules. Then the following
are equivalent:

(a) +cC is linearly compact;
(b) Cex is C*-injective.

If A is right perfect, (a),(b) are equivalent to:
(c) «C is Artinian.

Proof. The equivalence of (a) and (b) follows by 43.2(4). If A is left
perfect, then C is right semi-Artinian by 19.16, and hence, by 41.13, (a)
implies that «¢C is Artinian. ad

Over a (left and right) Noetherian ring A, C is left and right locally Noethe-
rian as a C*-module (by 19.16), and therefore we can apply 43.4 to obtain:

19.24. C as injective cogenerator in MC. Let A be Noetherian and let C
satisfy the left and right a-conditions. Then the following are equivalent:

(a) C is an injective cogenerator in MC¢;
(b) C is an injective cogenerator in “M;
(c) C is a cogenerator both in MC and M.

Restricting to Artinian rings, we have interesting characterisations of C as
an injective cogenerator not only in M¢ but also in Mc-.

19.25. C as injective cogenerator in Mc-. Let A be Artinian and AC and
Ca projective. The following are equivalent:

(a) C is an injective cogenerator in Mex;
(b) «C is Artinian and an injective cogenerator in MC;
(c) «C is an injective cogenerator in MC and C* is right Noetherian.

If these conditions hold, then C* is a semiperfect ring and every right
C*-module that is finitely generated as an A-module belongs to CM.

Proof. Since A is Artinian, C has locally finite length as a left *C- and
right C*-module.
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(a) = (b) Assume C to be an injective cogenerator in Mc«. Then, by
19.24, C is an injective cogenerator in M. Now 43.8 implies that «cC is
Artinian.

(b) = (a) and (b) < (c) also follow from 43.8.

Assume the conditions hold. Then C* is f-semiperfect (as the endomor-
phism ring of a self-injective module; cf. 41.19). So C*/Jac(C*) is von Neu-
mann regular and right Noetherian, and hence right (and left) semisimple.
This implies that C* is semiperfect.

Let L € Mg+ be finitely generated as an A-module. Then L is finitely
cogenerated as a C*-module, and hence it is finitely cogenerated by C. This
implies L € “M. a

Since over a QF ring any coring is an injective cogenerator for its comod-

ules, the results from 19.25 simplify to the

19.26. Corollary. If A is QF and oC and C4 are projective, the following
are equivalent:

(a) C is injective in Mec-;
(b) C is an injective cogenerator in Mes;
(c) «cC is Artinian,
(d) C* is a right Noetherian ring.
Proof. Since A is QF, C is an injective cogenerator in MC¢ and ‘M

(by 19.17). So the equivalence of (b), (c) and (d) follows from 19.25, and
(a) = (c) is a consequence of 19.23. 0

Now we interpret the topological observations about modules in 42.3 in
the case of corings.

19.27. The C-adic topology in *C. Let C satisfy the left a-condition. Then
the finite topology in 4End(C) induces the C-adic topology on *C and the open
left ideals determine the right C-comodules.

Open left ideals. A filter basis for the open left ideals of *C is given by

Be = {An«(F) | E a finite subset of C},
where An:¢(F) = {f € *C | f~F = 0}, and the filter of all open left ideals is
Fe={I C*C|I is a left ideal and *C/I € MF}.
Thus a generator in M is given by
G=Ep{c/11eB}.

Closed left ideals. For a left ideal I C *C, the following are equivalent:
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(a) I is closed in the C-adic topology;

(b) I = An.c(W) for some W € MC;

(c) *C/I is cogenerated (in «cM) by some (minimal) cogenerator of MC;

(d) 1=, I, where *C/I, € MC and is finitely cogenerated (cocyclic).

Over QF rings. Let A be a QF ring and 4,C and C4 projective.

(1) Any finitely generated right ideal in C* (left ideal in *C) is closed in the
C-adic topology.

(2) A left ideal I C *C is open if and only if it is closed and *C/I is finitely
A-generated (finitely A-cogenerated).

Proof. Since A is a QF ring, C is injective in M¢ and M (by 19.17), and

hence finitely generated left, resp. right, ideals in the endomorphism rings are
closed in the C-adic topology (see 42.3). O

References. Brzezinski [73]; Cuadra and Gémez-Torrecillas [102]; El
Kaoutit, Gémez-Torrecillas and Lobillo [112]; El Kaoutit and Gémez-Torre-
cillas [111]; Guzman [126, 127]; Wisbauer [210, 212].
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20 The rational functor for corings

In Section 19 we revealed a relationship between comodules of an A-coring
C and modules of a dual algebra. The main idea of this section is to use
this relationship more fully, and to derive properties of comodules from the
properties of corresponding *C-modules. Although every right C-comodule
is a left *C-module, not every left *C-module is a right C-comodule. In this
section we study a functor that carves out the part of a left *C-module on
which a right C-coaction can be defined. Similarly as for coalgebras, this
functor is known as the rational functor.

To realise the program outlined above, one first needs to restrict oneself
to the case when MC is a full subcategory of left *C-modules. Thus, for the
whole of the section we assume that C is an A-coring that is locally projective
as a left A-module, that is, it satisfies the left a-condition 19.2. Then the
inclusion of M¢ = o[.¢C] into «cM has a right adjoint (see 41.1), namely, the

20.1. Rational functor. For any left *C-module M, the rational submodule
is defined by

Rat’(M) =Y {Im f|f € -cHom(U, M), U € M“}.

Thus Rat®(M) is the largest submodule of M that is subgenerated by C, and
hence it is a right C-comodule. The induced functor, a subfunctor of the
identity, is called the rational functor:

Rat® : .cM — MC, M s Rat®(M),
f:M—N — flgacn : Rat®(M) — Rat(N).

As in the case of coalgebras, RatC(M ) = M for M € .M if and only if
M € MC€. The equality Rat®(M) = M holds for all left *C-modules M if and
only if C is finitely generated as a left A-module (see 19.6 and 42.11(3)).

Let M be a left *C-module. Any k € M is called a rational element if
there exists an element ) . m; ® ¢; € M ®pg C, such that (see 19.2)

fk= Zimi f(¢;), for all f € *C.

Since apy : M ®4 C — Homyu(*C, M) in 19.2 is assumed to be injective, such
an element ) .m; ® ¢; is uniquely determined.

20.2. Rational submodule. Let M be a left *C-module.

(1) An element k € M s rational if and only if *C k is a right C-comodule
with fk = f—=k, for all f € *C.
(2) Rat®(M) = {k € M | k is rational}.
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Proof. Replace C* by *C in the proof of 7.3. a

The rational submodule Rat®(*C) is a two-sided ideal in *C and is called
a left trace ideal. Clearly Rat®(*C) = *C if and only if 4C is finitely generated
(and hence projective by 42.11(3)).

Symmetrically, if C satifies the right a-condition, right rational C*-modules
are defined, yielding the right trace ideal “Rat(C*).

Although some properties survive the generalisation from coalgebras to
corings, not all characterisations of the trace ideal are preserved.

20.3. Properties of the left trace ideal. Let T = Rat®(*C).

(1) Let f € *C and assume that f—C is a finitely presented left A-module.
Then feT.

(2) For any f € T, the right comodule *C ' f is finitely generated as an
A-module.

Proof. (1) Assume the rational right C*-module f—C to be a finitely
presented left A-module. Then, by 19.19, *(f—~C) is a rational left *C-module.
Since e(f—c) = f(c) for all c € C, f € *(f-C) C *C and hence f € T.

(2) This follows from the Finiteness Theorem 19.12. 0

20.4. MC closed under extensions. For C the following are equivalent:

(a) MC is closed under extensions in «cM;
(b) for every X € .M, Rat®(X/Rat®(X)) = 0;
(c) there exists a *C-injective Q) € «¢cM such that

M€ = {N € ..M

«cHom(N, Q) = 0}.
Proof. The assertions follow from general module theory (see 42.14). O

20.5. MC¢ closed under essential extensions. For C the following asser-
tions are equivalent:

(a) MC is closed under essential extensions in «cM;

(b) MC is closed under injective hulls in «cM;

(c) every C-injective module in MC is *C-injective;

(d) for every injective *C-module Q, Rat®(Q) is a direct summand in Q;
(e) for every injective *C-module Q, Rat®(Q) is *C-injective.

If MC is closed under essential extensions, then Rat® is ezact.

Proof. This is an application of 42.20. O

For the next two propositions the a-condition on C is not required a priori.
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20.6. Density in *C. For a right A-submodule U C *C, the following state-
ments are equivalent:

(a) U is dense in *C in the finite topology (of A€);

(b) U is a C-dense subset of *C (in the finite topology of Endg(C)).
If AC is cogenerated by A, then (a), (b) imply:

(c) KeU={ze€Clu(x)=0 foralluec U} =0.
If A is a cogenerator in sM and My, then (c) = (b).

Proof. (a) < (b) By 18.12, the finite topologies in *C and “End(C) can
be identified.

(a) < (c) In view of the properties of *C-actions on C shown in 19.10(1),
the proof of 7.9 can be adopted. O

20.7. Dense subalgebras of *C. For a subring T C *C, the following are
equivalent:

(a) T is dense in *C and C satisfies the left a-condition;
(b) MC = O'[TC].
If T is an ideal in *C, then (a) and (b) are equivalent to:

(c) C is an s-unital T-module and C satisfies the c-condition.

Proof. (a) < (b) The inclusions M¢ C o[C] C o[rC] always hold.
MC = o[-¢(C] is equivalent to the a-condition (by 19.3), while o[C] = o[rC]
corresponds to the density property (see 42.2).

(a) < (c) By 42.6, for an ideal T' C *C the density property is equivalent
to the s-unitality of the T-module C (see 42.2). O

Now again the a-condition is assumed for C. The properties of the trace
functor observed in 42.16 imply:

20.8. The rational functor exact. Let T = Rat®(*C). The following are
equivalent for C:

(a) the functor Rat® : .cM — MC is evact;

(b) the category MC is closed under extensions in M and the (torsionfree)
class {X € .cM | Rat®(X) = 0} is closed under factor modules;

(c) for every N € M€ (with N C C), TN = N;

(d) for every N € MC, the canonical map T ®-¢c N — N is an isomorphism;
(e) C is an s-unital left T-module;

(f) T> =T and T is a generator in MC¢;

(9) TC =C and *C/T is flat as a right *C-module;

(h) T is a C-dense subring of *C.
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Notice some consequences of the exactness of the Rat-functor from 42.17:

20.9. Corollary. Assume RatC to be exact and P € MC. Then:
(1) MC is closed under small epimorphisms in «cM.
(2) If P is finitely presented in MC, then P is finitely presented in «cM.
(3) If P is projective in M€, then P is projective in «M.

20.10. Enough projectives in MC. Let A be right Noetherian and assume
*C to be f-semiperfect. Then the following are equivalent:

(a) the functor Rat® is exact;
(b) M€ has a generator that is (locally) projective in «M;

(c) there are idempotents {ex}x in *C such that the *C %! ey are in MC and
form a generating set of MC.

Proof. (Compare 42.19) (a) = (c) Let M € MC be any simple comodule.
M is finitely presented in M4 and hence in M¢. By 20.9(1), M is finitely
presented in M and — since *C is f-semiperfect — it has a projective cover
P in <M (see 41.18). By 20.9(1), P € M€ and clearly P ~ *C #! e for some
idempotent e € *C. Now a representing set of simple comodules yields the
family of idempotents required.

(c) = (b) is obvious, and (b) = (a) follows from 42.18. 0

Notice that, by 19.17, over a QF ring A, for any A-coring C with 4C and
Ca projective, the dual rings C* and *C are f-semiperfect. Hence combining
20.8 and 20.10, we obtain

20.11. Corollary. Let oC and C4 be projective and assume A to be a QF
ring. Then the following are equivalent:

(a) the functor Rat® is exact;
(b) the left trace ideal Rat®(*C) is dense in *C;
(c) every simple comodule has a projective cover in MC;

(d) MC has a generating set of finitely generated projectives.

20.12. Trace ideal and decompositions. Let C satisfy the left and right
a-conditions and put T = Rat®(*C). If C is a direct sum of finitely gener-
ated right C*-modules (left C-comodules), then there exists a set of orthogonal
idempotents {ex}a in T such that

C= @A@AC.

In this case T is C-dense in *C.
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Proof. Any finitely generated direct summand U C C is equal to e~C as
a left comodule, for some idempotent e in “End(C) = *C. From 20.3 we deduce
that e € T. Now the assertion follows by the usual module decomposition of
C as a C*-module.

Any d € C is contained in a finite partial sum U of the decomposition,
and U is finitely generated as a left A-module. Hence there exists some
idempotent e € T with e—~d = d, showing that C is an s-unital T-module and
hence 20.8 applies. a

20.13. Two-sided decompositions. Assume C to satisfy the left and right
a-conditions and put T = Rat®(*C).

If C is a direct sum of (*C,C*)-bimodules (subcorings) that are finitely
generated as left A-modules, then

C= @Aeﬁc,

where {ex}a is a family of orthogonal central idempotents in T

Proof. By 19.10, the given (*C,C*)-bimodule decomposition of C can
be described by central idempotents ey € *C and the ey,—~C are subcorings
(see 19.11). Moreover, the ey—~C are finitely generated and projective left
A-modules, and hence e, € T' by 20.3. O

References. Cuadra and Gémez-Torrecillas [102]; Gémez-Torrecillas and
Nastasescu [123]; Wisbauer [210].
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21 Cotensor product over corings

In this section the cotensor product for comodules over coalgebras is extended
to the cotensor product of comodules over corings. The corresponding prop-
erties related to this cotensor product of corings, such as the tensor-cotensor
relations, coflatness, purity, and so on, are studied. It turns out that the
cotensor product can be used to describe equivalences between comodule cat-
egories over corings, and thus we are led to the Morita-Takeuchi theory for
corings in Section 23. The techniques are very similar to the coalgebra case
but, obviously, some left-right symmetry is lost. Throughout, C denotes a
coring over an R-algebra A.

21.1. Cotensor product of comodules. For M € M¢ and N € ‘M, the
cotensor product MO N is defined as the equaliser in Mg,

oMeIy

Mlch;)M@)AN M®AC®RN,

I @M
or, equivalently, by the following exact sequence of R-modules:

WM,N

0—— MON —M@@) N—M®,C®4 N,

where wy v = oM @ Iy — Iy ®™0. Tt can also be characterised by the pullback
diagram

Mlch M@AN

\LQNI(@IN
MesN 2220 9, CouN.
In particular, for the comodule C, there are A-module isomorphisms
MOcC = o™(M) ~ M, CO:N ="p(N) =~ N.
Proof. Apply the arguments of the proof of 10.1. It will be shown in
22.4 that these are in fact isomorphisms of comodules. O
The proof of 10.2 also yields the cotensor product of morphisms.

21.2. Cotensor product of comodule morphisms. Consider morphisms
f:M— M inMC and g: N — N' in M. There exists a unique R-linear
map

fOg: MOecN — M'O:N’,

yielding a commutative diagram (w as in 21.1)

0— > MON——> Mo, N—-25M@,C04 N

if‘ﬂg if@g
0— > M'ON ——= M @, N XM @, 04 N

if@lc@g



218 Chapter 3. Corings and comodules

As for coalgebras, the cotensor product over corings induces functors be-
tween comodule categories and Mpg. Thus, similarly to 10.3, 10.4 and 10.5,
one can consider

21.3. The cotensor functor. Any M € MC induces a covariant functor

MDC—:CM—>MR, N — MDcN,
fiN—= N +— I,0f: MON — MOgN'.

(1) Let 4C be flat, let 0 — N’ TN L N” be an ezact sequence in M,
and assume

(i) M is flat as an A-module, or
(ii) the sequence is M-pure (in sM), or
(7ii) the sequence is (C, A)-exact.

Then cotensoring with M yields an exact sequence of R-modules
0 — MON' 5 pro. N ™2 voN”.

(2) The cotensor functor MOe— : * M — gM is left (C, A)-exact, and it is
left exact provided that M is flat as a right A-module.

(3) For any direct family {Ny}, in °M,
h_H)l(Mch/\) ~ MDC h_I)Il N)\.

As for coalgebras, associativity properties between tensor and cotensor
products are of fundamental importance. Here we have to distinguish between
properties of left and right A-modules.

21.4. Tensor-cotensor relations. Let A, S, T be R-algebras.

(1) Let M € ¢MC, that is, M is an (S, A)-bimodule and the coaction o™ :
M — M®C is S-linear, and let N € °M.. For any W € Mg, W g M
has a canonical right C-comodule structure (see 18.9(4)) and there exists
a canonical R-linear map

W - W@S (Mch) — (W@SM)D(;N

The following are equivalent:
(a) wyn : M@sN — M®@sCRaN (asin 21.1) is W-pure (in sM);

(b) Tw is an isomorphism.
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(2) Let M € M€ and N € “My, that is, N is an (A, T)-bimodule and the
left coaction ™Mo : N — C ®4 N s right T-linear. For any V € M,
there exists a canonical R-linear map

T‘I/ . (Mch) ®TVH MDC(N®T V)

The following are equivalent:
(a) wyn : M@AN —-> M@sCR4N (as in 21.1) is V-pure (in Mr);

(b) T, is an isomorphism.
Proof. (1) With obvious maps there is the commutative diagram

w WM, N

0—= Was(MOcN) —= Was(M @4 N2 W @g (M@4C@4N)

P ;

0—> (WRsM)OcN —= (WRsM)@4 N 22 (Wes M)@iCR4N

where the bottom row is exact (by definition). If wy x is a W-pure morphism,
then the top row is exact, implying that 7y is an isomorphism. On the other
hand, if 7y is an isomorphism, then the exactness of the bottom row implies
the exactness of the top row, showing that wy, y is a W-pure morphism.

(2) The arguments used in (1) also apply to 7. O

We consider cases where the conditions in 21.4 are satisfied.

21.5. Purity conditions over corings. Let A, S, T be R-algebras.

(1) Let M € M€ and N € “My. If the functor MOe— is right exact, then
wyr,N 48 a pure morphism in Mry.

(2) Let M € sMC¢ and N € M. If the functor —O¢N s right exact, then
wy,n 45 a pure morphism in gM.

(3) If M € M€ is (C, A)-injective and N € “My, then the exact sequence

WM, N

0—— MON —MUuN—"MR4CR4 N

splits in My (and hence is pure).
(4) If N € “M is (C, A)-injective and M € sMC, then the exact sequence

WM,N

0——=MON —M@uN—"M®x,C24 N

splits in sM (and hence is pure).
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Proof. (1) Let MOe— : “M — Mg, be right exact and V € M. From
an exact sequence F, — I} — V — 0 with free left T-modules F}, F5, we
obtain a commutative diagram

(Mlch> ®TF2*>(MD6N)®TF1*>(MD6N) ®TV*>O

- F

MDC(N ®T FQ)HMDc(N ®T Fl)HMDc(N ®T V)4>0,

where both sequences are exact. The first two vertical maps are isomorphisms
since tensor and cotensor functors commute with direct sums. This implies
that 7{, is an isomorphism and the assertion follows by 21.4.

(2) A similar proof applies for the case in which —¢ON is right exact.

(3) The proof is similar to the proof of (4) below.

(4) If N is (C, A)-injective, the structure map Yp : N — C ®4 N is split
by a left C-comodule morphism A : C ® 4 N — N. Then — as in the proof of
10.7(2) — we see that the map

B=(IyNo(™®Iy): M®4 N — MOcN

is a retraction. Since M € ¢MC, obviously 3 is S-linear and hence MO¢N is
an S-direct summand of M ®4 N. For the remaining assertions we can also
follow the proof of 10.7(2). 0

21.6. Coflat comodules over corings. Let 4C be flat. A comodule M €
MC is said to be coflat if the functor MOc— : M — My is exact. As in
10.8, it is easy to see that, for any coflat M € MC, M is flat as an A-module
and that direct sums and direct limits of coflat C-comodules are again coflat.

M is said to be faithfully coflat provided the functor MOe— : °M — Mp
is exact and faithful. Faithfulness is equivalent to the requirement that the
canonical map

“Hom(L, N) — Homp(MO¢L, MO:N)

is injective, for any L, N € “M. The same arguments as in the proof of 10.9
can be used to derive the properties of

21.7. Faithfully coflat comodules over corings. Let C be an A-coring
with AoC flat. Then, for M € MC the following are equivalent:

(a) M 1is faithfully coflat;

(b) MOe— : ° M — My, is exact and reflects exact sequences (zero mor-
phisms);

(c) M is coflat and MOeN # 0, for any nonzero N € M.
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Recall from 19.19 that, for C4 flat and any N € M¢ that is finitely pre-
sented as an A-module, N* = Homy (N, A) is a left C-comodule. Then an
adaption of the proof of 10.11 yields

21.8. Hom-cotensor relation over corings. Let C4 be flat and M, L € MC,
such that M 4 is flat and L 4 is finitely presented. Then there exists a functorial
isomorphism (natural in L)

MOcL* —= Hom®(L, M).
As for coalgebras, there is an interesting connection between

21.9. Coflatness and injectivity over corings. For an A-coring C, let
M € M€ and assume that both M and C are flat as right A-modules.

(1) Let 0 — Ly — Ly — L3 — 0 be an exact sequence in MC, where each
of the L; is finitely presented in My. If A is right injective, or the
sequence is (C, A)-ezact, there is a commutative diagram

)—— Mlch§ MDcLz MDCLT

-

0 — Hom® (L3, M) — Hom®(Ly, M) — Hom®(L,, M) —= 0.

0

So the upper sequence is exact if and only if the lower sequence is exact.
(2) Let A be a QF ring. Then
(i) M is coflat if and only if M is C-injective;
(ii) M isg”aithfully coflat if and only if M 1is an injective cogenerator
in M*.

Proof. Since the L; are finitely A-presented, the isomorphisms are pro-
vided by 21.8. Now, the proof of 10.12, slightly modified, can be used. O

21.10. Exercises

(1) Consider a two-sided version of the canonical map in 19.2 as follows. For any
M e sMy, K € My, and N € My, define an R-linear map

anmk : NOAaM®@ 4K — Homp("M* \N@4K), n@m®k — [f — nf(m)Qk].

Prove:

(i) o,k is injective if and only if for any u € N®4 M ® 4 K, the property
(IN® f®Ik)(u) =0 for all f e *M*, implies u = 0.

(ii) Assume that M € 4My is a direct summand of some A as an (A, A)-
bimodule. Then ay i is injective, for any N € M4 and K € 4M.
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(2) Let C be an A-coring such that 4Cy4 is a direct summand of some A™) as an
(A, A)-bimodule. For any M € MC¢ and N € “M, consider M ®4 N as a
(*C*,*C*)-bimodule. Prove that

MO¢N ~ «c-Homs¢+(*C*, M ®4 N).

References. Al-Takhman [51]; Guzman [126, 127].
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22 Bicomodules over corings

Similarly to coalgebras (cf. 11.1), given two A-corings one can study their
bicomodules, that is, left comodules of one of the corings that are also right
comodules of the other. In the case of corings, however, one allows for more
freedom, by considering corings over different algebras.

Let A and B be R-algebras, C an A-coring, and D a B-coring.

22.1. Bicomodules. A (B, A)-bimodule M is called a (D, C)-bicomodule if
M is a right C-comodule and left D-comodule with coactions

Mo M—-MosC, M: M—-DegM,
such that the diagram

M

M®sC

lMg@Ic
Ip®oM

D@BMHDQ@BM@AC

is commutative, that is, o™ is a left D-comodule morphism or, equivalently,
Mo is a right C-comodule morphism.

A morphism between two (D, C)-bicomodules f : M — N is an R-linear
map that is both left D-colinear and right C-colinear. The category of (D, C)-
bicomodules is denoted by PMC.

22.2. Bicomodules and tensor products. For an R-algebra S, let ¢MC¢
denote the category whose objects are those right C-comodules that are (S, A)-
bimodules such that the coaction is an (S5, A)-bimodule map. Morphisms are
left S-linear right C-comodule maps (see 39.2). Similarly, the category PMg
consists of those left D-comodules that are (B, S)-bimodules such that the
coaction is a (B, S)-bimodule map. Morphisms are right S-linear left D-
comodule maps. One easily proves the following extension of 18.9.
Propostion. For any M € PMg and N € sM®, M ®5 N is a (D,C)-
bicomodule with left coaction Mp ® In and right coaction Iy @ oV .

Taking in turn S = A and S = B, one concludes, in particular, that for
all M € PM4 and N € gM¢ M ®,C and D ®p N are (D, C)-bicomodules.
In this context the morphisms between (D, C)-bicomodules can be viewed as
defined by either of the exact sequences

0 — PHom®(L, M) —> pHom®(L, M) —*> zHom (L, D @5 M),
where y.(f) =Yoo f — (ID ® f) oo, o
0 — PHom (L, M) —> PHom (L, M) —%>PHom (L, M ®4C) ,

where yg(g) = 0™ o g — (g ® I¢) o o (cf. 18.2).
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We know that right C-comodules are left *C = 4Hom(C, A)-modules, and
left D-comodules are right D* = Hompg(D, B)-modules canonically. Hence
any (D, C)-bicomodule M is a left *C-module and a right D*-module, and the
compatibility condition for bicomodules implies that M is in fact a (*C, D*)-
bimodule (cf. 11.1). Therefore there is a faithful functor PM¢ — .cMp-.

In general, for M € M and N € M, MO¢N is just an R-module. If M
is a (D, C)-bicomodule, the map

wyun: oM @In—Iy @M : M®sN - M®4CR4 N

is obviously a left D-comodule morphism, and hence its kernel MO:N is a

D-subcomodule of M ® 4 N, provided wyy n is a D-pure morphism in gM (see
18.7, 40.13, 40.14). This implies:

22.3. Cotensor product of bicomodules over corings. Let M be a
(D, C)-bicomodule, L € MP, and N € M.

(1) MO¢N is a left D-comodule, provided that wysn is D-pure in pM.

(2) LOpM is a right C-comodule, provided that wy, py is C-pure in My.

(3) If N is a (C,D')-bicomodule for a B'-coring D', then MO¢N is a

(D, D')-bicomodule, provided that wy n is D-pure in gM and D’-pure
m MB"

Notice that these conditions are in particular satisfied when 4C, Dp and
gD’ are flat modules. Since C is (C, A)-injective, the purity conditions are
always satisfied for the (C,C)-bicomodule C (see 21.5), thus yielding the fol-
lowing corollary of 22.3.

22.4. Cotensor product with C. For any M € M¢ and N € °M, there
are C-comodule isomorphisms

MﬁMDcC, NZCD(;N.

22.5. Associativity of the cotensor product over corings. Consider
M € PMC, L € MP, and N € °M such that the canonical maps yield the
isomorphisms

(LOpM)®4 N' ~ LOp(M @4 N'), for N =N,C, andC®4 N ,
L' ®p (MO¢N) ~ (L' ®p M)OcN,  for ' =L,D, and L& D.

Then LOpM € M, MO:N € PM and

(LOpM)OcN ~ LOp(MOcN).
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Proof. By 22.3, the conditions required imply that LOpM and MO:N
are comodules. In the commutative diagram

)—— (LDDM)DcNH (L Xp M)D0N4> (L XB D KB M)DcN

b -

0— LOp(MOeN) —= L ®p (MON) — L ®p D ®p (MON),

the top row is exact since wy, ps is N-, C-, and C @4 N-pure (see 21.4), and
the bottom row is exact by definition of the cotensor product. The L- and
L ®p D-purity of wys v imply that 19 and 13 are isomorphisms, and so v is
an isomorphism. O

22.6. Proposition. [n the setup of 22.5, the canonical maps are isomor-
phisms provided that

(i) Lg, Dp, aN and 4C are flat modules; or
(ii) L is coflat in MP and Dy is flat; or
(iii) N is coflat in M and 4C is flat; or
(iv) L is (D, B)-injective and N is (C, A)-injective.

Proof. It follows from 21.4 and 21.5 that each of the given sets of
conditions implies the necessary isomorphisms. O

22.7. Cotensor product of coflat comodules. Let 4C, Dy be flat, L € MP
and M be a (D,C)-bicomodule. If L is D-coflat and M is C-coflat, then
LOpM s a coflat right C-comodule.

Proof. By the flatness conditions, LOpM is a right C-comodule and
MO¢K is a left D-comodule, for any K € M (see 22.3). Now, in view of
22.5, the proof of 11.7 can be used. O

For (D, C)-bicomodules one can study their properties relative to cate-
gories pMC and PM 4 (cf. 22.2), which are of significance for the cohomology
of corings (cf. 30.3). In particular, a (D, C)-bicomodule M is called a (B,C)-
relative injective bicomodule (resp. (D, A)-relative injective bicomodule) if,
for every (D,C)-bicomodule map i : N — L that is a coretraction in pM¢
(resp. in PM ), every diagram

N

M

in PMC can be completed commutatively by some g : L — M in PMC.
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22.8. Relative injective bicomodules. Take any M,L € PMC and let
S = PEnd“(L).
(1) The following are equivalent:
(a) M is a (B,C)-relative injective bicomodule;
(b) any morphism i : M — L in PMC that is a coretraction in gMC
is also a coretraction in PMC;
(c) Mo: M — D ®p M is a coretraction in PMC.

If this holds, then the canonical sequence (cf. 22.2)
0 — PHom®(L, M) — zHom (L, M) —*> zgHom (L, D ®5 M),

splits in Mg.
(2) The following are equivalent:
(a) M is a (D, A)-relative injective bicomodule;
(b) any morphism i : M — L in PMC that is a coretraction in PM4
is also a coretraction in PMC;
(c) o™ : M — M ®,C is a coretraction in PMC.
If this holds, then the canonical sequence (cf. 22.2)

0 — PHom (L, M) —~=PHom (L, M) —2~PHom (L, M ®C)),

splits in Mg.
(3) For any X € pMC andY € PMy, D®g X is a (B, C)-relative injective
bicomodule and Y ®4 C is a (D, A)-relative injective bicomodule.

Proof. This is proven by the same techniques as in 18.18 (cf. 3.18). More
precisely, in the proof of the left (resp. right) comodule version of 18.18; all
A-module maps can be replaced by morphisms in 3MC (resp. in PMy). 0O

For the remainder of this section let both C and D be A-corings. Take
any M € PMC¢, N € MC and consider the R-module Hom®(N,M). In
case M is finitely A-presented, there is a Hom-cotensor relation MOz N* ~
Hom® (N, M) (see 21.8) and the left side is a left D-comodule provided Dy is
flat (see 22.3).

22.9. Comodule structure on Hom®(M, N). For A-corings C, D, let Ca
be flat, M € PMC and N € MC such that My is flat and N, is finitely
presented.

If M is (C, A)-injective, or if M is coflat in MC, or if D, is flat, then

MOeN* ~ Hom®(N, M) in PM.
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Proof. As shown in 40.12, there are isomorphisms
Homu (N, M)~ M @4 N* and Homa(N,M ®4C) ~ M ®,C @4 N*,

where both modules are left D-comodules (induced by M). With the help of
21.8 one can construct a commutative exact diagram as in the proof of 11.13
and, by 21.5, follow the arguments there. ad

Special classes of bicomodules are derived from coring morphisms. We
first consider the case of corings over the same algebra A. The general case,
that is, that of corings over different algebras, is described in Section 24.

22.10. A-coring morphisms and comodules. Let v : C — D be a mor-
phism of A-corings, that is, there are commutative diagrams

o

C ! D C D

Acl lAD \ /
Ec Ep

C®ACL®1D®AID; A.

Every right C-comodule N is a right D-comodule by
QJWV:(INQZ)V)OQN: N—->N®4C— N®yD,

and morphisms of right C-comodules f : N — M are clearly morphisms of
the induced D-comodules. By symmetry, every left C-comodule has a left
D-comodule structure, and C itself is a left and right D-comodule and v is a
left and right D-comodule morphism.

As in 11.8, we obtain that the composition of D-colinear maps

N I
N -4~ NOpC X2 NOpD ~ N
is the identity, and hence N is a direct summand of NOpC as a D-comodule.
Coring morphisms induce functors between the comodule categories.

22.11. Coinduction and corestriction. Let v :C — D be an A-coring
morphism. The corestriction functor is defined by

( )y :ME—=MP (M, o™) — (M, (I ®7) 0 o™)

(usually written as (M), = M). Considering C as a (C,D)-bicomodule (as
above), MOcC is a right D-comodule for any M € MC (see 22.3) and the
corestriction functor is isomorphic to —OcC : MC — MP. So it is left exact
provided 4C is flat.
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Symmetrically C is a (D, C)-bicomodule and for any N € MP we can form
NOpC. This is a right C-comodule provided some pureness conditions hold
(see 22.3). In this case there is a coinduction functor

—O0pC : MP — M€, N +— NOpC,

where NOpC is said to be induced by N. This functor is right exact provided
C is coflat as a left D-comodule.

The pureness conditions required are satified if, for example, 4C is flat. In
this case the proof of 11.10 for coalgebras yields the adjointness of corestric-
tion and coinduction.

22.12. Hom-cotensor relation for corings. Let~ : C — D be an A-coring
morphism and assume AC to be flat. Then, for all N € MC and L € PM, the
map

Hom®(N, LOpC) — HomP (N, L), f+ (I;0v)o f,
is a functorial R-module isomorphism with inverse map g +— (g ® I¢) o o.

This is a special case of more general purity conditions to be considered
in 24.8 and of an extended version of the adjointness isomorphism in 24.11.

Given a morphism of A-corings v : C — D, a short exact sequence in M¢
is called (C, D)-ezact if it is splitting in MP. A right C-comodule N is called
(C, D)-injective (vesp. (C,D)-projective) if Hom®(—, N) (resp. Hom (N, —))
is exact with respect to (C, D)-exact sequences.

Notice that € : C — A is an A-coring morphism, provided A is viewed
as a trivial A-coring as in 17.3. Since the category of right A-comodules is
isomorphic to My (cf. 18.5), the above definitions in particular yield (C, A)-
exact sequences and (C, A)-injective comodules as considered in 18.18. The
properties given there can be generalised by applying the isomorphism in the
Hom-cotensor relation 22.12.

22.13. (C, D)-injectivity. Let 4C be flat, N € M€, and v : C — D an
A-coring morphism.
(1) If N is injective in MP, then NOpC is injective in MC.
(2) The following are equivalent:
(a) N is (C,D)-injective;
(b) every (C,D)-exact sequence splits in MC;
(c) the map N ca NOpC splits in MC.
(3) If N is injective in MP and (C, D)-injective, then N is injective in MC.
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Proof. With the formalism in 22.10, the proof of 3.18 can be followed.
a

(C, D)-injectivity plays an important role in the description of coseparable
corings. This is discussed in more detail in Section 26.

References. Gomez-Torrecillas [122]; Guzman [126, 127].
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23 Functors between comodule categories

Given two corings over two different rings, it is natural to study relationships
between the corresponding categories of comodules. For example, one would
like to know when such categories are equivalent to each other, and what
properties of corings can be derived from the equivalence of categories of
their comodules. This leads, in particular, to the Morita-Takeuchi theory for
corings.

For R-algebras A, B, let C be an A-coring and D a B-coring.

23.1. Functors between comodule categories over corings. Consider
an additive functor F : M¢ — MP that preserves colimits. Let gMC denote
the category of (B, A)-bimodules that are also right C-comodules such that the
coaction is left B-linear.

(1) F(C) is a (C,D)-bicomodule and there exists a functorial isomorphism
v:—0cF(C)— F.

(2) For any W € Mp and N € gpMC,
W ®p (chF(C')) ~ (W KB N)DcF(C).

(3) Let 4C and 4D be flat and assume F' to preserve kernels. Then F(C)
is coflat as a left C-comodule, and for all W € MP and N € PMC,

Proof. (1) By 39.3, there is a functorial isomorphism
U:—-®pF(—)— F(—®p—) of functors Mg X sM¢ — MP.

Moreover, by 39.7, for the (C,C)-bicomodule C, F'(C) is a left C-comodule by

the coaction

F(A c

F(C), . &c) Ve
0 : F(C)HF(C(@AC)HC@AF(C)

For any M € MC, the defining equalisers for the cotensor product give the
following commutative diagram:

M@Ipc)
MDCF(C)HM(X)AF(C) M@AC@)AF(C)
In@F (@
i‘PM,c \L\PM(@C,C
F(eM®Ic)
F(M) F(M®4C) F(M®aC®4C),

F(In®4)
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where the top sequence is an equaliser by the definition of a cotensor product,
and the bottom sequence is an equaliser since F' preserves kernels. From this
we derive the functorial isomorphism vy, : MOF(C) — F(M).

(2) This follows from the isomorphisms (tensors over B)

1 _1
Yy, Iy,
—_—

(W@M)OF(C) ¥ F(WoM) "~ WeF(M) —* W& (MO:F(C)).

(3) Both — ®4 C and F are left exact functors, and thus so is their com-
position F(—®4C) ~ —®4 F(C), that is, F'(C) is a flat left A-module. Since
F preserves epimorphisms, so does —O¢F'(C), and hence F(C) is coflat as a
left C-comodule and associativity of the cotensor products follows from 22.5

O

23.2. Adjoint functors between comodule categories. Let 4C and gD
be flat. Let (F,G) be an adjoint pair of additive functors, F': M® — MP and
G : MP — MC, with unitn : Iyje — GF and counit ) : FG — Iyp. Suppose
that F preserves kernels and G preserves colimits. Then:

(1) F(C) is a (C,D)-bicomodule and there exists a functorial isomorphism
v:—0cF(C)— F.

(2) G(D) is a (D,C)-bicomodule and there exists a functorial isomorphism
p: —0pG(D) — G.
(3) For any M € M€ and N € MP,

(MO:F(C))0pG(D) ~ MO:(F(C)OpG(D)) and
(NOpG(D))2F(C)) ~ NOp(G(D)3F(C)).

(4) There exist (C,C)-, resp. (D,D)-, bicomodule morphisms
ne : C — F(C)OpG(D), ¢p:G(D)OcF(C) — D,
such that the following compositions yield identities:

ncOI

F(C) ~ COF(C) 2 F(C)TpG(D)OCF(C) ™9 F(C),
G(D) 2 G(D)O.F(C)OpG(D) 25 DO»G(D) ~ G(D).
(5) There is an adjoint pair of functors (G', F') with
G'=G(D)0e—: ‘M —PM  and F' = F(C)Op— : PM — ‘M.

Proof. (1),(2) Under the given conditions both F' and G preserve kernels
and colimits, and hence the assertions follow from 23.1.
(3) The two isomorphisms follow from 23.1.
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(4) Notice that C is a (C,C)-bicomodule and GF preserves colimits. Un-
der these conditions, 39.7 implies that n¢ is a (C,C)-bicomodule morphism.
Similar arguments apply to D and vp. The properties of the compositions
are given in 38.21.

(5) This follows from the isomorphisms in (4). 0

Notice that the conditions on the pair of functors (F,G) in 23.2 hold in
particular when they form a Frobenius pair or if they induce an equivalence.

23.3. Equivalence between comodule categories over corings (1). If
AC and gD are flat, the following are equivalent:

(a) there are functors F': M¢ — MP and G : MP — MC that establish an
equivalence;

(b) there exist a (C,D)-bicomodule X, a (D, C)-bicomodule Y, and bicomod-
ule isomorphisms v : D — YO X and 6 : C — XUOpY, such that

(IyOed) 0 0" = (vOply) o Yo, (60pIx)o Yo = (IxOpv)o o,

and (i) X is a coflat left C-comodule, and 'Y is a coflat left D-comodule,
or (ii) 4 X and gY are flat modules, and the following pairs of mor-
phisms are pure in gM and M, respectively,

YoI XQI
YR4CR4X, XQpY

Iy ®% Ix®Y

Y®aX X®@pD®pY.

Proof. (a) = (b) By 23.1 and 23.2, the comodules X = F(C) and
Y = G(D) have the properties required, and hence maps with the desired
properties exist.

(b) = (a) The given conditions imply that YO X is a (C, D)-bicomodule
and XOpY is a (D, C)-bicomodule, and so there are functors (see 22.3)

—0cX :M¢ - MP, and —0OpY : MP — MC.
Furthermore, for any M € M, N € MP, there are associativity relations
(MOcX)OpY ~ MOc(XOpY), (NOpY)OeX >~ NOp(YOcX),
which imply functorial isomorphisms,
MO XOpY ~ MO:C~M and NOpYOrX ~ NOpD ~ N,

thus proving that X and Y induce an equivalence. a

From 23.3 we know that functors describing equivalences between comod-
ule categories are essentially cotensor functors, and we would like to know
which properties of the comodules involved characterise equivalences.
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23.4. Quasi-finite comodules. For an R-algebra B, let M denote the
category of (B, A)-bimodules that are also right C-comodules such that the
coaction is left B-linear. A comodule Y € pMC is called (B, C)-quasi-finite
if the tensor functor — ®z Y : Mp — MC has a left adjoint. This left
adjoint is called the Cohom functor and is denoted by he(Y, —) : MC — M.
Explicitly, this means that, for all M € M¢ and W € Mgp, there exists a
functorial isomorphism

®prw : Homp(he(Y, M), W) — Hom®(M, W @5 Y).

If 4C is flat, then any quasi-finite comodule Y € pMC is flat as a left
B-module (right adjoints respect monomorphisms). Since he(Y, —) is a left
adjoint functor, it respects colimits (see 38.21), and, by 39.3, this implies a
functorial isomorphism,

‘IIW,M . W@B hc(KM) th(Y,W(@BM)

Moreover, if M is a (D, C)-bicomodule, then h¢(Y, M) has a left D-comodule
structure,

he(WM)y — ho (Y, M) : he(Y, M) — he(Y,D @5 M) ~ D &g he(Y, M),

such that the unit of the adjunction ny : M — he(Y, M) ®p Y is a (D,C)-
bicomodule morphism (see 39.7).

By the Hom-tensor relations 18.10, — ®4 C : My — MC is the right
adjoint to the forgetful functor M¢ — My, and hence C is an (A, C)-quasi-
finite comodule and h¢(C, —) is simply the forgetful functor. For any (B,C)-
quasi-finite comodule Y and n € N, an isomorphism Homg(he(Y, —),—) —
Hom®(—, — ®p Y) implies an isomorphism,

Homg(he(Y™, —), =) — Hom®(—, — @5 Y"),

showing that Y is again a quasi-finite C-comodule. Similarly it can be shown
that (B, C)-direct summands of Y are again (B, C)-quasi-finite.

23.5. Quasi-finite bicomodules. Let Y € PMC be (B,C)-quasi-finite and
denote by n : Im, — he(Y,—) @p Y the unit of the adjunction. There exists
a unique D-comodule structure map o"¢M) . he(Y, M) — he(Y, M) ®5 D,
with (Ing (v, @ Y0) oy = (0"<'M) & Iy) o may and Im nyy C he(Y, M)OpY .
This yields a functor,

he(Y, =) : M¢ — MP.

Proof. To shorten notation write Iy, for Iy, (y,ar). For the C-colinear map

(Ih®YQ)OWM:M—>hC(Y7M) ®BD®BY7
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there exists a unique right B-linear map o"¢M) : ho(Y, M) — he(Y, M)®@pD
such that (I, ® Y0) o gy = ("M ® Iy) o myr (preimage of the given map
under ®). It is straightforward to prove that this coaction makes he(Y, M) a
right D-comodule. The last equality means that Im 7, lies in the equaliser

eV M) g,

he(Y,M)®pY he(Y,M)®pD®gY,

I,®%

that is, ITm ny; C he(Y,M)OpY. As in the proof of 12.6, assign to any
morphism f : M — M’ in M¢ a D-colinear map he(Y, f) : he(Y, M) —
he(Y, M) to obtain the required functor. O

23.6. Cotensors with left adjoints. Let 4C be flat. Then, for Y € PMC,
the following are equivalent:

(a) —®pY : Mp — MC has a left adjoint (that is, Y is quasi-finite);

(b) —OpY : MP — MC has a left adjoint.

Proof. (b) = (a) By the isomorphism — ®p Y ~ (— ®p D)0OpY,
the functor — ®p Y is composed by the functors — @5 D : Mg — MP and
—OpY : MP — MC. We know that —® D always has a left adjoint (forgetful
functor). Hence our assertion follows from the fact that the composition of
functors with left adjoints also has a left adjoint.

(a) = (b) Let Y be (B,C)-quasi-finite with left adjoint he(Y,—) and
denote by n : Inty, — he(Y,—) ®p Y the unit of the adjunction. By 23.5,
there is a functor he(Y, —) : M¢ — MP| and, for any M € MC, Im 7y, C
he(Y, M)OpY . Similarly as in the proof of 12.7, we can see that this functor
is left adjoint to —OpY. O

23.7. Exactness of the Cohom functor. Let 4C and gD be flat, and
consider some Y € PMC that is (B, C)-quasi-finite.

(1) The following are equivalent:
(a) he(Y,—): M® — Mp is exact;
(b) W®gY is injective in MC, for every injective right B-module W ;
(c) he(Y,—): M¢ — MP is exact;
(d) NOpY is injective in MC, for every injective comodule N € MP.
If this holds, then he(Y,—) ~ —Oche(Y,C) as functors M¢ — Mp (or
MC¢ — MP) and hence he(Y,C) is a coflat left C-comodule.
(2) If he(Y,—) is exact, the following are equivalent:
(a) he(Y,—) is faithful;
(b) he(Y,C) is a faithfully coflat left C-comodule.
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Proof. (1) (a) = (b) and (c) = (d) follow from the adjointness isomor-
phisms
Homgpg(he(Y, =), W) ~ Hom®(—, W ®p Y),

Hom? (he(Y, —), N) ~ Hom®(—, NOpY'),

since the exactness of he(Y, —) and Homp(—, W) (resp. Hom®(—, N)) implies
the exactness of their composition, which means the injectivity of W @p Y
(resp. NOpY) in MC.

(a) & (c) Any sequence of morphisms in MP is exact if and only if it is
exact in Mp.

(b) = (a), (d) = (c¢) We can transfer the corresponding proofs of 12.8
from Mp to Mp.

(2) This is clear by the isomorphism he(Y, M) ~ MOche(Y,C), for any
M e MC. O

Definition. A comodule Y € gMC is called a (B, C)-injector provided that
the functor — ®p Y : Mp — MC respects injective objects. Left comodule
injectors are defined similarly. We know from the Hom-tensor relations 18.10
that a coring C is both an (A, C)-injector and a (C, A)-injector.

Similar to the situation for coalgebras, one can prove that, for any Y €
sMC that is (B, C)-quasi-finite, there is a B-coring D (the dual of the algebra
of C-colinear endomorphisms of Y') that makes Y a (D, C)-comodule.

Set ec(Y) = he(Y,Y). The unit of adjunction induces a morphism in M¢,

(Ieery®@ny)ony 1Y —ec(Y) ®@pec(Y)®p Y.
By the adjunction isomorphism
Homp(ee(Y),ec(Y) ®p ec(Y)) — Hom® (Y, ec(Y) @p ec(Y) ®@pY),

there exists a unique (B, B)-bilinear map A, : ec(Y) — ec(Y) ®p ec(Y),
such that (I..(y)y ® ny) oy = (A, ® I) o ny. Moreover, by the isomorphism
®yp : Homp(ee(Y), B) ~ Hom®(Y,Y), there exists a unique (B, B)-linear
map ¢, : ec(Y) — B, such that (e, ® Iy) oy = Iy.

23.8. Coendomorphism coring. Let Y € gMC be (B,C)-quasi-finite and
ec(Y) = he(Y,Y). Then the (B, B)-bilinear maps

A, cec(Y)—ec(Y)®pec(Y) and €, ec(Y) — B,

—€

defined above, make ec(Y) a B-coring. Furthermore, Y is an (ec(Y),C)-
bicomodule by ny 1Y — ec(Y) ®p Y, and there is a ring anti-isomorphism

®y.B

ec(Y)* = Homp(ec(Y), B) —3 End®(Y).
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Proof. Write E for ec(Y') to shorten the notation. To show that g, is a
counit for A,, consider

Ppp((lp®e)ol,) = (g®e)oA ®Iy)ony

(
Ig®@e @ Iy)o (A, @ Iy)ony
Ip®e @Iy)o(Ig@ny)ony = 1y,
Ppp(le.®l)oA,) = ((e.®I)oA ®Iy)ony
= (.®Ip®Iy)o (A, ®Iy)ony
(e.®@Ip®Iy)o(Ig®ny)ony = ny, and

(I)E,E([E) = nNy.

Now the injectivity of ® implies (I ® g,) 0o A, =Ig= (e, ® )0 A,.
To prove the coassociativity of A, we compute

(A, @Ig)o A, @Iy)ony = (A, ®Ig®Iy)o (A, ®Iy)ony
= (A ®Ig®@Iy)o(Up®@ny)ony = (Ig@Ip®ny)o (A, @ Iy)ony
Up@Ip®@ny)o(Ug@ny)ony = Up®@ (Up®@ny)ony)ony

= Ig®@ A, ®@Iy)ony)ony = (@A, ®Iy)o (Ip®ny)ony
@A, @Iy)o(A,@1Iy)ony = (IE®A,)0 A, ®1Iy)ony,

and the adjointness isomorphism implies (A, ® Ig) o A, = (I ® A,) o A,.
By the definition of A, there is a commutative diagram,

Y e E®pY

ny lA®I Y

EopY R0, EopY

and the definition of £, shows that 7y is a counital coaction. Since 7y is
C-colinear, Y is an (F,C)-bicomodule. O

As an example we consider functors related to algebra extensions.
23.9. Functors induced by a base ring extension. Given an R-algebra

morphism ¢ : A — B, an A-coring C induces a B-coring BCB = B ;,C®4 B
(see 17.2). For any M € M, M ®4 B is a BCB-comodule by

oM® P M ®@sB— M®sB®sBCB, m@b— Y mg®1lp@m @b,

In particular, C ® 4 B is a (C, BCB)-bicomodule, and, by symmetry, B ® 4 C
is a (BCB,C)-bicomodule. Let 4C be flat. Then — since C ®4 B is left
(C, A)-injective (see 18.18) — the purity conditions are satisfied (see 21.5),
thus yielding the functors (by 22.3)

_DC(C ®a B) Y (N MBCB, _DBCB(B R4 C) - MBCB ., ME.
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The bicomodule maps
7: (B®4C)Oc(C®4B) — B®4C®4 B,
§:C— (C®aB)Opep(B®4C), ¢—>.1®15®15® ey,
induce the adjointness isomorphism (® means ® 4)
Hom"?(LO¢(C®B), N) — Hom®(L, NOpcs(B®C)), g — (901pc)o(IL00),

with the inverse map h — (Iy07v) o (hOlzp). The coendomorphism coring
of the quasi-finite C-comodule B ® 4 C is then simply BCB.

We note that the isomorphism considered above is a special case of a more
general adjointness theorem in 24.11.

23.10. Equivalence with comodules over eq(Y). Let 4C be flat and let
Y € gMC be (B, C)-quasi-finite, faithfully coflat, and a (B, C)-injector in MC.
Denote by ec(Y') the coendomorphism coring of Y. Then the functors

—Oeor)Y - M) - MC he(Y, =) : ME — M)
where he(Y, —) is the left adjoint to — ®@p Y, are (inverse) equivalences.

Proof. We prove that the conditions of 23.3(b) are satisfied. By 23.8,
Y is an (ec(Y),C)-bicomodule and the image of he(Y, —) : M¢ — Mp lies in
Mec(Y) (see 23.5). Since Y is a (B, C)-injector, the functor he(Y, —) is exact
(by 23.7), and hence he(Y,—) ~ —Oche(Y,C) (by 23.2) and so he(Y,C) is
coflat as a left C-comodule.

Take any M € MC€ and consider the morphism

[MDCnC M ~ MDCC — Mmc(hc(}/, C) ®B Y) ~ (Mmchc(Y,C>> ®B Y,

where the last identification follows from the fact that gY is flat. There exists
a unique right ec(Y')-colinear morphism 6y : he(Y, M) — MOche(Y,C) such
that (5MDec(y)I) ony = I0cne. Note that d, is an isomorphism since
he(Y, —) is exact (see 23.7). In particular, since Y is a left ec(Y')-comodule,
the isomorphism
53/ : €C(Y) — YDchc(Y, O)

is in fact (ec(Y),ec(Y))-bicolinear by 39.7. Furthermore, Y is a faithfully
coflat C-comodule, and hence the bijectivity of [y O¢ne implies that the map
ne : C'— he(Y,C)0qv)Y is an isomorphism in MC. Since C is a bicomodule,
this is a (C, C)-bicomodule morphism by 39.7.

To verify the purity conditions stated in 23.3(b) we have to show that the
canonical maps

W Xp (hc(Y, C)Dec(Y)Y) — (W Xp hc(Y, C))Dec(Y)Y and
W ®p (YOche(Y,C)) — (W ®pY)Oche(Y,C)
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are isomorphisms for any W € Mp (see 21.4). By 21.5, this follows from the
coflatness of Y as a left ec(Y)-comodule and the coflatness of he(Y,C) as a
left C-comodule, respectively. O

Now we are in a position to describe equivalences between arbitrary co-
module categories.

23.11. Equivalences and coendomorphism coring. Let 4C and gD be
flat, and let F : MC — MP be an equivalence with inverse G : MP — MC.
Then:
(1) G(D) is (B,C)-quasi-finite, a (B,C)-injector, and faithfully coflat as a
left D-comodule.
(2) F(C) is (A, D)-quasi-finite, an (A, D)-injector, and faithfully coflat as
a left C-comodule.

(8) There are coring isomorphisms

ec(G(D)) 2D ~ec(F(C)) and ep(G(D)) ~C ~ ep(F(C)).

Proof. (1) The proof is similar to the proof of (2).

(2) Since F' ~ —OF(C) is an equivalence, it has a left adjoint and is
exact and faithful. Hence F'(C) is (A, D)-quasi-finite and faithfully flat as a
left C-comodule. For any injective W € My, W ®4 C is injective in M€, by
18.10, and by properties of equivalences, W ®4 F(C) ~ F(W ®4C) is injective
in MP| that is, F'(C) is an (A, D)-injector.

(3) Since G ~ —OpG(D) is left adjoint to F ~ —0OF(C),

ep(F(C)) ~ F(C)OpG(D) ~ GF(C) ~ C.

The other isomorphisms are obtained similarly. O

As for coalgebras (cf. Morita-Takeuchi Theorem 12.4) equivalences be-
tween comodule categories over corings can be described by the properties of
a single bicomodule.

23.12. Equivalences between comodule categories over corings (2).
If AC and gD are flat, the following are equivalent:

(a) the categories M€ and MP are equivalent;

(b) there exists a (D, C)-bicomodule Y that is (B, C)-quasi-finite, a (B,C)-
injector, and faithfully coflat as a right C-comodule, and ec(Y) ~ D as
CoTINGS;

(c) there is a (C,D)-bicomodule X that is (A, D)-quasi-finite, an (A,D)-
injector, and faithfully coflat as a right D-comodule, and ep(X) ~ C as
coTings.
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Proof. (a) = (b) Given an equivalence F' : M® — MP? with inverse
G : MP — MC, it was shown in 23.11 that Y = G(D) satisfies the conditions
stated.

(b) = (a) This follows from 23.10.

(a) < (c) The proof for this is symmetric to the proof (a) < (b). 0

23.13. Exercises

For an A-coring C, let P € MC be such that P, is finitely generated and
projective. Put T = End®(P), P* = Homyu(P, A), and consider T-modules as
T-comodules canonically, that is, M’ = Mr. Prove ([111]):

(i) There is an adjoint pair of functors
—Rr P :Mp—>My, —Q4P" :My— Mrp.

(i) P* is a left C-comodule and the functor —O¢P* : M¢ — MT has a left
adjoint.

(iii) The coendomorphism coring of P* is isomorphic to P* ®4 P (with the struc-
ture from 17.6).

(iv) —Oc¢P* induces an equivalence provided that P4 is a generator in My.

References. Al-Takhman [51]; Gémez-Torrecillas [122]; El Kaoutit and
Gomez-Torrecillas [111]; Guzman [126, 127].
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24 The category of corings

To treat corings over different rings on the same footing, and thus to study
relations between corings over different rings or dynamical properties of cor-
ings such as the change of the base ring, and so on, one needs to introduce
the category of corings. In this section, in addition to the introduction of
the category of corings, we also introduce the category of representations of
corings. Such a category is defined for any pair of corings, and objects are
morphisms between these corings. The fact that such a category can be de-
fined is an intrinsic feature of the notion of a coring. We also study induction
and coinduction functors, derive the general Hom-tensor relations, and as-
sociate an algebra to a pair of coring morphisms. This, in particular, gives
an interpretation of a dual algebra of a coring. The category of corings also
provides one with a nice setup for and the unification of the properties of
corings discussed in the preceding sections.

24.1. Category of corings. Objects in the category Crg of corings are
corings understood as pairs (C : A), where A is an R-algebra and C is an
A-coring. A morphism between corings (C : A) and (D : B) is a pair of
mappings (v: ) : (C: A) — (D : B) satisfying the following conditions:

(1) @ : A — B is an algebra map. Thus one can view D as an (A, A)-
bimodule via a. Explicitly, ada’ = a(a)da(a’) for all a,a’ € A and
deD.

(2) v:C — Dis an (A, A)-bimodule map such that

Xo(Y®av)oAr=Apoy, epoy=aoegg,

where x : D®4 D — D ®p D is the canonical morphism of (A, A)-
bimodules induced by «. Equivalently, we require that the induced
map

Ip@v®1p: B, C®4 B —1D

be a morphism of B-corings, where B ® 4 C ®4 B is the base ring ex-
tension of C (see 17.2).

Since any algebra A can be viewed as a trivial A-coring, the category Crg
contains the category of R-algebras.

Crg is a monoidal category with the tensor product (C: A) ® (D : B) =
(C®rD: A®g B). Here A ®p B has the tensor product ring structure, the
actions of A®g B on C®r D are given by (a®b)(c®d)(a’ @ V') = aca’ @ bdb',
and the coproduct and counit are

AC@)RD(C ®d) = Z(CL@’ d1) @agyp (2 ® dy), Ecopp = Ec ® Ep-

The ring R viewed as a trivial R-coring is an identity object.
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24.2. Examples of morphisms of corings. Any morphism between A-
corings is a morphism in Crg (with a = I4). Of particular interest are the
identity morphism, (Ic : 14) : (C: A) — (C : A), and the forgetful or counit
morphism, (g : 14) : (C : A) — (A : A). In the latter case, A is viewed as
a trivial A-coring. Note that the counit morphism satisfies the conditions in
24.1, since € is the counit in C and so, for all c € C, > e(c1) ® g(c2) = £(¢).

24.3. The category of representations of corings. To any pair of corings
(C : A) and (D : B) one can associate a category Rep(C : A | D : B)
of representations of a coring (C : A) in a coring (D : B). The objects of
Rep(C : A| D : B) are coring morphisms (y: «) : (C: A) — (D : B). For
any pair of objects (71, 1) and (72, a2) in Rep(C : A | D : B), a morphism
is an R-module map f : C — B such that, for all c € C and a € A,

flea) = f(e)as(a), flac) = ar(a)f(e), D) flev)yaler) = Y mle) f(ea):

Composition of morphisms f : (v, a1) — (2,02), g 1 (2,02) — (73, 3)
is defined by the convolution product, that is, for all ¢ € C, f % g(c) =
> f(e1)g(ez). Note that f* g is well defined since, for all a € A and ¢, ¢ € C,

flea)g() = fe)az(a)g(c') = f(c)g(ac’).

One easily verifies that f* g is a morphism (y1, a3) — (73, a3) in the category
Rep(C: A | D : B). Indeed, take any ¢ € C and a € A and compute

(f * g)(ca) = 32 fen)gleaa) = 32 fler)gler)as(a) = (f x g)(c)as(a),
(f  g)(ac) = 32 flac)g(ca) = doaa(a) fler)g(e) = en(a)(f * g)(c),

Y(fxrg)e)vs(cr) = >0 flen)glea)vs(es) = > flen)va(c2)g(cs)
= > mle)f(ex)g(es) =D mle)(f * g)(ca),

where, at various places, the definitions of morphisms and the A-linearity of
the coproduct in C were used.

24.4. Representations of a coring in an algebra. Let C be an A-coring
and view B as a trivial B-coring. Then objects in Rep(C : A | B : B) are
R-algebra maps A — B. A morphism f : oy — a9 in Rep(C: A| B: B) is
an (A, A)-bimodule map f : C — B, where B is viewed as a left A-module via
the map a1 and as a right A-module via the map .

The category Rep(C : A | B : B) is known as the category of representa-
tion of a coring in an algebra.

Proof. In this case any morphism of corings (v:«a): (C: A) — (B : B)
is fully determined by the algebra map o : A — B. Indeed, the condition
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g0 = aog implies that v = aog,, for g5 is the identity map on B. There
are no further restrictions on a (or 7).

Clearly, a morphism f : @y — azin Rep(C : A | B : B) must be an (A, A)-
bimodule map, as stated. There are no further restrictions on f, since, for

all c € C, 3 f(e1)n2(cr) = 3 fle)aa(ee(cr)) = fle) and Yo yi(er)f(e2) =
> aq(ec(cr))f(ea) = f(c), and thus the relevant condition > f(c1)7a(ca) =
> (1) f(ep) is satisfied automatically. O

Dually, one can consider representations of a coalgebra in a coring.
24.5. Representations of a coalgebra in a coring. For an R-coalgebra

C' and an A-coring C, the objects in Rep(C : R | C : A) are R-bilinear maps
v : C — C that satisfy the following properties, for all c € C':

ge(v(e) =cc(e)la, D> () ®av(ca) = Ae(v(e)).
Morphisms v, — v2 are R-linear maps f : C' — A such that, for all c € C,
>_mle)flex) = 22 fle)rn(ca).

Proof. In this case there is only one possible algebra map, R — A (the
unit map), thus all objects in Rep(C : R | C : A) are completely specified by
maps v : C' — C. One easily checks that such maps, as well as morphisms
between them, must satisfy the specified conditions. O

24.6. The induction functor. Take any (C : A),(D : B) € Crg. Given a
morphism in Crg, (v:«): (C: A) — (D : B), define an induction functor

F-M-MP, M—M®iB, [ f®Ip.

Here F(M) is a right B-module via (m ® b)b' = m ® bl/, for all m € M and
b, € B. The right D-coaction is given by

"M M@sB—M@1BRsD~M@sD, m@br > mg®y(my)b,

where Y my @ my = o™ (m). Clearly o™ is a right B-module map. It is a
coaction, because, using the facts that ¢ is a coaction and that v commutes

with the coproduct, we can compute
("™ @p Ip) 0 "M (m@ab) = 30" M (mg®a 1) @py(my)b

= 2> mg ®a7y(m1) ®p y(mz)b
= 2_mo®av(m1)1 ®@p Y(m1)2b
= (Ip®p Ap) 0 0" M (m @4 D),

as required.

The induction functor associated to the identity morphism of (C : A),
(Ic : I4) : (C: A) — (C : A), turns out to be the identity functor in MC.

Also, the forgetful functor M¢ — M 4 can be viewed as an induction functor
associated to the counit morphism (¢ : 14) : (C: A) — (A : A).
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Thus to any morphism of corings (v : ) : (C : A) — (D : B) one can
associate a functor between the categories of comodules M¢ — MP. It can
be viewed as a composite of functors

—0c(C®4 B) : M€ — MBCB’ ( )s: MBCB _, MD,

where the first one is induced by the base ring extension a : A — B (see
23.9) and the second one is the corestriction functor derived from the B-
coring morphism 4 : BCB — D (see 22.11). In certain circumstances one
can also construct a functor in the opposite direction, M? — MC. This
construction is slightly more involved, and we explain it in a number of steps.

24.7. The coinduced module G(N). For any morphism in the category
Crg, (y:a):(C:A) — (D: B), view the left B-module B ®, C as a left
D-comodule via the coaction

B84 BoaC > DR BRAC~DRAC, bRc Y by(e) @cy.

This is simply a left-handed version of the induction functor F' considered in
24.6. Take any right D-comodule N and consider a right A-module defined
by the cotensor product

G(N) = NDD(B XA C)

Recall from 21.1 that this means that G(N) is an equaliser of right A-modules

t
G(N)—=N ®4C—2N @5 D ®,4C,

N

where ty = oV ® Ip and by = (Y ® I¢) o (INn @ v ® I¢) o (Iy ® Ap), with
X : N®4D — N®pgD the canonical map associated to o : A — B. Explicitly,

G(N) = {Zni®ci EN®AC | Zni®37(0il)®c’2: Znig(@Bnil@ci}.

24.8. Pure morphism of corings. A morphism (y:«a):(C: A) — (D : B)
of corings is said to be pure if, for every right D-comodule N, the right A-
module morphism wy gg,c = ty — by is C-pure (see 40.13 for the definition
of a C-pure morphism). Note that (v : @) is a pure morphism of corings if
and only if, for every D-comodule N, G(N) ®4 C is equal to the equaliser of
tny ®Ic and by ® I¢, that is, G(N) is a C-pure equaliser in M 4 (cf. 40.14). In
particular, if C is a flat left A-module, then every morphism (C : A) — (D : B)
is a pure morphism of corings.
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As an example of a pure morphism of corings, take the counit morphism
(e:14):(C:A)— (A:A) (cf. 24.2). In this case MP = M4 = My, and for
all M € My, ware is a zero map m ® ¢ — 0. Thus wys¢ is C-pure. Note that
in this case G(M) = kerwy e = M ®4 C.

24.9. The coinduction functor. Let (y:a): (C: A) — (D : B) be a pure
morphism of corings. Then, for all N € MP, G(N) is a right C-comodule
with the coaction

o“M  G(N) — G(N)®4C, Zn ® ' HZTL ®p '] ®4 ¢y,

provided G(N) is viewed as a right A-module via (3", n' @ ¢')a =Y, n'®@c'a.
Furthermore, for any morphism f : N — N’ in MP,

G(f) : G(N) — G(N'), Zn@z)CHZf

is a morphism in MC.
Thus G : MP — MC is a covariant functor called a coinduction functor.

Proof. The fact that G(N) is a right C-comodule follows from 22.3(2).
The definition of G(f) makes sense because f is a morphism of right B-
modules and hence of right A-modules (the A-action on N is given via « :
A — B). Second, the image of G(f) is in G(N') since f is a right D-comodule
map. Explicitly,

Z fn)o@pf(n')1®ac’ = Z fn'o)@pn'1®@ac’ = Z f)@py(c)@ac’y.

Since G(f) acts as identity on the part of G(N) in C, it is clear that G(f) is a
right C-comodule map. Thus, with the above definitions, and provided that
(7 : @) is a pure morphism of corings, G is a covariant functor, as required.

O

To gain a better understanding of the functor G we compute it in a

very simple, but important and general situation (cf. tensor-cotensor rela-
tions 21.4).

24.10. Action of the coinduction functor on induced comodules. Let
(v:a):(C: A — (D : B) be a pure morphism of corings and take any
right B-module N. View N @D as a right D-comodule via the natural right
B-action and the coaction Iy ®@p Ap (cf. 18.9). Then G(N @ D) ~ N ®4C
in MC.

Proof. The isomorphism reads

0:G(IN®@pD)— N®uyC, an Rpd @4c Z.nigp(di) ®4c,
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and its inverse is 07! : n®4c— Y. n®py(c1) ®a ca. One easily checks that
Im (67') € G(N ®p D) and that 6! is the inverse of §. Clearly, both § and
0~! are right C-comodule maps, as required. O

24.11. Hom-tensor relations. Let (v : a) : (C : A) — (D : B) be a
pure morphism of corings, and let F' and G be the induction and coinduction
functors defined above. Then F' is left adjoint to G. Consequently, for any
pair of comodules M € MC, N € MP, there is an isomorphism of R-modules,

Hom®(M,G(N)) ~ Hom®(M ®4 B, N),
that is natural in M and N.

Proof. First we construct the unit of the adjunction. For any M € MC,
consider an R-module map

v M — G(F(M)), m— ng®13®ml.
The map 7y, is well defined since, for all m € M, c € C and a € A,
ma®@lp@c=meala) ®c=m® lg X ac.
Furthermore,

trany o mar(m) = tran(D_me ® 15 @ my)
= 2. (mu®@1p)®p (Mg ® 1p)1 ®amy
= > my®7(my) ®my, and

broay o nu(m) = brpan(Q_me ® 1 @ my)
= Y my®1lp@py(m) @my
= > my®y(my) ® my.

Thus we conclude that the image of 7, is in the required equaliser. The way
in which the definition of the map 7,; depends upon the coaction o™ ensures
that nys is a right A-module map (since o is such a map). One easily checks
that 1,7 is also a morphism in M¢. Next, take any f : M — M’ in M¢ and
compute for any m € M,

me(f(m)) = 2 f(m)®1p® f(m)
= > f(mg) ®1p@my

=

GE(f)(nu(m)).

The second equality follows since f is a morphism of right C-comodules. Thus
we have constructed a natural map 7 : Iyye — GF that will be shown to be
the unit of the adjunction.
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Now, for any N € MP, consider a right B-module map
Uy i FG(N) = N, Yon' @aci@ab— Y (nalec(c)b

The map 1 is a morphism in the category of right D-comodules since, for
alln =>"n'®sc ®abe FG(N),

S hn(ng) ®png =D N(n' ®a ¢y @4 1) @p y(c'a)b = .n" @4 v(c")b.

Since Y ;n' @4 ¢ € G(N), Y ;n'o @p n'y ®4 ¢ = Zln’ ®p Y(c'1) ®a 'y,
and thus the application of Iy ®p Ip ®4 g yields Y. n'g @p n'1a(ex(c")) =
>, n' ®@p (c"). Therefore we conclude

Y n(ng) ®pny =Y 0t @p n'ralee(c)b =Y Un(n)o @5 Pn(n)1,

as required for a morphism in MP. Thus for any right D-comodule N we have
constructed a morphism vx in M?. We need to show that the corresponding
map v : FG — Iyo is a morphism of functors. Take any f : N — N’ in MP
and Y. n' ® ¢ @ b € FG(N). Then, on the one hand,

foun(En' @ c @b) =3, f(n'alee(cb)) = 3, f(n')alec(c))b,
since f is right B-linear. On the other hand,

Yy o FG(f) (D, n'@c'®@b) = i (32, f(n')@c'@b) = 3, f(n)alec(c))b,

as required.

Finally, the fact that n and 1 are the unit and counit, respectively, can
be verified by a simple calculation that uses the properties of the counit e,.
g

Observe that if we take the counit morphism of corings 24.2, which is
pure as explained in 24.8, then F' is a forgetful functor by 24.6, while G is
the induction functor G = — ®4 C of 18.9. The corresponding Hom-tensor
relation is simply the Hom-tensor relation 18.10. Furthermore, if we take a
morphism of A-corings (that is, the case B = A, a = I4) and assume that C
is flat as a left A-module, then 24.11 reduces to 22.12. As yet another special
case of the Hom-tensor relation described in 24.11, one obtains

24.12. Hom-tensor relation for a special comodule. For a pure mor-
phism of corings (y:a): (C: A) — (D : B) and a comodule M € M€, there
is an isomorphism of R-modules (natural in M)

Hom®(M, B ®4C)) ~ Hom®?(M ®4 B, D).

Proof. Take N =D in 24.11 and apply 24.10. a
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24.13. An algebra associated to a morphism of corings. For a coring
morphism (v,a) : (C: A) — (D : B), consider the R-module

AU(a,7) = {a € sHomy(C, B) [Ve € C, doy(er)alca) = X aler)v(ca)}

Then A(c,7y) is an R-algebra with product (a*a’)(c) = > a(c1)d (c2) (convo-
lution product) and unit 1oy = a o ge.

Proof. First note that the product is well defined since elements of
A(cr,y) are (A, A)-bimodule maps. Furthermore, for all ¢ € C,

Yovle)(axd)(cr) = dDoy(ealea)d(ez) = aler)y(cz)a’(cs)
= Y a(cr)d (ca)y(cz) = (a*a')(c)v(ca),

that is, axa’ € A(a, 7). The coassociativity of A, implies that the product in
A(cr,7y) is associative. Since the product in 2(c, ) is simply the convolution
product, a o g, is the unit. Thus we need only to verify that 1y, is in
A(a,y). For any ¢ € C, by the axioms of the counit and the fact that v is
(A, A)-bilinear,

o) laan (e2) = 22v(cr)alec(ea)) = 2o v(cage(ca)) = 7(¢), and
2 Laam (e)v(e2) = 2o alee(er))v(ea) = 2o v(alee(er)ez) = 7(e).

This shows that lg,) € A(a,y) and hence A(«,7) is a unital, associative
algebra as claimed. O

24.14. The endomorphism ring of an induction functor. Given a
morphism (y:a): (C:A) — (D:B)inCrg, let F = —®,48 : M® — MP be
the corresponding induction functor. Then the algebra A(c,7y) is isomorphic
to the R-algebra Nat(F, F') of natural transformations F' — F (with respect
to composition).

Proof. Given a natural transformation ¢ : ' — F, the corresponding
morphism ¢y : M ®4 B — M ®4 B in MP is right B-linear and thus can
be identified with a map ng M — M ®,4 B via ngM( ) =opu(m® 1p) and
drr(m@b) = ¢y (m)b. The definition of ¢y, immediately implies that for any
other natural endomorphis% : F' — F, and the corresponding morphism
Py  MRsB — M@aB, (pod),, = ngogzNS’M. Take any right A-module M,
and for any m € M consider a C-comodule map f,, : C — M ®4C, c — mec.
The naturality of ¢ then implies that

(fm ®1B) o e = dmguc © (fm @ I).

This is equivalent to the following property of ¢:

Prreqc(m @ c) =m @ delc), ()
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for any m € M and ¢ € C. On the other hand, for any M € MC, take
f=0M:M — M®,C. This is a morphism in M¢, and hence the naturality
of ¢ implies that (o™ ® Ip) o drr = Prre,c © (0™ @ I), or equivalently for ¢,

Oreac o 0™ = (0 ® Ip) o dar. (#k)

Taking M = A in equation (%), one immediately concludes that e is left A-
linear, and hence it is (A, A)-bilinear. Thus we can define an (A, A)-bimodule
map, a4 : C — B, ay = (¢0 @ Ip) 0 de. Combining equations (x) and (+x) for
an arbitrary M € MC€, one can obtain an explicit expression for ¢, in terms
of ag. More precisely, equations (*) and (+*) imply that, for all m € M,
Somy ® ge(my) = (oM @ Ip) o ¢pr(m). Thus, applying Iy @ g, ® Ig, one
obtains that ¢ur(m) = 3" mg ® ag(m,).

Since for any M € MC, ¢, is a morphism in M?, one easily finds that

S oar(mo) @ y(my) = 3 dar(m)o @p dar(m);. Thus in terms of the map a,
we obtain

> mo ® ag(my)y(mg) = me ® y(my)ag(my).

In particular, if we take M = C and apply g, ® Ip, we obtain > as(c1)v(c2) =
> v(er)ag(ca), that is, ay € A(a,y). Thus the assignment ¢ — a, defines
an R-linear map Nat(F, F') — 2A(c,~y). To show that this is an algebra map,
take any ¢, ¢’ € Nat(F, F), ¢ € C, and compute

G () = (e @ Ip) 0 (B0 d)elc) = (e ® ) (6e(Be(0))
= > (ee @ In)(beler @ ag(ca)))
= Z(§C®IB>(¢C<CL>G¢’(CQ)) = Z%(cl)a(z,/(cz).

Conversely, take any a € («a,~) and, for any M € MC, define a right
B-bimodule map

o M @4 B— MRy B, m®b»—>2m9®a(ml)b.
Using the fact that a € A(«,7), one easily finds that ¢, is a right D-

comodule map. Next take any morphism f : M — N in MC. Then, for any
mée M and b e B, F(f)o ¢pamu(m®b) => f(mg) ® a(my)b, while

dan o F(f)m@b) =) f(m)o@a(f(m))b=_ f(mg) ® a(my)b.

Thus we conclude that the assignment a — ¢, defines a mapping 2A(«,y) —
Nat(F, F'). It remains to show that this mapping is the inverse of the algebra
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map Nat(F, F') — 2(a,v), ¢ — a4, constructed previously. First take any
M e M m e M, and b € B and compute

Gaprr(m @D) =D mg @ ag(my)b = dar(m)b = ar(m @ b).

Second, for any ¢ € C,

a4,(¢) = (g ® I) © Pac(c ZEC c1) = a(c).

This completes the proof of the theorem. O

24.15. The endomorphism ring of the coinduction functor. Assume
(y:a):(C:A)— (D: B) to be a pure morphism of corings, and let G be
the associated coinduction functor. Then there is an R-algebra isomorphism

Nat(G, G) ~ A(a,v)®

Proof. This follows immediately from 24.14, since the endomorphism
ring of a functor is isomorphic to the opposite endomorphism ring of its left
or right adjoint functor (cf. [38, Section 2.1, Corollary 1]). Explicitly, the
required isomorphisms Nat(G, G) ~ 2(«, )% are given as follows:

Nat(G,G) — A(a, )P, ¢+ (ep®ep) 0 QBD o(y® Ic) o Ag,

where ¢p is as in the proof of 24.14. In the converse direction, given a €
A(a, ), one defines a natural endomorphism ¢, via

¢an : G(N Zn®CHZna

for all N € MP. O

24.16. The endomorphism ring of the forgetful functor. Consider the
counit morphism of corings (e : 1) : (C: A) — (A : A). Then

A(la,e) = {a € aHoma(C, A) [Veel, Ylale)e(e) = 2oeler)alcr)}
= AHOIIIA(C,A) = *C*.

Since in this case F is the forgetful functor M¢ — M, we obtain an inter-
pretation of the dual algebra *C* in 17.8(3) as an endomorphism ring of the
forgetful functor M — M. This may be compared with the interpretation
of the left-dual ring *C as the endomorphism ring of the forgetful functor
MC¢ — Mp, in 18.29.

The endomorphism rings of general induction and coinduction functors
between categories M¢ and MP have a natural interpretation in terms of the
category Rep(C : A | D : B) of representations of a coring in a coring.
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24.17. Endomorphisms of the induction functor in the category of
representations. Let F : M¢ — MP be the induction functor associated
to a morphism of corings (v : «) : (C : A) — (D : B). Then there is an
R-algebra isomorphism

Nat(F, F) ~ EndRep(c;Am;B)((’y . O{))

Proof. By 24.14, the R-algebra of natural endomorphisms of F' is iso-
morphic to

A(a,7) = {a € 4Homa(C, B) [Ve € C, Y rler)aley) = ) aler)(ez)}-

View B as an A-bimodule via the algebra map a. Then an R-module map
f:C — Bis in Endrep(c.ajp:5)((7 : @)) if and only if f € 4Homy(C, B) and

for all c € C, > fcr)v(e2) = > v(e1) f(ep), that is, f € A(«,7), as claimed.
g

References. Gémez-Torrecillas [122]; Rojter [182].



Chapter 4

Corings and extensions of rings

Corings appear naturally in the context of extensions of rings. In fact, they
provide an alternative description of such extensions. This chapter is devoted
to studies of corings related to extensions. Thus we start with the description
of the canonical coring associated to an extension, its basic properties and
its connection with noncommutative descent theory. We then study specific
classes of corings that are closely related to separable, split and Frobenius
extensions. Next we analyse corings that are characterised by the existence
of a nonzero element, known as a grouplike element. The key property of such
an element g € C is that its coproduct has the simplest possible form, A(g) =
g ® g. We study the basic properties of corings with a grouplike element and
reveal that they exhibit a natural ring structure. Then we associate a cochain
complex to a coring and a grouplike element. The constructed complex turns
out to generalise the Amitsur complex familiar in the ring extension theory.
Next we proceed to introduce a differential graded algebra associated to a
coring and a grouplike element and study some elements of the theory of
connections in this differential graded algebra. This leads to the equivalence
between the notions of a comodule and a module admitting a flat connection.
Next we define Galois corings. These are corings that are isomorphic to the
canonical coring associated to a ring extension, and they provide one with a
natural framework for studying Galois-type ring extensions.
In this chapter, A and B are algebras over a commutative ring R.

25 Canonical corings and ring extensions

In this section we introduce the fundamental example of a coring, which was
the motivation for Sweedler’s work on dualisation of the Bourbaki-Jacobson
Theorem. Such a coring can be associated to any extension of rings. Due to
its importance, we thus term it the canonical coring. We study comodules
of this coring and show how they are related to a noncommutative descent
theory.

25.1. The canonical coring. Let B — A be an extension of R-algebras.
Then C = A®p A is an A-coring with coproduct

A:C—-C4C~AR AR A, a®d—a®ly®d,

251
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and counit e(a ® a') = aa’. C is called the canonical or Sweedler A-coring
associated to a ring (algebra) extension B — A.

Proof. Note that A is a (B, A)-bimodule, which is finitely generated
projective as a right A-module, A* = Homu (A4, A) ~ A, and the dual basis
consists only of 14 viewed as an element of A or A*. Thus this is a special
case of a coring associated to a finitely generated projective module in 17.6.

Alternatively, C can be seen as a base ring extension of the trivial B-coring
B (cf. 17.2, 17.3). a

25.2. Dual algebras of a canonical coring. As special cases of 17.9
one easily computes the dual algebras of a canonical coring. First, the left
dual *C = 4Hom(A ®p A, A) ~ gEnd(A), where the endomorphisms have
the algebra structure provided by the composition of maps. Second, C* =
Hom(A®p A, A) ~ Endg(A) is an anti-algebra isomorphism. Therefore
C* ~ Endg(A)? as algebras. Finally,

“C* = sHomy(A®p A, A) ~ AP ={a € A| for all b € B, ab = ba}.

25.3. Comodules of a canonical coring. Let B — A be an algebra ex-
tension, and let C = A ®p A be the canonical A-coring in 25.1. The ob-
jects in the category MC are pairs (M, f), where M is a right A-module
and f : M — M ®p A is a right A-module morphism such that, writing
f(m)=>,m; ®a; for anym € M,

(1) >, fmg) @ a; =Y, m; @ 14 ® ay;

(2) >, ma; =m.

Proof. Let M be a right C-comodule with a coaction p*. This induces

a right A-module map f : M L M®s A A — M ®p A. Explicitly,
if we denote o™ (m) = > mo®amy = >, m; ®a a; ®p a;, for m € M, then
f(m) =3, mia; ®pa;. Since pM is a coaction of C = A®p A on M (compare
the definition of the coproduct in A ®p A in 25.1),

Zij Mij @A Gij @p Qi Da G Qpa; = . M; Q4 0; Qp1a ®ala ®p a,

where, for each ¢, we used the notation QM(TTLZ') = Zj mij Q4 a;; p a;j. Note
that in this notation f(m;) = Zj m;j@;; ®p a;;. This in turn implies that

Zi,j Mmy;li; @p Aij0; D a; =y, MiG; Dp 14 Qp a;.

The last equality is equivalent to condition (1) for the map f defined above.
Now the fact that o is counital means that >, m;a;a; = m, which is precisely
condition (2) for the above-defined f. Now let (M, f) be a pair satisfying
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conditions (1) and (2). Write f(m) = >, m; ® a; and define a right A-
module map o™ : M — M ®,C, m — >, m; ®4 14 ®p a;. Condition (1)
then implies

(M @4 le) o oM(m) = 3, 0M(m;) ®a14®p a;
= Zi,jmij ®ala®pa; ®ala®pa
= > mRa1la@pla®4s1s®pa;
= >, mi®sA(l4®pa;)
= (In®a4)o o™ (m).

Here we used the notation f(m;) = > ;m;; ®p a;;. On the other hand,
condition (2) implies

(I ®@ag) 0 o™ (m) =37;m; ®ac(la ®p a;) = Y ;mia; = m,
that is, M is a right C-comodule with the coaction oM. O

25.4. Descent data. Given an algebra extension B — A, the category
consisting of pairs (M, f), where M is a right A-module and f: M — M®pA
satisfies conditions (1) and (2) in 25.3, is known as the category of (right)
descent data associated to a noncommutative algebra extension B — A [96].
The category of (right) descent data is denoted by Desc(A/B). A morphism
(M, f) — (M’, f') in Desc(A/B) is a right A-module map ¢ : M — M’ such
that f" o ¢ = (¢ ® I4) o f. The category Desc(A/B) is a noncommutative
generalisation of the category of descent data associated to an extension of
commutative rings introduced by Knus and Ojanguren in [28] and forms a
backbone of the noncommutative extension of the classical descent theory
[17, 18]. Recall that the descent theory provides answers to the following
types of questions.

(i) Descent of modules: Given an algebra extension B — A and a right
A-module M, is there a right B-module N such that M ~ N ®p A as
right A-modules?

(ii) Classification of A-forms: Given a right B-module N, classify all right
B-modules M such that N ®p A ~ M ®p A as right A-modules.

Thus the result of 25.3 can be equivalently stated as

Proposition. Let B — A be an algebra map. Then the category of de-
scent data associated to this extension is isomorphic to the category of right
comodules of the canonical coring A ®p A.

Under this isomorphism of categories, the induction functor — ®4 C :
M, — MC takes the form of the functor — ®5 A : M4 — Desc(A/B). An
A-module M is sent to the descent datum (M ®p A, f), where

fiM@BAHM(X)BA@BA, m®al—>m®1A®CL.
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The theory of corings provides a natural framework for studying the de-
scent of structures related to noncommutative rings. This is explored in
Section 28.

25.5. The inclusion morphism. Let C = A®p A be the canonical coring
associated to an algebra inclusion i : B — A. Identify B with its image
i(B). View the subalgebra B of A as a trivial B-coring as in 17.3. Let
v:B — A®p A be a (B, B)-bilinear map given by v :b— 14 @b=0® 14.
Then (v : Ig) : (B : B) — (A®p A : A) is a pure morphism of corings,
known as an inclusion morphism.

Proof. Obviously, Iz is an algebra map, and, by definition, v is a
(B, B)-bimodule map; therefore only conditions (2) in 24.1 need to be verified.
Clearly, the second of these conditions holds, since the counit in a trivial
coring is the identity map, and the counit in the canonical coring is given by
the product in A. Finally, for all b € B,

xo(y®pv)oAp) = x(v(15)®7() =x(1a®14® 14 ® D)
= 1,®14,b= éA@BA(lA ® b) = éA@BA(fY(b))a

as required. Thus (v : Ig) is a morphism of corings. It is a pure morphism
of corings, since B is a flat left B-module. O

25.6. Representations of the canonical coring in an algebra. Let C
be an R-algebra. The category Rep(A®p A : A | C : C) of representations
of the canonical A-coring A ®p A associated to an algebra map i : B — A in
C' has as objects the R-algebra maps a: A — C. Morphisms are given by

MorRep(A@za:4/c:c) (01, ag) = alC’fZ ={ceC |VbeB, a1(i(b))c=cay(i(h))}.

Proof. This follows by 24.4 and the identification 4Hom(A ®p A, C) ~
CcB. O
a1~ o

25.7. Representations of a coalgebra in the canonical coring. For
an R-coalgebra C' and a canonical coring A ®p A, the objects of the category
Rep(C : R | A®p A : A) are R-linear maps v : C — A ®p A such that,
writing y(c) = > v(c)* @ v(¢)? for c € C,

(1) 227(e)'y(e)* = e(e)la;

(2) 3ov(e)! @ y(e)*v(er)! ®@v(er)® = 2 7(e) @ 1a @ ().
Morphisms v, — v2 are R-linear maps f : C — A such that, for all c € C,

2 mle)flezd) = 22 flera(er).
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Proof. This follows immediately from 24.5 and the definition of the
canonical coring. ad

A concrete example of a representation of the type described in 25.7 is
given in 34.5.

References. Brzeziiiski [73]; Cippola [96]; Grothendieck [17, 18]; Knus
and Ojanguren [28]; Sweedler [193].
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26 Coseparable and cosplit corings

Among all the types of extensions of rings, separable and split extensions form
two important classes. The former generalise the notion of a separable alge-
bra, and the latter is a complementary notion to the former. In this section
we study two types of corings that are closely related to separable and split
extensions of rings. These corings are respectively known as coseparable and
cosplit corings, and their properties determine when the forgetful and induc-
tion functors are separable, in particular, we show that a coseparable coring
has a structure of a nonunital ring whose (balanced) product has a section.
Comodules of C can then be viewed as (firm) modules of the corresponding
nonunital ring.

Definition. An A-coring C is said to be coseparable if the structure map
A :C — C®xC splits as a (C, C)-bicomodule map, that is, if there exists an
(A, A)-bimodule map 7 : C ®4 C — C such that

(Ie@m)o(A®Ic)=Aocr=(m®I)o(lc®A) and moA = I.

This is obviously a left-right symmetric notion, which can be viewed as
a dualisation of separable extensions of algebras (in which case the splitting
of the product is required). The notion of a coseparable coring generalises
the notion of a coseparable coalgebra introduced in 3.28, and, in fact, the
characterisations of coseparable coalgebras in 3.29 can be transferred.

26.1. Coseparable corings. For an A-coring C the following are equivalent:
(a) C is coseparable;
(b) there exists an (A, A)-linear map § : C ®4 C — A satisfying

50é:§ and (Ic@é)O(é@]a):(5®]C>O(]C®é),

(c) the forgetful functor (—)a : M¢ — My is separable;

(d) the forgetful functor (=) : M — 4M is separable;

(e) the forgetful functor o(—)a : “MC — sMy is separable;

(f) Cis (A, A)-relative semisimple as a (C,C)-bicomodule, that is, any mo-
nomorphism in °MC that splits as an (A, A)-morphism also splits in
CMC,'

(9) C is (A, A)-relative injective as a (C,C)-bicomodule;

(h) C is (A,C)-relative injective as a (C,C)

(i) C is (C, A)-relative injective as a (C,C)

-bicomodule;
-bicomodule.

If these conditions are satisfied, then C is left and right (C, A)-semisimple,
that is, all comodules in MC and *M are (C, A)-injective.
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Proof. The proof of 3.29 can be adapted easily. Note that (g) implies
both (h) and (i), while (h) and (i) imply (a) since A is split by a left A-module
right C-comodule map € ® I as well as by a right A-module left C-comodule
map I ® ¢ (cf. 22.8). 0

26.2. Cointegrals and Maschke-type theorem. Any map § : C®,C — A
satisfying conditions 26.1(b) is known as a cointegral in C. Note that the
relationship between a splitting map 7 and the corresponding cointegral is
given by the formulae § = ¢ o 7w and

e d) = Z5(C® dh)dy = ZCL5(CZ® d),

for all ¢, € C (compare the proof of 3.29).
Note also that the final assertion in 26.1 involving the relative semi-
simplicity of C can be viewed as a Maschke-type theorem for corings.

Thus, over a coseparable coring any comodule is relative injective, and
so the purity conditions 21.5 are satisfied. Hence, similarly as for coalgebras
(see 11.5), 22.3 implies:

26.3. Cotensor product over coseparable corings. Let C be an A-coring
and D a B-coring. If C is a coseparable coring, then:

(1) for any M € PMC and N € “M, MO¢N s a left D-comodule.

(2) For any M € MC and N € “MP, MO¢N is a right D-comodule.

(8) For any M € PMC and N € °MP', MO¢N is a (D, D')-bicomodule.
26.4. Dual rings and cosperable corings. Let B be the opposite algebra
of the left dual algebra *C of an A-coring C, and let i : A — B, a — &(—a),
be the corresponding algebra map as in 17.8. If C is cogenerated by A as a left

A-module and the extension i, : A — B is separable, then C is a coseparable
coTing.

Proof. Lete=Y,f; ® gi € (B®a B)? be the separability idempotent.
The B-centrality of e implies that, for all ¢, € C and f € *C,

Y ailefildif(d2) =) flagileafi())), (+)

while the normalisation of e means that ). g;(c1fi(c2)) = €(c). Define a left
A-linear map 0 : C®4C — A, c® — >, gi(cfi(c)). For any a € A, take
the map ip(a) for f in (%) to find that ¢ is also right A-linear. For all f € *C
and ¢, € C, one can use (x) and the (A, A)-bilinearity of 4 to compute

Yo fleb(ca®d)) = Y flegi(eafi(d))) = g:(cfi(c1f(c2)))
= Y. 0(c@dif(dy) =2 f(d(c® 1))
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Since 4C is cogenerated by A, this implies that > ¢;0(ca®) =Y d(c®c' 1) 5.
On the other hand, the unitality of e precisely means that 6o A = e. Therefore
0 is a cointegral, and hence C is a coseparable A-coring. O

Coseparable corings also turn out to be closely related to the following
generalisation of separable extensions of rings.

26.5. Separable A-rings. Let A be an R-algebra with unit 14 and let B be
an R-algebra (possibly) without unit. B is said to be a separable A-ring if
(1) Bisan (A, A)-bimodule;
(2) the product i : B®g B — B is an A-balanced (A, A)-bimodule map,
that is, for all a € A and b, € B, p(ab®@?b') = au(b@?b'), p(b@Va) =
(b ®b)a and p(ba @ b)) = u(b® ab’);
(3) the induced (B, B)-bimodule map ip/a : B®a B — B, b®b— bl has

a section.

26.6. A coseparable A-coring is a separable A-ring. IfC is a coseparable
A-coring, then C is a separable A-ring.

Proof. Let 7:C ®4C — C be a bicomodule retraction of the coproduct
A, and let 0 = £ o7 be the corresponding cointegral. We claim that C is
an associative R-algebra (without unit) with product ¢¢ = 7(c® ¢’). Indeed,
since alternative expressions for the product are ¢ = > d(c ® ¢1)dy =
doe1d(ea @ ) (cf. 26.2), for all ¢,d, " € C, use of the left A-linearity of
0 and A yields

()" =2 2(8(c®@ d1)cp)c" = 32 0(c @ 1)d(cy @ 1)y

On the other hand, the colinearity of m, the right A-linearity of § and the left
A-linearity of A imply

c(dc) = Y e(6(d@c"1)d"y) =3 d(c@(c ®c"1)c"y)c"s
. 0(c@d10(da@ "))y = 0(c® 1)d(cy ® 1)y

This explicitly proves that the product in C is associative. Clearly this product
is (A, A)-bilinear and A-balanced, and the induced map ji¢c/4 is precisely 7.
Note that A is a (C,C)-bimodule map since

cA(d)=>cd1@dy =) m(c®@d)@dy=Aom(c® )= Acd),

by right colinearity of 7, and similarly for left C-linearity. Finally, 7 is split
by A since 7 is a retraction of A. This proves that C is a separable A-ring. O
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26.7. Comodules of a coseparable coring. Let C be a coseparable coring
with cointegral 6. Then any right C-comodule M is a right C-module with the
product me =Y, mgd(my ®c). This product is right A-linear and A-balanced.
Furthermore M 1is firm, that is, M ®¢ C >~ M as right C-modules.

Proof. Take any m € M and ¢, € C and compute

(med(my ® c))c’ =3 med(mid(my ® c) @ ')
d(my®cp)ea @) = mpd(my ® c1)d(ca @ )
my ® c10(cy ® ) =Y mod(my @ cc’) =

(mad = ¥
= 22 mod(
= > myd( m(ec),

as required. We use the colinearity of § to derive the third equality and
(A, A)-bilinearity of § to derive the fourth and fifth equalities. Obviously the
multiplication is right A-linear. It is A-balanced since the coaction is right
A-linear.

Note that M ®¢ C is defined as a cokernel of the right C-linear map

AN MR,CR4C—M®,C, mcd —me®cd —m®cc.
Consider now the following right C-linear map:
omja: M®@,C— M, m®cr— mc=>) mg(m ® c).

Since 4 is a cointegral, gpr/4 is a right C-linear retraction of o™, and hence, in
particular it is surjective and there is the following sequence of right C-module

maps:
OM/A

M®4CR4C—2> M@yuC— M —0.

We need to show that this sequence is exact. Clearly associativity of the
product in M implies that gp;740A = 0, so that Im A € Ke g7/4. Furthermore,
for all m € M and ¢ € C,

(oMo OmM/A — A©O (In ®A))(m @ c)
= > mog®@md(my ®c) — Y mey ® ¢z + 3 m Q7L ® cp)
= > mpd(my®c1) ®cy — Y mpd(my @c) g +mRc = mA e,
where we used the properties of a cointegral. This implies Ke ppr/4 € Im A,
that is, the above sequence is exact, as required. O

In fact 26.6 has the following (partly) converse.

26.8. Coassociative coproduct in a separable A-ring. Let B be a sep-
arable A-ring. Then the (B, B)-bimodule map A : B — B ®4 B splitting the
product /4 is coassociative.
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Proof. Since A is assumed to be a (B, B)-bimodule map, there is the
following commutative diagram:

B®AB®AB&B®AB%B®AB®AB
uB/A®IBl J(HB/A \LIB@)NB/A
B®y B X B N B®aB.

For all b € B we write (A®Ig)oA(b) =) b1 ®b1a®by and (Ip@A)oA(b) =
> b1 ® byy ® byg, and use the above diagram to obtain

A) = (AoupaoA)(b) = (Ip® pupsa)o (A® Ip) o A(d)
= > b ®pupalbiz®b2) = (up/a ® Ip)o (Ip @ A) o A(b)
= > pBja(by @ ba1) @ bay.

Using these identities we compute

(U ®A)oA(b) = > b1 ® (Ao pup/a)(biz @ by)
= > b1 ® ((upa®Ig)o (Ig @ A)) (b2 ® by)
= > b1 ® pupja(biz @ ba1) ® by
= 2((Up® ppja) o (A® Ip))(b1 ® ba1) ® bz
= Y(Aopup/a)(bi ®ba1) @ baa
= (A®Ip)oA(b),

that is, (A® Ig) o A = (Ip ® A) o A. This completes the proof. 0

Thus a separable A-ring B also can be viewed as an A-coring with co-
product A but without a counit (i.e., B is a noncounital coring). Note then
that the diagram in the proof of 26.8 can be understood as a statement that
pp/a is a (B, B)-bicomodule map. Since pp/4 is a retraction for A, one can
say that a separable A-ring is a coseparable noncounital A-coring.

The coseparability of the canonical coring associated to an algebra map
B — A is related to the problem when this map defines a split extension.
Recall that an extension of algebras B — A is called a split extension if there
exists a (B, B)-bimodule map E : A — B such that E(14) = 1.

26.9. Coseparability of Sweedler corings. Let ¢ : B — A be an algebra
map, and let C = A®p A be the canonical A-coring in 25.1. If ¢ is a split
extension, then C is a coseparable coring. Conversely, if C is coseparable and
either gA or Ap s faithfully flat, then ¢ is a split extension.

Proof. In the case of the canonical A-coring A ®p A, the conditions
required for the cointegral § € 4Homy(A ®p A ®p A, A) in 26.1 read as
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da®ly®ad)=ad and a®§(la®ad ®@d")=da®d ®14) ®ad”,

for all a,d’,a” € A. Since 4Homs(A ®p A ®p A, A) ~ gHompg(A, A), the
maps J are in one-to-one correspondence with the maps £ € gHompg(A, A) via
da®d ®@ad") = aE(a")a". The first of the above conditions for ¢ is equivalent
to the normalisation of F, E(14) = 14, while the second condition gives for
alla € A, 14®p E(a) = E(a)®p14. Thus, if the extension ¢ is split, such an
E exists by definition. Conversely, if C is coseparable and either g A or Ap is
faithfully flat, then ¢ is injective and the equation 14 ®p E(a) = E(a) ®p 14
implies that E(a) € B, where B is identified with its image in A. O

The coseparability of C in relation to A as considered in 26.1 can also be
studied in relation to other corings.

Definition. Given a morphism v : C — D of A-corings, C is called D-
coseparable if A, : C — COpC splits as a (C,C)-bicomodule map, that is,
there exists a map 7 : COpC — C with the properties

(IcOpm) o (ApeOple) = Apom = (rOple) o (IcOpA,) and mwo Ay = Ie.

D-coseparable corings are closely related to the injectivity of a coring rel-
ative to another coring or (C, D)-injectivity discussed in 22.13. In particular,
the characterisation of coseparable corings in 26.1 extends to D-coseparable
corings in the following way.

26.10. D-coseparable corings. Let v : C — D be a morphism of A-corings.
Then the following are equivalent:

(a) C is D-coseparable;
(b) there exists a (D, D)-bicolinear map 6 : COpC — D satisfying

0 Oéc =7 and (Icmpé) o (éCDDIC> = (5D’DIC) (@) (ICDDAC)'

If C satisfies the left and right a-conditions 19.2, (a) and (b) are also equiv-
alent to:

(c) the corestriction functor (=), : M¢ — MP is separable (cf. 22.11);
(d) the corestriction functor (=) : “M — PM is separable;

(e) the corestriction functor (=), : “MC — PMP is separable;

(f) C is D-relative semisimple as a (C,C)-bicomodule;

(g9) C is D-relative injective as a (C,C)-bicomodule.

If these conditions are satisfied, then all comodules in M€ and “M are (C, D)-
injective.
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Proof. Recall that the left and right a-conditions imply that the cat-
egories of C-comodules are fully included in the categories of *C-modules or
C*-modules. Since 39.5 holds for noncommmutative algebras, we can apply
the proof of 11.12. 0

The separability of the functor — ®4 C has a similar characterisation as
for coalgebras.

26.11. Separability of — @4 C. The following are equivalent for C:
(a) —®aC: My — MC is a separable functor;
(b)) C®4—: AM — M is a separable functor;
(c) C&y—@4C: sMy — CMC is a separable functor;
(d) there exists an invariant e € C4 with g(e) = 14.

Proof. (a) = (d) Let ¢ denote the counit of the adjoint pair of functors
((=)a,— ®4 C). In particular, )4 = [, ®e: A®4C — A, that is, Y4 = ¢
by the obvious identification. By 38.24(2), 14 is split by a morphism vy :
A — C. Since A is also a left A-module, we know by 39.5 that v,4 is in
fact left and right A-linear and hence e = vg(14) is in C4. By definition,
§<6) = @Z)A e} VA<1A) = 1A-

(d) = (a) Follow the proof of 3.30 and observe that e € C* implies that,
for all M € My, the map vy : M — M ®4C, m — m ® e, is right A-linear
and provides the required natural splitting of the counit of adjunction .

The remaining arguments of the proof of 3.30 can be followed literally. O

26.12. Cosplit corings. Note that condition (d) in 26.11 simply means that
there is an (A, A)-bimodule section of a counit. Thus it is natural to term an
A-coring satisfying any of the equivalent conditions in 26.11 a cosplit coring.
The corresponding invariant e € C4 is called a normalised integral in C.

The notion of a cosplit coring can be viewed as a dualisation of the notion
of a split extension (hence the name). This can be formalised as the following
observation.

26.13. Dual ring of a cosplit coring. Let C be a cosplit A-coring, and
let B = (*C)°? be the opposite left dual ring. Then the algebra extension
i, : A— B, a— eg(—a) is a split extension.

Proof. Let e be a normalised integral in C, and consider an R-linear
map £ : B — A, b b(e). Note that E(1g) = E(g) = (e) = 14 by the
normalisation of e. Furthermore, for all « € A and b € B we can use the

definition of B = (*C)°, the properties of the counit, and the fact that e is
an invariant to compute

E(ab) = (ir(a)b)(e) = 2 blerir(a)(ex)) = X2 b(ere(ez)a)
= b(ea) = b(ae) = ab(e) = aFE (D),
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showing that FE is left A-linear. Similarly one shows that F is also right
A-linear, as required for a split extension. ad

We noticed that a coseparable Sweedler coring corresponds to a split ex-
tension. Somewhat perversely, cosplit Sweedler corings correspond to sepa-
rable extensions.

26.14. Cosplit Sweedler corings. Let B — A be an algebra extension and
let C be the canonical A-coring in 25.1. The extension B — A is separable if
and only if C is a cosplit coring.

Proof. Recall that an extension is separable if there exists an invari-
ant e € (A ®p A)4, such that pasple) = 1a, where pap : A®p A — A
is the product. In view of this the assertion follows immediately from the
characterisation of cosplit corings in 26.11. ad

Given a coring morphism C — D, there is a functor —0OpC : MP — MC,
provided suitable pureness conditions are satisfied (cf. 22.3). The separability
of the functor —OpC has similar characterisations as that of — ®4 C.

26.15. Separability of —OpC. Let v : C — D be a morphism of A-corings,
assume AC and Cy to be flat and D to satisfy the left and right a-condition.
Then the following are equivalent:

(a) —OpC : MP — MC is separable;

(b) COp— : PM — M is separable;

(c) COp — OpC : PMP — CMC is separable;

(d) there exists a (D, D)-colinear map 6 : D — C with yod = Ip.

Proof. (a) = (d) Let ¢ denote the counit of the adjoint functor pair
(=), —0pC). Then ¢p = IpOy : DOpC — D, that is, yp = v by the
obvious identification. By 38.24(2), 1p is split by a morphism vp : D — C
in MP. Since D is also a left D-comodule — that is, a right D*-module — we
know by 39.5 that vp is in fact right D*-linear and hence it is (D, D)-colinear.

(d) = (a) The map I;06 : M ~ MOpD — MOpC is right D-colinear
and also (Ip;0v) o (IOA) = I,;. Hence it provides the required natural
splitting of the counit of adjunction .

The remaining implications follow by symmetry and the properties of
separable functors (cf. 38.20). O

References. Brzezinski [73]; Brzezinski, Kadison and Wisbauer [78];
Caenepeel [8]; Gémez-Torrecillas [122]; Guzman [126, 127]; Pierce [39].
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27 Frobenius extensions and corings

Corings appear naturally in the context of Frobenius extensions of rings (cf.
40.21 for the definition). In this section we introduce a class of corings, termed
Frobenius corings, that provide an equivalent description of such extensions.
In particular, a Frobenius A-coring C is itself an R-algebra and a Frobenius
extension of A. The equivalence of descriptions is formulated rigorously as
the isomorphism of categories of Frobenius corings and Frobenius extensions.
This in turn implies that, to any Frobenius coring or a Frobenius extension,
one can associate a tower of Frobenius corings and Frobenius extensions.

27.1. Frobenius element and homomorphism. Recall that a ring ex-
tension A — B is called a Frobenius extension (of the first kind) if and only
if B is a finitely generated projective right A-module and B ~ Homy (B, A)
as (A, B)-bimodules. Equivalently, B is a finitely generated projective left
A-module and B ~ 4Hom(B, A) as (B, A)-bimodules. The (A, B)-bimodule
structure of Homy (B, A) is given by (afb)(b') = af(bV'), for a € A,b,b' € B
and f € Homyu(B, A). The statement that A — B is a Frobenius extension
is equivalent to the existence of an (A, A)-bimodule map E : B — A and an
element 8 =Y b; ®b' € B ®4 B, such that, for all b € B,

S E@b)E = Y bEE) =b

E is called a Frobenius homomorphism and (3 is known as a Frobenius element.
One can easily show that in fact a Frobenius element 3 is an invariant, that
is, 3€ (B®y B)? ={m € B®, B |forall b€ B, bm = mb}.

It turns out that, equivalently, one can describe Frobenius extensions as
a certain type of coring.

27.2. The coring structure of a Frobenius extension. A ring extension
A — B is a Frobenius extension if and only if B is an A-coring such that the
coproduct is a (B, B)-bimodule map.

Proof. Suppose A — B is a Frobenius extension with a Frobenius
homomorphism E and a Frobenius element § =Y, b; ® . Define ¢ = E, an
(A, A)-bimodule map, and

A:B—B®sB, b+~ bs=/b,

which is clearly a (B, B)-bimodule map, and hence it is also an (A, A)-
bimodule map. We need to check the coassociativity of A and the counit
properties of €. For all b € B,
A@In) oAb = TAb) b=, b @ bb @ bib
= Y @ AWD) = (Ip®A) o A(b), and
(@) o AB) = ¥, Bbb)Y =b,
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and similarly for the second counit property. Thus we have proven that
a Frobenius element and homomorphism for A — B produce an A-coring
structure on B.

Conversely, suppose B is an A-coring with a (B, B)-bimodule comultipli-
cation. Define 3 = A(1g) = >,;b; ® b and E = £. Since A is a (B, B)-
bimodule map, we obtain for all b € B,

ST by @by = A(b) = A(blp) = bAg(1p) = 3 .bb; @ b,

and similarly " b ® by = >, b; ® b'b. Now, using the counit property of £ we
obtain

S E(bb)b = 3" e(bi)by = b= bie(by) = 2,b:E(b'D),
as required. O

Note that 27.2 in fact establishes a bijective correspondence between
Frobenius structures (i.e., elements and homomorphisms) for A — B and
A-coring structures on B with a (B, B)-bimodule coproduct.

27.3. Diagrammatic definition of Frobenius extensions. Let A — B
be a ring extension with a Frobenius homomorphism and element, £ and /.
Then 3 can be identified with a (B, B)-bimodule map A defined in the proof
of 27.2, and by this means it can be viewed as a map 5 € gHomp(B, B ®4 B).
Then the defining properties of £ and [ described in 27.1 can be stated in
terms of the following commutative diagram:

B Y . Be,B

| e

B I5QFE
E®Ip

B®ysB——B.

One can dualise the definition of a Frobenius extension by reversing the
arrows in the above notions, thus obtaining the notions of Frobenius corings
and Frobenius systems.

27.4. Frobenius corings. An A-coring C is called a Frobenius coring if
there exist an (A, A)-bimodule map n: A — C and a (C, C)-bicomodule map
m:C®ysC — C yielding a commutative diagram

C$C®AC

C®aC u C.
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27.5. Frobenius systems. In view of the identification 4Hom4(A,C) ~ C4,
an A-coring C is Frobenius if and only if there exist e € C* and a (C,C)-
bicomodule map 7 : C®4C — C such that, for all ¢ € C, m(c®e) = m(e®c) = c.
Such a pair (m,e) is called a Frobenius system for C. Furthermore, by the
same argument as in 26.1 (cf. 3.29), a (C,C)-bicomodule map 7 : C®4C — C
can be identified with a certain (A, A)-bimodule map 6 : C ®4 C — A via
T—d=comand 1= (0®Ic)o(le®A)=(Ic ®J)o (A& I). Using
this identification one easily sees that C is Frobenius if and only if there exist
e € C* and an (A, A)-bimodule map § : C®4C — A such that, for all ¢,¢ € C,

ché(cl@) d)= Zé(C@Cll>Clz, dc®e)=0d(e®c)=c¢g(c).

The pair (0, e) is called a reduced Frobenius system associated to a Frobenius
system (7, e).

The following two observations explain the immediate relationship be-
tween Frobenius corings and Frobenius extensions, and thus can serve as a
motivation for Definition 27.4.

27.6. Frobenius corings and Frobenius extensions. Let A — B be a
Frobenius extension with a Frobenius element 3 and a Frobenius homomor-
phism E. Then B is a Frobenius A-coring with a coproduct  (viewed as a
(B, B)-bimodule map B — B ®4 B), a counit E, and a Frobenius system
(m,1p), where m: B4 B — B, b4 0 — bl.

Proof. By 27.2, B is an A-coring with the specified coproduct and counit.
The fact that B is a Frobenius coring can be verified by direct calculations.
We only note that if § = > .b, ® b, then the fact that 7 is a bicomodule
morphism means that, for all b,V € B,

This follows immediately from the definition of 7 (as a product) and from
the fact that the Frobenius element 3 is B-central. O

In particular, 27.6 implies that the trivial A-coring is a Frobenius coring.

27.7. Sweedler corings and Frobenius extensions. Let C = A®p A
be the Sweedler coring associated to an extension B — A. If B — A is
a Frobenius extension, then C is a Frobenius coring. Conversely, if A is a
faithfully flat left or right B-module and C is a Frobenius coring, then B — A
15 a Frobenius extension.

Proof. Suppose B — A is a Frobenius extension with Frobenius element
a =Y, ®a € A®p A and Frobenius homomorphism F : A — B.
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Obviously « € CA. Let 1 = L, QE® Iy : AQg A®p A ~C®,C — C
and e = a. We claim that (m,e) is a Frobenius system for C. Indeed, using
the defining properties of Frobenius elements and homomorphisms, for all
a,a’ € A,

mle®aa®pd) =) 7(a,®pda®pad)=>,aE@a) @pd =a®pd.

Similarly one shows that 7m(a ®p o’ ®4 €) = a ®p a’. The map 7 is clearly
(A, A)-bilinear. Its (C,C)-bicolinearity can easily be checked by using the fact
that the image of ' is in B.

Conversely, suppose that gA or Ag is faithfully flat and that C is a Frobe-
nius coring with a reduced Frobenius system 0 : A®p A®g A — A and e =
> a; ®a € CA. By the obvious identification \Homy(A ®p5 A ®p A, A) ~
pEndg(A), view 4 as a (B, B)-bimodule map E : A — A. Take any a € A;
then a = (14 ®p a) = 0(1a ®p a ®4 €), that is, a = Y, E(aa;)a’. Similarly
one deduces that « = )", a;E(a‘a). Next, the properties of § (see 27.5) imply,
for all a € A,

1A®BE(CL) = 1A®B5(1A®BG®B1A) = (5(1A®Ba®BlA)®31A = E(a)@BlA.

Since A is a faithfully flat left or right B-module, we conclude that E(a) € B
and thus FE is a Frobenius homomorphism and e is a Frobenius element. O

Recall that a functor is a Frobenius functor provided it has the same right
and left adjoint (cf. 38.23).

27.8. Frobenius corings and Frobenius functors. Let C be an A-coring.
Then the following statements are equivalent:

(a) C is a Frobenius coring;
(b) the forgetful functor (—)a : M® — My is a Frobenius functor;
(c) the forgetful functor 4(—): M — 4M is a Frobenius functor.

Proof. (a) < (b) We already know from 18.13 that the forgetful functor
F = (=)a: M¢ — M, has a right adjoint G = —®,4C : M4 — MC. Thus we
need to show that C is a Frobenius coring if and only if the induction functor
G is a left adjoint of the forgetful functor, that is, if and only if there exist
natural maps 1 : Ing, — F'G and ¢ : GF' — I that are a unit and a counit
of the adjunction, respectively.

Suppose that C is a Frobenius coring with a reduced Frobenius system
(0,€e). For all right A-modules M define an R-linear map

M — FGM)=M®sC, m—mee.
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Since e is A-central, it is clear that 7, is a right A-module morphism. Take
any f: M — N in M4 and compute for all m € M,

(f®Ic)onu(m) = f(m)®e=nn(f(m)),

that is, there is a commutative diagram

M—1 N
WMi im\f
Mo, Ng,c,

thus proving that the assignment M — 1), defines a natural transformation
of functors, n : I, — FG.
Next, for any M € MC, define a right A-module map

Yar tGF(M) =M ®4C— M, m®cr— » mpd(m; @c),
and compute

Z¢M(m®cl)®c; = ng5(ml®cl)®02
= Xmp@mid(me®c) = oM (Yu(mec)),

where we used the definition of ¢ to derive the second equality. This proves
that 1y, is a morphism of right C-comodules. Take any morphism of right
C-comodules f : M — N. Then, for all m € M and c € C,

Yuo(f@le)m@c) = > f(m)ed(f(m)r@c) = > f(me)d(my @ c)
= > fmed(my®c)) = fou(m®c),

where the fact that f is a right C-comodule map has been used repeatedly.
Thus the diagram

Mol Ng,c
TZJMJ/ iwz\r
f

M

N

commutes, so that the assignment M — 1)), defines a natural transformation
V:GF — Iye.

[t remains to prove that n and 1 are a unit and a counit of an adjunction.
On one hand, for any M € M¢ and any m € M,

F(@ZJM)OnF( ( ) me®€ Zm05 Zmog =
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while on the other hand, using the properties of §, for any M € My, m € M
and c € C,

Yoy o Gnu)(m®@c) = Yug,e(m®@e®@c) = 3 m®eid(ex ®c)
S m®dile®c)e = mec.

This completes the proof that G is a left adjoint of F' and, consequently, the
forgetful functor F' is a Frobenius functor.

Conversely, suppose now that F'is a Frobenius functor withn : Ing, — F'G
and v : GF — Iy the corresponding unit and counit of the adjunction.
Define

e=na(la) €C, m=1c:C®4C —C.

We intend to show that (m,e) is a Frobenius system for C. Since 14 is a
right A-module map, for all @ € A, na(a) = ea. Using the fact that n is a
natural transformation of functors in the context of the left multiplication
morphism in My, which for all a € A is given as A — A, o’ — ad/, one
immediately obtains that 74 is a left A-module map as well. Thus for all
a € A, ea =na(a) = ana(ls) = ae, that is, e € C*, as needed.

Clearly, 7 is a right C-comodule map. For any a € A, consider a morphism
of right C-comodules [, : C — C, ¢+ ac. In conjunction with this morphism,
the fact that 1 is a natural transformation immediately yields that ¢ is
a left A-module map. Now, for any ¢ € C, consider a morphism in MC¢,
I°:C—-C®sC, d — c®. Since v is a natural transformation, there is the
commutative diagram

C@AC@£C®AC®AC

wci l%@Ac

C r C®aC,

that is, for all ¢, d, " € C,
tYegclc@d @) =c@e(d @ ).

On the other hand, since the coproduct A : C — C ®4 C is a morphism in
MC and ' is natural, we obtain for all ¢, € C,

ZwC@)AC(Cl@ Cg@ C/) = Z@Dc(C@ C/)l® ZZJc(C(X) C/)g.

Combining these two observations, one obtains for all ¢, € C,

Ac(the(c®d)) = aa@de(ca® (),
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that is, ¢ is a left C-comodule map. Therefore 7 = 9¢ is a (C, C)-bicomodule
morphism, as required.

Finally, since n and v are the unit and counit of an adjunction with F
the right adjoint of G, first, for all ¢ € C,

¢ = the(na @ Ie)(c) = Ye(e ® c),

that is, for all ¢ € C, m(e ® ¢) = ¢. Second, for all ¢ € C consider a right
A-module morphism f.: A — C, a — ca. Since 7 is a natural transformation,
there is a commutative diagram

Rl ¢
ml ne
cles, .

Evaluation of this diagram at a = 1, yields ne(c) = (f. ® I¢)(e) = ¢ ® e, for
all ¢ € C. Since 7 is a unit and v is a counit, we obtain

c=1vcone(c) =1e(c®e),

that is, for all ¢ € C, m(c ® e) = ¢. This completes the proof of the assertion
that (m,e) is a Frobenius system for C, and thus completes the proof of the
first equivalence in the theorem.

(a) < (c) Note that the definition of a Frobenius coring is left-right sym-
metric because it involves maps of (C,C)-bicomodules and (A, A)-bimodules
only. Thus a similar argument as in the proof of the first equivalence can
be used to prove its left-handed version. This completes the proof of the
theorem. ad

27.9. The finiteness of a Frobenius coring. IfC is a Frobenius A-coring,
then C is finitely generated and projective both as a right and a left A-module.

Proof. This follows from 18.15 and 27.8. On the other hand, this
can also be proven directly, by displaying explicitly the dual bases. Suppose
C is a Frobenius A-coring with a reduced Frobenius system (d,¢). Write
Ae) = > e; ®¢. Taking ¢ = e in the defining relations of the reduced
Frobenius system in 27.5 we obtain ¢ = )" d(c ® ¢;)&;. Similarly, taking
c=e weobtain ¢ = > €;0(¢e ® ). Since ¢ is an (A, A)-bimodule map,
for each 7 € {1,2,...,n}, the map £ : C — A, ¢+ 6(c® ¢;), is left A-linear
while the map £ : C — A, ¢+ 6(&; ® ¢), is right A-linear. Hence {¢%,¢;} is a
dual basis of 4C, and {£,e;} is a dual basis of Cy4. 0

Recall that for every A-coring C there is an associated algebra extension
i : A — (*C)°, where (*C)° is the opposite algebra of the left-dual algebra
to C in 17.8(2). It turns out that the notion of a Frobenius coring is closely
related to the problem when this extension is a Frobenius extension.
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27.10. Characterisation of Frobenius corings (I). Let C be an A-coring
and S = (*C)°?. The following are equivalent:

(a) the forgetful functor (=) : M€ — My is a Frobenius functor;

(b) C is a finitely generated projective left A-module and the ring extension
A — S 1s Frobenius;

(c) C is a finitely generated projective left A-module and C ~ S as (A, S)-
bimodules, where C is a right S-module via cs = Y ci15(ca), for all
ceC,seS;

(d) C is a finitely generated projective left A-module and there exists e € C*
such that the map ¢, : S — C, s+ > e1s(es) is bijective.

Proof. (a) < (b) Since by 18.13 the functor — ®4C : My — MC is
the right adjoint of the forgetful functor (—)4, 27.10(a) is equivalent to the
statement that —®4 C is the left adjoint of (—)4. By 27.9, (a) implies that C
is a finitely generated projective left A-module. By 19.6, the category of right
C-comodules is isomorphic to the category of right S-modules, the forgetful
functor is the restriction of scalars functor Mg — My, and this functor has
the right adjoint — ® 4 C. By 40.21, the restriction of scalars functor has the
same left and right adjoint if and only if the extension A — S is Frobenius.

(b) < (c) Since C is a finitely generated projective left A-module, the
(A, S)-bimodule map

a:C — Homy(S,A) = Homa(4Hom(C, A), A), ¢+ [s+ s(c)],

is bijective. Thus C ~ Hom4(S, A) as (A, S)-bimodules. The extension A —
S is Frobenius if and only if S ~ Hom (S, A), that is, if and only if C ~ S as
(A, S)-bimodules.

(¢) < (d) This follows from the bijective correspondence 6 : C4 —
AHomg(S,C), 0(e)(s) = es = > e1s(ez), 071(f) = f(ec). Note that the
inverse of ¢ comes out explicitly as ¢, : ¢+ [ +— &(c® ). 0

27.11. Endomorphism Ring Theorem. In the case of the canonical coring
associated to a ring extension B — A, 27.10 gives the criteria when the
extension A — pEnd(A) is Frobenius. The ring structure on gEnd(A) is
given by the opposite composition of maps. For example, if B — A is itself
a Frobenius extension with a Frobenius homomorphism E € gHompg(A, B)
and a Frobenius element 3 = ). a; ® @, then A — S is Frobenius by the
Endomorphism Ring Theorem ([139, Section 2|, [23, Theorem 2.5]). In this
case the inverse of ¢ in 27.10(d) is given by ¢; ' (a ® a')(a") = E(a"a)d’, for
all a,ad’,a” € A.

By pulling back the algebra structure of S to C one obtains the following
corollary of 27.10.
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27.12. Ring structure of a Frobenius coring. Let C be a Frobenius
A-coring with a Frobenius system (mw,e). Then

(1) C is an algebra with product ¢ = m(c ® ') and unit 1 = e.

(2) The extension tc : A — C, a — ae = ea, is Frobenius with Frobenius
element A(e) and Frobenius homomorphism E = ¢.

Proof. The algebra structure is induced from the algebra structure of
S = (*C)? via the maps ¢; and its inverse ¢; ' described in 27.10. Note
that the alternative expressions for the product are ¢ = ) 0(c ® 1)y =
> c16(ca ® ). When viewed through ¢;, the map iy, : A — S becomes the
map tc : A — C as described above. Since the extension A — S is Frobenius,
so is the extension ¢ : A — C. One can verify explicitly that the Frobenius
element and homomorphism have the form stated. By definition, the counit
¢ is an (A, A)-bimodule map. Note further that, for all ¢ € C,

cAle) = dYcei®ey =) c10(c2®@e€1) @ey
= Y a®ci(a®e) =) ¢ ®ce(cs) =) c1®cy=Alc).

Similarly one shows that A(c) = A(e)e. Therefore A(e) € (C ®4C)¢, and
c=ele)ep = Y elcer)ey, ¢ =) cre(cy) = X erg(eqc),

thus proving that (¢ : A — C is a Frobenius extension with Frobenius element
A(e) and Frobenius homomorphism &. 0

Obviously, there is also a left-handed version of 27.10

27.13. Characterisation of Frobenius corings (II). Let C be an A-coring
and T = C*. The following are equivalent:

(a) the forgetful functor F : M — 4M is a Frobenius functor;

(b) C is a finitely generated projective right A-module and the ring extension
AP — T is Frobenius;

(c) Ca is finitely generated projective and C ~ T as (A%, T)-bimodules,
where C is a right T-module via ct = ) t(c1)ce, for allc € C,t € T';

(d) Cy is finitely generated projective and there exists e € C* such that the
map ¢ : T — C, t— > t(ey)ey is bijective.

We only point out here that the inverse of the map ¢, in 27.13(d) explicitly
reads
¢ :C—C* ¢ :c—[d—dlcxad).

One can use this map to build an algebra structure on C. The algebra struc-
ture obtained in this way coincides with the algebra structure constructed in
27.12.

Combining 27.10 with 27.13 and 27.8, one obtains the following
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27.14. Characterisation of Frobenius corings (III). Let C be an A-
coring, S = (*C)°P, and T = C*. Then the following are equivalent:

(a) C is a Frobenius coring;
(b) C is a finitely generated projective left A-module and the ring extension
A — S 1s Frobenius,

(c) C is a finitely generated projective right A-module and the ring extension
A’ — T is Frobenius.

27.15. Co-Frobenius corings. The notion of a Frobenius coring should
be compared with the notions of right and left co-Frobenius coalgebras in-
troduced in [152]. The notions of right or left co-Frobenius coalgebras can
be extended to the case of corings as follows. An A-coring C is said to be
a left co-Frobenius coring when there is an injective morphism C — *C of
left *C-modules. C is a right co-Frobenius coring when there is an injective
morphism C — C* of right C*-modules.

By 27.10 and 27.13, a Frobenius A-coring C is isomorphic to *C as a left
*C-module via the map ¢;, and it is isomorphic to C* as a right C*-module
via the map ¢,. Thus, in particular, a Frobenius coring is left and right
co-Frobenius.

The above discussion allows one to understand Frobenius corings as a
different description of Frobenius extensions of rings.

27.16. Categories of Frobenius corings and Frobenius extensions.
Define a category Frob(A) of Frobenius extensions over an R-algebra A, tak-
ing as objects quintuples (M, par/a, tar, Enr, Bar), where (M, piara,tar) is a
unital A-ring, that is, M is an R-algebra with multiplication g4 1 M ®4
M — M, 1y : A — M is an algebra map (cf. 26.5), and Ey;, [y are the
Frobenius homomorphism and element for this extension. Thus objects in
Frob(A) are Frobenius extensions over A. Morphisms

I (M, pagsa, enn, Ene, Bar) — (N, pivyas ev, En, By)
are defined as R-linear maps f : M — N satisfying the following conditions:
(i) fis an A-ring map, that is, fouy = ¢y and fo pina = pnao (f @ f);
(ii) By = Eno f;
(i) (f ® f)(Bu) = Bn-

Similarly, define the category FrobCor(A) of Frobenius A-corings, taking
as objects quintuples (C, A¢, g¢, me, ec), where (C, A, g¢) is an A-coring with
a Frobenius system (7¢, e¢). Morphisms

f : (C7AC7§C7 e, 66) - (Da é’Da Ep,TD, eD)

are defined as A-coring maps f : C — D such that
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(1) ep = flec);
(2) mpo(f® f) = fome.
Theorem. The functor F : FrobCor(A) — Frob(A) given by

(Caé7§7ﬂ-7€) e (Caﬂ-aLC7§7é<€))7 f = f7

is an isomorphism of categories. Here ic is an (A, A)-bimodule map induced
by e as in 27.12(2). The inverse of F explicitly reads

P (M, NM/A;LM7EM75M) = (M, 5M7EM,/~LM/A,LM(1A) = 1u).

Proof. The fact that F is well defined on objects follows immediately
from 27.12. If f : (C,Ac g0, 7c,ec) — (D, Ap,ep, Tp, ep) is a morphism in
FrobCor(A), then condition (2) above implies that f is a multiplicative map.
Furthermore, since f is an (A, A)-bimodule map, for a € A,

(f ote)a) = flaec) = af(ec) = aep = ip(a),

by condition (2). Thus f is an A-ring map. The fact that f is a coring
morphism implies that conditions (ii) and (iii) are fulfilled.

Conversely, the functor F'~! is well defined on objects by 27.6. For mor-
phisms, condition (ii) guarantees the compatibility of f with counits, while
(iii) is responsible for the compatibility with coproducts. Furthermore, con-
dition (i) implies that f satisfies condition (1), while (2) follows from the fact
that f is an algebra map. Therefore f is a morphism of Frobenius A-corings
and F~! is a well-defined functor. Clearly F~! is the inverse of F' on mor-
phisms. To check that this is also true on objects one only needs to observe
that, for all ¢ € C, A(c) = A(e)e = c¢A(e) (compare the proof of 27.12) and
that, for all a € A,

e(a)c = (ae)c =m(ae ® c) = an(e ® ¢) = ac,

and similarly for the right A-multiplication. ad

One of the most interesting features of Frobenius corings is that, given
any such coring, one can construct a full tower of Frobenius corings.

27.17. Towers of Frobenius corings. Suppose that C is a Frobenius
A-coring with a Frobenius system (m,e). Then, by 27.12, e viewed as a
map ¢ : A — C is a Frobenius extension with Frobenius element A(e) and
Frobenius homomorphism €. Now 27.7 implies that the Sweedler C-coring
C®4C is Frobenius with the Frobenius system (I ®e® ¢, A(e)). Then C®4C
is a ring with unit A(e) and product (c® ¢')(¢" ®@ ") = c® (¢ ® "), and
the extension A : C — C ®4 C is Frobenius by 27.12. The Frobenius element



27. Frobenius extensions and corings 275

explicitly reads ) e; ® e ® e and the Frobenius homomorphism is 7. Apply
27.7 to deduce that Sweedler’s C® 4C-coring (CRAC) Qe (C®4C) ~ CR4CRAC
is Frobenius. Iterating this procedure, we obtain the following

Theorem. Let C be a Frobenius A-coring, and let C* = C®4F k =1,2,...,
and C° = A. Then there is a sequence of algebra maps

co—<, ot A C2 fe®e®Ic 3

ey

where, for all k = 1,2,..., C*1 — C* is a Frobenius extension and C* is a
Frobenius C*~-coring.

This tower of corings bears very close resemblance to the tower of rings
introduced by Jones [136] as means of classification of subfactors of von Neu-
mann algebras.

References. Brzezinski [70, 75]; Caenepeel, DeGroot and Militaru [83];
Caenepeel, Ton and Militaru [84]; Jones [136]; Kadison [23]; Kasch [139]; Lin
[152]; Menini and Nastéasescu [156]; Morita [162].
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28 Corings with a grouplike element

Most closely related to ring extensions are those corings that have a grouplike
element g. With the exception of Section 30, the remainder of this chapter is
devoted to the studies of such corings. In this section we collect their basic
properties, introduce the corresponding g-coinvariants functor and view it as
a Hom-functor, and reveal that corings with a grouplike element exhibit a
natural ring structure. We also introduce Galois corings, which are isomor-
phic to the Sweedler coring associated to a ring extension B — A induced by
the existence of a grouplike element, and prove the Galois Coring Structure
Theorem 28.19. This theorem determines when the g-coinvariants functor is
an equivalence, and by this means generalises the faithfully flat (effective)
descent theorem. It will be shown in Section 34 that the Fundamental The-
orem of Hopf algebras 15.5 is a special case of the Galois Coring Structure
Theorem 28.19 (via the structure theorem for Hopf-Galois extensions).
Throughout this section C denotes an A-coring.

28.1. Grouplike elements. An element g € C is said to be semi-grouplike
provided A(g) = g ® g, and g is called a grouplike element if A(g) = g® g
and £(g) = 14.

Note that every coring has a semi-grouplike element (indeed, take g = 0).
Note also that, for a semi-grouplike element g, u = £(g) € A is an idempotent
in the centraliser of ¢ in A, that is, u> = u and ug = gu.

In the trivial A-coring A, 14 is a grouplike element. Furthermore, if
B — A is an algebra extension, then g = 14 ® 1,4 is a grouplike element in
the Sweedler A-coring A ®p A. So corings with a grouplike element can be
viewed as a generalisation of the Sweedler coring, and we keep the latter as
our guiding example for general constructions.

28.2. Existence of grouplike elements. C has a grouplike element if and
only if A is a right or left C-comodule.

Proof. We prove the proposition in the right C-comodule case. Let g € C
be a grouplike element. Define a right A-module map

0 A5 AR4C~C, ar 1,4Q ga= ga.
By the fact that ¢ is a grouplike element, for all a € A,
(0" ®Ic)ooM(a) =g®@1a®ga=g®@ga= (140 A) oo a),
and also (I4 ® g) o 04(a) = g(ga) = £(g)a = a. Therefore o* defines a right

C-comodule structure on A. Similarly, the left coaction of C on A is given by

Yo(a) = ag.
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Conversely, let A be a right C-comodule with a coaction ¢ : A — C, and
put g = 04(14) € C. Since ¢” is a right coaction,

Alg) = (Ta @A) (0" (1)) = (" © Ie)(e"(14)) = 0" (1a) ® g =g @ g,
and also £(g) = I ® g(0”(14) = 14, showing that g is grouplike. O

Notation. If g € C is grouplike, we write A, or ;A when we consider A with
the right or left comodule structure induced by g.

In view of 25.3, 28.2 provides an algebra extension B — A with a descent
datum (A, f), where f: A > A®p A, a— a® 14.

28.3. Kernel of the counit as a coideal. If C has a grouplike element,
then Kee s a cotdeal in C.

Proof. Since C has a grouplike element, the map ¢ is surjective. Thus
Keg is a coideal by 17.16. ad

28.4. Coinvariants. Given a grouplike element g € C and M € MC, one
defines g-coinvariants of M as the R-submodule

coC __ M _ _ M
Mg ={m e M|[¢"(m)=m®g} =Ke(o" — (- ®yg)).
Proposition. There is an R-module isomorphism
On - Hom®(A,, M) — M;OC, f=f(1a).

Proof. For any f € HomC(Ag, M) there is the commutative diagram of
right A-module maps

o
AHA(@AC 1AI

o b ]

M——=M®®aC  f(la)—=oM(f(14))

| =——

f(lA)®97

which shows that f(14) € M.

Any f € Hom®(A,, M) is uniquely determined by f(1.), and for any
m € Mg”c the map h,, : A — M, h(a) = ma, is C-colinear. One easily checks
that the assignment m +— h,, is the inverse of ;. O

Similarly, g-coinvariants of any N € M are defined as
N ={neN|["(n)=gon}=Ke(Mo—(9®-)),
and there is an R-module isomorphism

N0 : CHom(,A, N) — “CN,  h s h(1,).



278 Chapter 4. Corings and extensions of rings

Corings with a grouplike element lend themselves naturally to the exten-
sion theory. In fact, the existence of a grouplike element alone provides one
with a pair of algebras connected by an algebra map.

28.5. Coinvariants of A and C. Let g be a grouplike element in C and let
B={be A|bg = gb}.
(1) A;"C = <C A is a subalgebra of A equal to B.
(2) For any M € MC, M;OC is a right B-submodule of M, and for any
N €M, “CN s a left B-submodule of N.

(8) For any X € My and Y € M,
(X®AC)¢~X inMp, “GC®aY)~=Y inpM.

(4) In particular, C;° ~ A as an (A, B)-bimodule, and “5C ~ A as a
(B, A)-bimodule.

Proof. (1) Since A is both a right and a left C-comodule, the definition
of A% or “*{ A makes sense and

Hom®(A,, Ag) =~ A = {a € A|ga = ¢"(a) = ag} = B,

which is an (anti-)ring isomorphism, depending on which side the morphisms
are written.

(2) Since B is the endomorphism ring End®(4,), there is a natural right
B-module structure on Hom® (Ag, M). In view of the isomorphism 6, in 28.4,
this B-module structure can be transported to M ;oC' One easily checks that
the resulting B-multiplication in Mgc"c comes from the A-multiplication in
M. The second statement follows from the isomorphism 6 (see above) by a
similar reasoning.

(3),(4) By the canonical Hom-tensor relation (see 18.10),

(X ®a C);OC ~ Hom®(A,, X ®4 C) ~ Homyu (A, X) ~ X,
and for X = A,
C;OC ~ Hom®(A,,C) ~ Homu (A, A) ~ A,

which is a left A- and right End®(A)-morphism (when morphisms are written
on the left). Similar isomorphisms exist for the left-hand side versions. O

28.6. Coinvariants of Sweedler corings. Let A ®g A be the canonical
Sweedler coring associated to a ring extension ) — A. Take g = 14 ® 14.
Then B = Ag"c is given by an equaliser,

B—=A—= A®q A,

where the maps are a — a ® 14 and a — 14 ® a. In particular, if Q) — A is
faithfully flat, then B = Q).
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28.7. The induction functor. Let g € C be a grouplike element and
B = A;"C. Given any right B-module M, the tensor product M ®p A is a
right C-comodule via the coaction

oMeBA M@ A—- Mg A,C~MQzC, m®a— m ga.

If f: M — N is a morphism in Mg then f @ [4: M g A — N ®p A is a
morphism in MC since, for all a € A and m € M,

oNOrA(f(m) @ a) = f(m) ® ga = (f ® Ic)(m @ ga)
= (f®l)oo"*r4(m®a).

Hence the assignments M — M ®p A and f — f ® I, define a functor
—®p A: Mp — MC known as an induction functor.

28.8. The g-coinvariants functor. Let g € C be a grouplike element and
B = A;"C. There is a pair of adjoint functors

—®pA:Mp— M, HomC(Ag, —): M¢ — Mjp.

In view of the isomorphism 0y in 28.4, the Hom-functor is isomorphic to the
g-coinvariants functor,

Gy:M® — Mp, M M*™,

which acts on morphisms by restriction of the domain; that is, for f : M — N
in MC, G,(f)=f |aggec. For N € Mg, the unit of adjunction is given by

nNIN—>(N®BA)COC n|—>n®1A,

g )
and for M € MC the counit reads
Unr: MC @p A— M, m®a— ma.

Proof. Notice that ¢° : A — C is (B, A)-linear. Hence, by the Hom-
tensor relation in 18.10(2), setting M = A there, we obtain for all M € M¢
and N € Mg, the functorial isomorphisms

Hom (N @p A, M) = Homp (N, Hom(4,, M) = Hom(N, M;).

This proves the adjointness of the functors. The remaining assertions are
easily verified. O

28.9. Proposition. Let g € C be a grouplike element and B = A;"C. Then,
for any right B-module N, there is a left A-module isomorphism

Hom®(N ®5 A,C) ~ Homp(N, A).
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Proof. By 285, C:* ~ A as (A, B)-bimodules. Now 28.8 implies the
isomorphism of R-modules,

0 : HomC(N ®p A,C) — Homp(N,A), [f—ce(f(—®14)),

with the inverse h +— [n ® a +— h(n)gal.

Hom®(N ®5 A, C) is viewed as a left A-module via (af)(n®d’) = af(n®
a') for all f € Hom®(N ®5 A,C), a,d’ € A and n € N, while Homp(N, A)
is a left A-module via (ah)(n) = ah(n), for all h € Homg(N, A), n € N and
a € A. Thus the isomorphism @ is clearly an isomorphism of left A-modules
with specified A-multiplications. O

Another way of understanding the g-coinvariants functor is to view it as
a coinduction functor associated to a pure morphism of corings.

28.10. The inclusion morphism and associated functors. Let g € C
be a grouplike element and B = A;OC with inclusion o : B — A. Define
a (B, B)-bimodule map v : B — C, b — gb = bg, and view B as a trivial
B-coring. Then (v : «) : (B : B) — (C : B) is a pure morphism of corings
known as a g-inclusion morphism. The associated induction functor has the
form F: Mp — MC, M — M ®p A, as in 28.7. The associated coinduction
functor G : M — Mgpg is the g-coinvariants functor N +— Ng"c.

Proof. First note that « is well defined since B = {b € A | bg = gb}
by 28.5. The pair (7 : «) is a morphism indeed, since for all b € B, g(gb) =
e(g)b = b =epz(b) and, with the canonical map y : C ®5C — C®4C,

xo(v®p7)oAg(b) =x(v(15) @ (b)) = x(g ® gb) = g ®a gb,

while on the other hand A o7y(b) = A(gb) = g ®4 gb. Thus all the conditions
in 24.1 are satisfied as required. Since B is a flat B-module, this morphism
is necessarily pure.

The form of the induction functor F' follows immediately from the def-
inition of (v : ). Now, for any N € M’ N ®p B = N canonically and
thus the equalising maps in the definition of G(V) in 24.7 come out as
tn,by : N — N ®4C, with ty = oY and by : n — n®@y(lg) = n® g.
Therefore G(N) = Ni* = {n e N | ¢V (n) =n ® g}, as claimed. 0

In view of the general Hom-tensor relations in 24.11, 28.10 provides one
with an alternative proof of the adjointness in 28.8.

28.11. Representations of an algebra in a coring. Viewing an algebra
B as a trivial B-coring, objects in the category Rep(B : B | C : A) are pairs
(g, ), where g is a grouplike element in C and « is an algebra map B — Agoc.
The morphisms (g1, a1) — (go, 2) are (B, B)-bimodule maps f : B — A such
that g1 f(b) = f(b)gs for allb € B. Here A is a left (resp. right) B-module
via the map oy (resp. ao).



28. Corings with a grouplike element 281

Proof. If (y:«)is an object in Rep(B : B | C: A), then v is a (B, B)-
bimodule map, and hence it is fully determined by an element g = 7(1g). The
fact that 1p is a grouplike element in B implies that g is a grouplike element in
C. Furthermore, since 7 is a (B, B)-bimodule map and C is viewed as a (B, B)-
bimodule via a, we immediately obtain for all b € B, a(b)g = v(b) = ga(b),
that is, Im (a) € A%C. Thus a morphism (v : a) leads to a pair (g, ), as
stated. In the converse direction, given any such pair, one defines v: B — C
via b +— a(b)g and easily checks that this satisfies all the requirements for a
morphism of corings.

Since the maps 71, 72 are determined by grouplike elements g; and ¢o,
respectively, the definition of a morphism in Rep(B : B | C : A) given in 24.3
immediately leads to a map f with the asserted properties. O

Another property characterising corings with a grouplike element is the
fact that their dual rings are augmentation rings. From [10, p. 143] we know
that a ring A is called a right (resp. left) augmentation ring if there exists an
A-module M and a right (resp. left) A-module morphism 7: A — M. M is
called an augmentation module.

28.12. Dual algebras as augmentation rings. Let g € C be a grouplike
element. Then:

(1) *C is a left augmentation ring with an augmentation module A. The
left action of *C on A is provided by £a = &(ga), fora € A, £ € *C.

(2) C* is a right augmentation ring with an augmentation module A. The
right action of C* on A is provided by a§ = £(ag), fora € A, & € C*.

Proof. We prove only part (1), since the second statement is proven in
an analogous way. That the map given above defines a left action of *C on A
follows from the fact that A is a right C-comodule, and hence a left *C-module
by 19.1. The augmentation 7 : *C — A is given by & — &(g). To show that
7 is a left *C-module map, take any &, & € *C and obtain

m(€ &) = (€' €)(9) = £(9€(9)) = &(gn(€)) = &m(€)),

as required. O

28.13. The splitting of the counit. Let g € C be a grouplike element and
let B = ASOC. Then the short sequence

0 Kee 4 C A 0,

where i is the canonical inclusion, is split-ezact as a sequence of (A, B)-
bimodules and (B, A)-bimodules.
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Proof. First note that the sequence under consideration is exact in the
category of (A, A)-bimodules since ¢ is an (A, A)-bimodule map. Consider
an R-linear map ig : A — C, a — ga. Clearly, the map ig is right A-
linear. Furthermore, it is left B-linear since, for all b € B, ig(ba) = gba =
bga = big(a), for B is the centraliser of g in A. Finally, for any a € A,
g(igr(a)) = e(ga) = a. Therefore we conclude that ir provides the required
splitting of (B, A)-modules, and the sequence in the theorem is split-exact.
The retraction of i is then given by pr : C — Keg, ¢ — ¢ — ge(c).

Similarly one proves that i, : A — C, a — ag, and p;, : C — Keg,
¢ — ¢ —g(c)g, provide the splitting of the sequence of (A, B)-bimodules. O

28.14. Direct sum decompositions of C. Let g € C be a grouplike element
and B = Ag"c. Then:

(1) C~ A® Kee as (B, A)-bimodules with the isomorphism
ugp:C — AdKee, ¢ (g(c),ge(c) — o).
(2) C~ Ad Kee as (A, B)-bimodules with the isomorphism
up:C— AdKee, cr (g(c),c—elc)g).

Proof. This follows immediately from 28.13. We only remark that the
inverse u;{,l of ug explicitly reads, ugl(a, ¢) = ga — ¢, while the inverse of uy,
is given by u;'(a,c) = c + ag. O

In view of 28.5 we obtain the

28.15. Corollary. Let g € C be a grouplike element and B = Ag"c. Then:
(1) C ~“CC & Kee as (B, A)-bimodules.
(2) C~C @ Kee as (A, B)-bimodules.

Since Kee is an (A, A)-bimodule (as a kernel of an (A, A)-bimodule map),
A®Kee has a natural ring structure with the product given by (a, ¢)(d’, ') =
(ad’,ac’ + ca’) and the unit (1,0). Using the isomorphisms in 28.14, one can
pull this ring structure back to C. As a consequence one obtains

28.16. The algebra structure of C. Let g € C be a grouplike element.
Then:

(1) C is an associative R-algebra with unit g and product
c.d =¢gle)d +ce(d) —e(e)ge(d).

(2) The counit e :C — A is an algebra map.



28. Corings with a grouplike element 283

(8) The R-linear maps iy,ir : A — C given by iy, : a — ag, ir : a — ga,
are algebra morphisms splitting €. For alla € A and c € C,

ac =ir(a).c, ca=cuig(a).
Proof. (1) For any ¢, € C define a product in C via the formula
cod = ug'(up(c)ug(c)),

where up is the isomorphism constructed in 28.14 and ug(c)ug(c’) is the
natural product in A @& Kee recalled in the preamble to the proposition.
Then

Furthermore, u;%l(l, 0) = g. Therefore C has an algebra structure, as claimed.
Note that the same algebra structure can also be defined using the second
isomorphism via c. ¢ = u; ' (ug(c)u(c)).

(2) Let p : A® Kee — A be the canonical projection p : (a,c) — a.
Then for all ¢ € C we obtain p o ug(c) = p(e(c), ge(c) — ¢) = €(¢), and also
& = pouy. Since p is an algebra morphism and both ur and uy, are algebra
maps by construction, so is €.

(3) Consider an algebra injection i : A — A @ Keg, a — (a,0). For any
a € A, up' oi(a) = up'(a,0) = ga = ig(a). Similarly, i, = u;' oi. Thus
both i and i, are algebra morphisms, and they are split by € as ¢ splits p
(or directly from the split-exact sequence in 28.13). Furthermore,

ir(a)«c=ac+ig(a)e(c) —age(c) = ac+ age(c) — age(c) = ac,

for all a € A, ¢ € C. Similarly one proves that c.ig(a) = ca. O

28.17. Algebra structure of Sweedler corings. Let C = A ®p A be the
Sweedler coring associated to a ring extension B — A. Then C is an algebra
with unit 14 ® 14 and the product

(a1 ® az)« (a3 @ ay) = ajasaz @ ag + a1 ® axa3a4 — a109 & a3a4.

This product appears in [170, Section 1.2] in the context of a braiding related
to the noncommutative descent theory.
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In view of 28.2, an A-coring has a grouplike element if and only if A is a
C-comodule. Corings for which A is a Galois comodule (cf. 18.25) form an
important class that is well worth distinguishing.

Definition. Let g € C be a grouplike element and B = Ag"c. The pair (C, g)
is said to be a Galois coring if A, (equivalently ,A) is a Galois comodule (cf.
18.25), that is, if the canonical map

ol ZHOH]C<AQ,C) XB Ag_>C7 f®a'_>f(a)7
is an isomorphism of right C-comodules.

28.18. Galois corings. Let g € C be a grouplike element and B = Ag"c.
The following are equivalent:

(a) (C,g) is a Galois coring;
(b) for every (C, A)-injective comodule N € M€, the evaluation

on : Hom®(A,, N)®@p A, = N, f®ar— f(a),

is an isomorphism of right C-comodules;

(c) the (A, A)-bimodule map defined by
cany : A®pA—C, a®d — agd,

s an isomorphism of A-corings.

The map cany is called a Galois isomorphism.

Proof. This follows from 18.26 by setting M = A, and identifying B
with End®(4,) and A* = Hom4(A, A) with A. 0

Note that 28.18 shows in particular that Galois corings are those corings
C with a grouplike element g that are isomorphic to the canonical Sweedler
coring associated to the algebra extension A% — A (cf. [73]).

28.19. The Galois Coring Structure Theorem. Let g € C be a grou-
plike element, B = Ag"c, and let G, : M® — Mp, M Mgc"c, be the
g-coinvariants functor.
(1) The following are equivalent:
(a) (C,g) is a Galois coring and A is a flat left B-module;
(b) 4C is flat and A, is a generator in MC.
(2) The following also are equivalent:
(a) (C,g) is a Galois coring and gA is faithfully flat;
(b) aC is flat and A, is a projective generator in MC;
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(¢) aC is flat and Hom®(Ay, —) : M® — Mp is an equivalence with
inverse — ®p A: Mp — MC (cf. 28.8).

Proof. This follows from 18.27 by setting M = A,. ad

Note that not every canonical coring associated to an algebra extension
B — A is a Galois coring with respect to a grouplike 14 ® 14. However, as
noted in 28.6, if the extension B — A is faithfully flat, then (A®pA, 1a®@p14)
is a Galois coring. As a particular example of this one can consider a Galois
coring provided by

28.20. Sweedler’s Fundamental Lemma. Let A be a division ring and
g € C a grouplike element. Suppose that C is generated by g as an (A, A)-
bimodule. Then (C, g) is a Galois coring.

Proof. Under the given condition A is simple as a left C-comodule, and
it subgenerates C and hence MC. This implies that C is a simple and right
semisimple coring (see 19.15) and A, is a projective generator in MC. So
(C,g) is a Galois coring by 28.19. O

More generally, we characterise simple corings with grouplike elements.

28.21. Simple corings. Let g € C be a grouplike element. Then the following
are equivalent:

(a) C is a simple and left semisimple coring;

(b) (C,g) is a Galois coring and End®(A,) is simple and left semisimple;

(c) cany : A®p A — C is an isomorphism and B is a simple left semisimple
subring of A;

(d) aC is flat, A, is a projective generator in M€, and EndC(Ag) is simple
and left semisimple;

(e) Ca is flat, ;A is a projective generator in *M, and Endc(gA) is simple
and left semisimple.

Proof. If C is simple and semisimple, then every nonzero comodule is
a projective generator in M¢ and End®(A,) is simple and left (and right)
semisimple. So the assertions follow by 28.18, 28.19 and 28.6. O

28.22. Comparison functor for a coring. In view of 25.1, the first part
of Theorem 28.19 can be understood as a restatement of one of the main
results in noncommutative descent theory (cf. [96, Theorem]). We refer to
[3, Chapter 4] for a nice introduction to descent theory. Given an algebra
extension B — A, there is a comparison functor —®p A : Mp — Desc(A/B)
that, to every right B-module M, assigns a descent datum (M ®p A, f) with
f M®RpA— MepA®RA m®a— m®1,4®a. The comparison functor
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should be compared but not confused with the induction functor described
in 25.4.

An algebra morphism B — A is called an effective descent morphism if
the comparison functor is an equivalence of the categories. Extending this
terminology to corings, we propose the following:

Definition. Given a grouplike element g € C and g-coinvariants B of A, we
call the functor — @5 A : M — MC a comparison functor for a coring with
a grouplike element (C, g).

If (C,g) is a Galois coring, then the category of right C-comodules is
isomorphic to the category of descent data Desc(A/B), and thus the first
part of 28.19 states that if B — A is faithfully flat, then it is an effective
descent morphism. The second part of 28.19 can be viewed as a clarification
of the idea of a Galois coring: Under the faithfully flat condition, Galois
corings correspond to comparison functors that are equivalences.

28.23. Exercises

(1) Let C be an A-coring with a grouplike element g. Suppose that C is a cosep-
arable coring with cointegral §, and view it as an A-ring as in 26.6. Let Mg
denote the subcategory of M4 consisting of firm right C-modules, that is,
right A-modules M with associative A-linear C-action such that M ®¢C ~ M.
Note that MC is a subcategory of M¢ by 26.7. For any M € M define

Mié ={meM |forallceC, mc=mdi(g®c)}.

Prove ([78]):

(i) B= A;(S ={beAlforallceC, §(gh®c)=bi(g®c)} is a subalgebra
of A.

(ii) The assignment (_)gd :Me — Mp, M — M55, is a covariant functor
that has a left adjoint — ®@g A : Mg — Mg.

(i) @ = Cg’ s is a firm left ideal in C and hence a (C, B)-bimodule.
(iv) For every M € Mg, the additive map

wi i M ®eQ— M5,  m®q— mg,
is bijective.
(2) In the setup of Exercise (1), define two maps
0:QR®pA—C,q®a—qa, and T: A®RcQ — B, a®q— 0(ga ® q).

Prove ([78]):
(i) o is a (C,C)-bilinear map.

(ii) 7 is a (B, B)-bimodule isomorphism.
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(iii) The maps o and 7 have the following associativity property: For all
a,a’ € A and q,¢ € Q,

olg®a)d =qr(a®q), ac(qg@d)=1(a®q)d.

In brief, this exercise shows that (B,C, A, Q, T,0) is a Morita context (with a
nonunital ring C), in which 7 is an isomorphism.

References. Borceux [3]; Brzeziniski [71, 73, 74]; Brzeziriski, Kadison and
Wisbauer [78]; Cartan and Eilenberg [10]; Cipolla [96]; El Kaoutit, Gémez-
Torrecillas and Lobillo [112]; Kleiner [140]; Nuss [170]; Sweedler [193].
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29 Amitsur complex and connections

In this section we reveal a close relationship between corings with a grouplike
element and noncommutative differential geometry. As a first step we show
that to any coring with a grouplike element one can associate a differential
graded algebra. This algebra can be viewed as a generalisation of the Amit-
sur complex associated to ring extensions, and hence it is termed an Amitsur
complex for a coring. We study when this complex is acyclic. The Amitsur
complex for a coring restricts to a graded differential algebra, termed cor-
ing valued differential forms, which can be interpreted as a generalisation of
relative differential forms of noncommutative geometry. Motivated by non-
commutative geometry, we study coring-valued connections. In particular, we
show that the category of comodules of a coring with a grouplike element is
isomorphic to the category of flat connections. This result provides us with a
noncommutative geometric interpretation of comodules, in addition to giving
a representation-theoretic point of view on noncommutative geometry.

29.1. Differential graded algebras. A differential graded algebra is an
N U {0}-graded R-algebra Q = @, ,Q" together with an R-linear degree-1
operation d : 2° — Q°™! such that d(R14) = 0 and

(1) dod = 0;

(2) d satisfies the graded Leibniz rule, that is, for all elements w’ and all
degree-n elements w,

d(ww') = d(w)w" + (—1)"wd(w").

Condition (1) means that (€2,d) is a cochain complex with a coboundary
operator d, while (2) states that d is a graded derivation in €.

29.2. Differential algebra for a coring with a semi-grouplike element.
Let g € C be a semi-grouplike element. Consider the tensor algebra

0c) = @),

where Q°(C) = A and Q"(C) = C®4CR4---@4C (n-times). Define a degree-1
linear map d : Q(C) — Q(C) via d(a) = ga — ag, for alla € A, and

dc' @ @) = ged @@ +(-1)"""e 0lag

+Z(_1)ic1 R @ IRAC) @@ @
i=1

Then Q(C) is a differential graded algebra.
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Proof. Let d" = d |q»(). Since d’ is given as a commutator, it satisfies
the Leibniz rule. To show that d' o d” = 0, take any a € A and compute

d'(d’(a)) = d'(ga—ag) = g®ga—A(ga)+ga®g—gRag+A(ag)—ag®g = 0,

since g is a semi-grouplike element and A is an (A, A)-bimodule map. Next
we need to show that d"™ o d® = 0 for all n > 1. This can be done by a
straightforward but lengthy calculation. The main points to notice here can
be summarised as follows. The expression for d"*! o d" involves sums of the
following pairs of terms (i < j):

(—1)" .. ®A( N®...A(d)® ..., and
(D)™ @A) ® ... ®A(C)®

The first term comes from the i + 1-st term in the expansion of d"*! applied
to the j + 1-st term in the expansion of d"”. The second is the j + 2-nd term
in the expansion of d"*! applied to the i + 1-st term in the expansion of d".
Obviously such terms cancel each other. The sum of the ¢+ 1-st and 7 + 2-nd
terms in the expansion of d"™! applied to the i + 1-st term in the expansion
of d" reads

(D). .. @(ARIL)AC) ...+ (-1D)* . (I 2 A)A(N)®...

and vanishes because of the coassociativity of A.
Finally, d satisfies the graded Leibniz rule since

dm—l—n(cl R ® cm—i—n)

_|_( 1)m+n+1 1 Q - ® cm-l—n ® g

:g®cl®.”®cm+n+2(_ )7,1® ®C’L 1®A( )®CZ+1® _®Cm+n
=1
+( 1)m+11® ®Cm®g®cm+l®”'®cm+n
+(_1)mc ®__'®Cm®g®cm+l®‘“®cm+n

m-+n

+ Z( ) ®Cl 1®A( )®Cl+1® L ® cmtn
1= m+1
= d"(c'® )®cm“®...®cm+n
+(— 1) L RMRdY (T ® . @),

as required. Thus we conclude that ©(C) is a differential graded algebra, as
stated. O
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Recall that, given an R-algebra B, an R-algebra A is called a B-ring or
an algebra over B (with unit) if there is an algebra map B — A. Thus the
notion of a B-ring extends the notion of a B-algebra to the case in which
B is neither commutative nor central in A. Extending this notion further to
differential graded algebras, one says that €0 is a B-relative differential graded
algebra or a differential graded algebra over B if there is an R-algebra map
B — A = Q° such that d is a (B, B)-bimodule map and d(B) = 0.

29.3. Q(C) as a B-relative differential graded algebra. Let C be an
A-coring with a semi-grouplike element g, and B = {b € A | bg = gb}. The
differential graded algebra Q(C) constructed in 29.2 is a B-relative differential
graded algebra.

Proof. This immediately follows from the facts that B is a centraliser
of g in A (hence d(B) = 0) and that A is a (B, B)-bimodule map. 0

29.4. The Amitsur complex. Take an algebra extension B — A, its
Sweedler coring C = A ®p A, and the grouplike element ¢ = 14 ® g 14. Then

Q*(C) = A®p™H! and d" = S0 (—1)%ep ¢ ABBHL s A®B72 yhere

e?:a1®...®an+1|—>a1®...®ai®1A®ai+1®...®an+1,

i =0,1,...,n+ 1. This means that (A ®p A) is the Amitsur complex
associated to an algebra extension B — A (cf. [55], [57]).

Motivated by 29.4, we call the cochain complex 2(C) defined in 29.2 the
Amitsur complex associated to a coring C and a semi-grouplike element g.

The faithfully flat descent theorem can be restated as a property of the
Amitsur complex. If an algebra extension B — A is faithfully flat, then the
corresponding Amitsur complex Q(A/B) is acyclic (i.e., all the cohomology
groups are trivial). Guided by the relationship between Galois corings and
noncommutative descent theory, we can answer the following question.

29.5. When is the Amitsur complex acyclic? The Amitsur complex of
a Galois A-coring (C, g) is acyclic provided A is a faithfully flat left module
over the subring B of its g-coinvariants.

Proof. Since gA is faithfully flat and the Amitsur complex (2(C),d) is
a complex in the category of right B-modules, it suffices to show that the
complex (2(C) ®@p A,d® 1) is acyclic. Let cany : A®p A — C be the Galois
isomorphism of corings and write can;'(c) = Y_c! @ ¢?, for all ¢ € C. First
note that, for all c € C, > clgc? = ¢, and then compute

(Ic ®acang) (X clg®ala ®p 2 — 301 @42l ®p %)
=Y g@agl =S e ®@ac = A clg? —¢) = 0.
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Since cany is bijective, we conclude that for all ¢ € C,

Selged =3 cicany!(e) (+)

Now, for any n = 1,2, ..., consider an R-linear map

hn:Qn(C) QA — Qn_l(C) ®Xp A,

A ®a...@ac"@pa — (1) ®4...®4 " Lcan, (c"a).

We claim that the collection h of all such A" is a contracting homotopy for
d® I4. On the one hand, (® stands for ®4)

Al di(cl @ ... @c") ®pa) = (-1)""gRc ®...®c" lcan,'(c"a)
+ Z( )RHHCI R...0A")®...® c”_lcangl(c"a)
- Z c @ cMcany!(c"a) + ¢t ® - - @ c"cany (ga)
= (—1)n+19 ®c ®...®d tcany'(c"a)
+ Z( Drtitlel g @ Ald) ® ... @ teanH(c"a)
—ZC e @cdlgep i+ d ®- QT ®pa,

where we have used equation () and the fact that can,;'(g) = 14 ® 14. On
the other hand,

A" (h(d®...® c") ®pa) = (-1)"g@c'®@...®c" tcan,'(c"a)
+ Z( Dl ®.. . @A) ®...® " tcan, (c"a)

+Zc ® - ®clg@pca.

Thus A"t od™ +d" ' o i = Ign(c)g,4. This means that d ® I4 is homotopic
to the identity, so the complex (Q(C) ®p A,d ® I,) is acyclic, and therefore
the Amitsur complex is acyclic by virtue of the fact that the functor — ®z A
reflects exact sequences (for A is a faithfully flat left B-module). O

In fact, since there is an algebra map B — A, and hence a map B — Q(C),
if B — A is faithfully flat and (C, g) is a Galois coring, then the associated
Amitsur complex (C) is a resolution of B.

The category of comodules of a coring with a grouplike element can be
described naturally in terms of connections over an algebra.

29.6. Connections. Let B — A be an algebra extension, and let 2 be a
B-relative differential graded algebra with A = Q°. A connection in a right
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A-module M is a right B-linear map V : M ®4 Q°* — M ®4 Q°*! such that,
for all w € M ®4 QF and ' € Q,

V(ww') = V(w)w' + (=1)*wd(w). (%)
A curvature of a connection V is a right B-linear map
Fg: M — M®, 0%

defined as a restriction of VoV to M, that is, F'y = VoV |y. A connection
is said to be flat if its curvature is identically equal to 0.

It is important to note that a connection is fully determined by its restric-
tion to the module M. Indeed, any element of M ®4 €2 is a sum of simple
tensors m ® w with m € M and w € Q. Now, using the Leibniz rule (x), the
action of V on m ® w reads,

Vim®@w)=V(mw+m®e dw).

Here we concentrate on right connections (i.e., connections in right mod-
ules) and right comodules. Obviously parallel to this one can develop the
left-handed version of the theory. To describe a relationship between connec-
tions and comodules of a coring, we first need to introduce an appropriate
differential graded algebra.

29.7. Coring-valued differential forms. Let C be an A-coring with a
grouplike element g € C, and let B be the subalgebra of g-coinvariants of
A. Then the associated Amitsur complex (Q(C),d) restricts to the B-relative
differential graded algebra (2(C/B),d) with Q°(C/B) = B and

N"(C/B)=Kee®@sKee®,...®4 Kee

(Kee taken n-times). We term Q(C/B) the algebra of C-valued differential
forms on A.

Proof. The key observation here is that, first, for all a € A, g(d(a)) =
e(ga) —e(ag) = a—a = 0, and, second, for any c!,..., c" € Keg, the Amitsur
coboundary operator d" can be written equivalently as

d'(c' ®...®c")
=3 (1) ®..0 @ (¢ — ge(d))®(c'y —(cia)g) @ T @...® ™.
=1

This expression shows immediately that the image of d restricted to (Keg)®4"
is contained in (Keg)®4™! as required. Note how the canonical projections
featuring in the description of C as a direct sum of A with Keg discussed in
28.14 are used here. O
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29.8. Corings associated to differential graded algebras. The con-
struction in 29.7 has an interesting converse. Let ) be a differential graded
algebra with Q° = A, and Q" = Q' @4 V' @4 ... 24 Q! (n-times). Consider a
left A-module C = A @ Q' Let g = (1,0) and identify (0,w) with w so that
C consists of elements of the form ag + w, where a € A, w € Q. One easily
checks that C can be made into an (A4, A)-bimodule with right multiplication
(ag + w)d' = ad'g + ad(a') + wa' for all a,a’ € A, w € Q. Then C is an
A-coring with coproduct and counit

Alag) =ag® g, Aw)=9g@w+w®g—dw), elag+w)=a,

for all a € A and w € Q. The coassociativity of A follows from the equality
Sd(w!) @ w? + w! @ d(w?) = 0, where d(w) = > w! ® w? is a notation. This
is a consequence of the Leibniz rule and the nilpotency of d. Clearly, g is a
grouplike element and Q = Q(C/B), where B = ker(d : A — Q'). Note also
that d(a) = ga—ag. In particular, some differential calculi of noncommutative
geometry based on Dirac operators or Fredholm modules lead to corings with
grouplike elements.

29.9. Relative differential forms. Given an algebra extension B — A,
there is an associated universal differential graded algebra over B generated
by the B-ring A known as an algebra of B-relative differential forms QgA.
Let A/B denote the cokernel of the algebra homomorphism B — A viewed
as a map of (B, B)-bimodules, and let 7 : A — A/B be the canonical map of
(B, B)-bimodules. Thus A/B is a (B, B)-bimodule, and for any n € NU {0}
one can consider an (A, B)-bimodule,

VA= A®p(A/B)®"" = A A/B®p A/B®p---Qp A/B,

and combine them into a direct sum QpA = @ . QA QpA is a cochain
complex with a coboundary operator

d:QRA = Q%A R ®... @a,— 140 7(a) ®a; @ ... R a,.

It is clear that d o d = 0 since B — A as an algebra homomorphism is a
unit-preserving map so that 7(14) = 0. Less trivial is the observation that
(QpA,d) is a B-relative differential graded algebra. The product in QpA is
given by the formula

n

n—i
(g, -y an)(Apaty .oy Q) = E (=) ag, -, Qi—1,; - Qig1, Qi -y ),
i=0
where we write (ao,...,a,) for ay ®p ... ®p a,, and so on, to relieve the

notation. Also, the notation a; - a;41 is a formal expression that is to be
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understood as follows. Take any a; € 7 '(a;) and al,, € 7 ai41), ¢ =
1,...n—1. Then

a;a fori=0
a; - a1 = w(ajai,,) for0<i<n
m(ala;4q) fori=n.

Although a; - a;1; depends on the choice of the a, it can be easily shown that
the product of cochains does not. It can also be shown that the above ex-
pression defines an associative product and that d satisfies the graded Leibniz
rule. The details can be found in [103]. The algebra of B-relative differential
forms has the following universality property. Given any graded differential
algebra Q = @ N" and an algebra homomorphism u : A — QY such that
d(u(b)) = 0 for all b € B, there exists a unique differential graded algebra ho-
momorphism u, : QA — ) extending u. This means, in particular, that the
identity map A — A extends to a map of B-relative differential graded rings
QpA — Q(C/B). This can be understood purely in terms of coring-valued
differential forms.

29.10. Sweedler coring-valued differential forms. Let B — A be an
algebra extension. Take the Sweedler coring C = A @ A and a grouplike
element g = 14 ® 14. Then the differential graded algebra over B of C-valued
differential forms is isomorphic to the algebra of B-relative differential forms

QpA.

Proof. We first describe the structure of C = A ® g A-valued differential
forms. Since the counit of the canonical coring coincides with the product
map pa/p: A®pA— A a®d — ad, we have Q' (C/B) = Kee = Ke jia/p.
Clearly, the Amitsur O-differential d : a — 1, ®a—a®1 4 has values restricted
to Ke pa . Note that Q"(C/B) = (Ke pa/p)®4". Thus, if we can show that
Kepuap ~ A®p A/B as (A, A)-bimodules, then we will obtain the required
form of Q™(C/B). Indeed, the iteration

Q'(C/B) = @"(C/B) ®aKepan
~ Q" YC/B) @4 A®y A/B ~ Q""Y(C/B) ®p A/B

repeated n-times then yields the desired result.
Note that Ke pia/p ~ A®p A/B as (A, B)-bimodules via the map

0:Kepap— A@pA/B, > a;®a; — 3 a; @ m(a)),

with the inverse 071 : a®@7(a') — a®a’ —a’ ®14. Note also that the map 61
does not depend on the choice of ¢’ in the inverse image of m(a'). Indeed, if
m(a’) = 0, then a’ = bl 4 with b € B and hence a®d'—ad' @14 = a®bl 4 —ab®
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14 =0, as needed. The right A-module structure of A®gA/B is derived from
the product in QgA, that is, (ap®7(a1))a = —apa @ 7(ay) + ag @ w(aya), and
is well defined (does not depend on the choice of a;) by a similar argument
as above. Clearly § and 0! are maps of right A-modules. The isomorphism
0 extends to cochains of all degrees, and one can easily check that it provides
an isomorphism of B-relative graded differential algebras. This isomorphism
involves projections 7 in all bar the first tensorand and thus maps all the
Amitsur operators e}’ with ¢ > 0 in 29.4 to 0. Thus the resulting differential
d has the form d : ap®@ a1 ® ... ®a, — 14 @7(ag) ®a; ® ... R a,, as required.

]

29.11. Existence of connections. Let C be an A-coring with a grouplike
element g € C, let B = A;OC be the subring of g-coinvariants of A, and let
Q(C/B) be the algebra of C-valued differential forms on A. A right A-module
M admits an Q(C/B)-valued connection if and only if Inf @€ is a retraction
m MA.

Proof. Given a connection V : M — M ®4 Q(C/B), define an R-linear
map
jv: M —-M®sC, m—V(m)+m®g.

Since Im(V) € M ®4 Keg and £(g) = 14, the map jy is an R-linear section
of Iy ® . Furthermore, for all m € M and a € A,

jv(ma) = V(ma)+ma®g = V(m)a+m®d(a)+m® ag
V(imJa+m®ga—m®@ag+m®ag = jv(m)a,

where we used that V is a connection to obtain the second equality. Thus jv
is a right A-linear section of I; ® €.

Conversely, suppose j : M — M ®4C is a right A-linear section of I; ®¢,
and define an R-linear map

Vi M—M®,Q(C/B) =M ®@4Keg, m—jm)—m®yg.

Note that V; is well defined since the fact that j is a section implies that, for
allm e M, >~ m'e(c") = m, where Y, m' ® ¢ = j(m). Therefore

Vi(m) =32 (m' @ d —m'e(d) @ g) = 32;m' @ (¢ —g(c)g),

and each ¢ —g(¢") € Keg. Finally, V; is a connection since, for all m € M
and a € A,

Vi(ma) = j(ma)—ma®g = j(m)a—m® ag
= jmla—m®ga+m®ga—m®®ag = V;(m)a+m® d(a),

as required. O
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29.12. Corollary. In the situation of 29.11, if a right A-module M admits an
Q(C/B)-valued connection, then M is a direct summand of a right A-module
M ®4C.

Proof. By 29.11, the map MM ®4 C is split by M ®4 CBE )
in MA. a

29.13. Connections and cosplit corings. If C is a cosplit A-coring with

a grouplike element g and B = Agoc, then any right A-module admits an
Q(C/B)-valued connection.

Proof. If C is cosplit, then the counit € has an (A, A)-bimodule section.
Hence, for any right A-module M, the map I, ®4 € has a right A-module
section, and thus M admits a connection by 29.11. Explicitly, given e € CA
such that e(e) = 14, the connection V is given by V:m—m® (e —g). O

29.14. Comodules and flat connections. Let C be an A-coring with a
grouplike element g, B = A®C, and let Q(C/B) be the algebra of C-valued

g )

differential forms on A. Then a right A-module M is a right C-comodule if
and only if it admits a flat connection V : M — M ®4 Q(C/B).

Proof. Suppose M is a right C-comodule with coaction o™ and define
V:M—-Me,0C/B), m— o"m)-meyg.

Since o™ is a right A-module splitting of Iy; ® €, the map V is a connection
by 29.11. We can now compute the curvature Fy of V. For any m € M,

Fy(m) = V(3 _mg®@my —m®g)

> V(mg) @my + Y my®@dmy; —V(m)®@g+m®dg = 0,

by coassociativity of o™ and the definition of d.

Conversely, suppose M is a right A-module with a flat connection V :
M — M ®4 Kee. For any m € M write V(m) = >, m' ® ¢’. Then the
flatness of V means

0=V mecd)=>,Vm)ed+ Y medd), e,
> m' R @'y = i,jmij BRI+ MR+, MR Ry,
where V(m') = 37 m" @ &7. Now define an R-linear map
MM —-Mo,C, m—V(im)+m®eg.

Note that o™ coincides with the map jy constructed in the proof of 29.11,
and thus it is a right A-module section of Iy, ®¢, that is, (I3 ®¢g)o™ (m) = m.
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So it only remains to show that o is coassociative. Since explicitly o™ (m) =
>.mi®@ct +m® g, we can compute

(M @ Ie)o™(m) = Y, 0M(m) @ ¢+ oM(m) @ g
= 3 ,mVeMRC+ Y mMRgAC I, mMRRITMRgR g
= > meded+mRgey
= (In ® A)oM(m),

where we used the flatness of V to derive the penultimate equality. This
proves that (M, o) is a right C-comodule. O

In the proof of 29.14 we constructed two assignments. Given a right A-
module M, to every right C-coaction o™ one assigns a flat connection by
Vo :m— oM(m)—m®g. Conversely, to any flat connection V one assigns
a right C-coaction 0¥ : m — V(m) + m ® g. Clearly these assignments
are inverses of each other and hence establish an isomorphism of sets of flat
connections and right C-comodule structures. In fact, 29.14 describes an

isomorphism of categories.

29.15. The category of connections. Consider an algebra extension B —
A and a B-relative differential graded algebra 2 with QY = A. The category
of (right) connections with values in €2, denoted by Conn(A/B, (), consists
of pairs (M, V), where M is a right A-module and V : M ®,0Q° — M®,0Q°!
is a connection. A morphism (M,V) — (N, V') in Conn(A/B, ) is a right
A-module map f: M — N inducing a commutative diagram,

M N

vi iv
Mot 22 e, ol

Note that the Leibniz rule also implies that the diagram

felg

M ®4Q° N ®4Q°
| v
M &4 Qe+l felg N ®. Qe+l

is commutative. In particular, we can consider the diagram

MLM(X)AQlLM@AQZ

fl f®19i if@lg

NY s N@, 0 —Ls N oy Q2



298 Chapter 4. Corings and extensions of rings

in which both left and right squares commute. This implies that the outer
rectangle is commutative, and hence F' o f = (f ®4 Ig2) o F', where F is the
curvature of V and F” is the curvature of V’. This shows that Conn(A/B, ?)
contains a full subcategory Conng(A/B, () of flat connections. Objects of
Conny(A/B, ) are pairs (M, V), where M is a right A-module and V is a
flat connection.

29.16. Isomorphism of categories of flat connections and comodules.

Let C be an A-coring with a grouplike element g, B = A;"C, and let Q(C/B)

be the algebra of C-valued differential forms on A. Then MC is isomorphic to
Conny(A/B,Q(C/B)).

Proof. On objects, the isomorphism is provided by the assignement
constructed in 29.14 while, on morphisms, f : M — N, f < f. Indeed, if f
is a morphism of right C-comodules, then, for all m € M,

Vovof(m) = o¥of(m)—flm)®yg
= (fel)(@"(m)—m®g) = (f®Ic)o Vu(m).

If f is a morphism (M, V) — (N, V') in Conny(A/B,(C/S)), then

og o f(m) = V'(f(m)+ f(m)@g = (f®Ic)oV(m)+ f(m)@g
= (f@l)o(V(m)+m®g) = (f®Ic)ooy.

This completes the proof of the theorem. O

A similar isomorphism as in 29.16 can be established between the category
of flat connections in left A-modules and the category of left C-comodules.

References. Amitsur [55]; Artin [57]; Brzezinski [74]; Connes [101];
Cuntz and Quillen [103]; Nuss [170]; Rojter [182]; Sweedler [192].
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30 Cartier and Hochschild cohomology

In this section we outline two cohomology theories of corings. Our main aim
is to give a cohomological interpretation of coseparable and cosplit corings.
As before, A is an R-algebra and C is an A-coring.

30.1. The cobar complex. Let Cob(C) = (Cob(C)*,d) be a complex given
as Cob(C)" = C®Ant2

n+1
0 =) (—DFIET @ A 1P H  Cob(C)" — Cob(C)"H,

k=0

n = 0,1,2... Then Cob(C) is a resolution of C in the category of (A, A)-
bimodules and is called a cobar complex or a cobar resolution of C.

Proof. First we need to show that Cob(C) is a cochain complex, that is,
for all n € NU {0}, 6"*! 0 6" = 0. This follows directly from 29.2, by taking
a semi-grouplike element g = 0 there.

Let M be an (A, A)-bimodule. Recall that a cochain complex of (A, A)-
bimodules X = (X*,9) is called a resolution of M in the category of (A, A)-
bimodules if there exists an (A, A)-bimodule map i : M — X such that the
sequence

0—> M—1s X020 y1 0, x2 &
is exact. Next note that there is an injective map A : C — C®4C = Cob(C)°.
We will construct a contracting homotopy for Cob(C), that is, a sequence of
, A)-bimodule maps (A, )penuioy, fn 1 C24 — CAMTEwith the property
A, A)-bimodul h (0} My 1 C¥AMT2 — COanHLwith th
Bpi1 00"+ 6" toh, = IZ"2. Let h, = e ® IZ""! for all n € NU{0}. Then

n+1
fnad" = Y (DM e@ T @ AR IEH)
k=0
= I =S (-DMe® IFF @ A IF" M) = 1§72 — nLh,

k=0

as required. The first equality follows from the counit property of €. Further-
more, note that

(h18° + Ahg) = (e®@ I @ I) (A1) — (@ 1@ 1) (I @A) +eRA = I ® I¢

by the counit property of € again. By this equality z € Ked° implies x €
Im A. Combined with the existence of a contracting homotopy, we conclude
that the sequence

0—C-2.0 4 C_ . 0943 0 pmaa 82

is exact. Hence Cob(C) is a resolution of C. 0
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30.2. The cobar resolution of a Sweedler coring. Consider an algebra
extension B — A, and let C = A ®p A be the Sweedler A-coring. Then
n+1
COb(C) _ A(X)Bﬂ—i-i%7 5" — Z(_l)ie?j_f . A®Bn+3 - A<§§J/3n—|—47
i=0
where € : 01 ® ... Qap1 — 1 X ... Q4 Q14 ® a1 @ ... ® apyq, for
i=0,1,...,n+ 1.

Note the similarity of this complex to the Amitsur complex Q(A @p A)
in 29.4. In fact, Cob(A®p A) = AR QAR A) ®z A. Thus it comes
as no surprise that, although the Amitsur complex is not acyclic, the cobar
complex is (cf. 29.5).

30.3. The Cartier complex. The cobar resolution Cob(C) of C can be
viewed as a resolution in the category of (C,C)-bicomodules. The left coac-
tion of C on Cob(C)" = C®4"*2 is given as A ® I$"', while the right C-
coaction is I ® A. Note that every Cob(C)" is an (4, C)-relative injective
(C,C)-bicomodule. This follows immediately from 22.8 since the left coactions
have the (C, C)-bicomodule retractions Io @ e ® I$"*". The coassociativity of
A implies that all the coboundary operators 6" are (C,C)-bicomodule maps.
Furthermore, the contracting homotopy constructed in the proof of 30.1 con-
sists of right C-comodule left A-module maps. In other words we have

Corollary. Cob(C) is an (A,C)-relative injective resolution of C in the cate-
gory of (C,C)-bicomodules.
Thus, for any (C,C)-bicomodule M, one can consider a cochain complex

Cca(C, M) = (Cca(C, M)®,d) = “Hom® (M, Cob(C)).
There is a Hom-tensor relation for (C,C)-bicomodules,
0 : CHomc(M, Coant?) = AHomu (M, C%4™),  fr— (e®I§"®¢)o f,

with the inverse 07 1(g) = (Ic ® g ® I¢) o (Mo ® I¢) o o™, where Mp is the left
and oM is the right coaction of C on M. This Hom-tensor relation can be
used to view the complex Cq,(C, M) as

aHom 4 (M, A)L AHomA(M,C)L aHomy (M, C ®4 C)L o
where d" : sHom4 (M, C®4™) — 4Hom4(M,C®4™1!) reads

d"f = (Ie® f)o™o+ Y (—D)*UF QAR o f+(=1)" (f@l)oo™.
k=1

The complex Cq,(C, M) is called the Cartier complez of C with values in M.
Its cohomology is called the Cartier cohomology of C with values in M and is
denoted by Hca(C, M).
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The relative Hochschild cohomology detects when an extension of rings
is separable. Similarly, the Cartier cohomology of a coring detects when the
coring is coseparable.

30.4. The cohomological meaning of coseparability. For an A-coring
C the following statements are equivalent:

(a) C is coseparable;
(b) for all (C,C)-bicomodules M, H®,(C,M) =0, n > 1;
(c) for all (C,C)-bicomodules M, HL, (C, M) = 0.

Proof. The Cartier cohomology can be understood as a right-derived
Ext-functor associated to an (A, C)-relative injective resolution of the (C,C)-
bicomodule C. Thus the assertion follows from standard arguments of relative
homological algebra and from 26.1. The assertion of the theorem can also be
proven directly as follows.

(a) = (b) Let C be a coseparable coring with cointegral 6 : C ®4C — A
(cf. 26.2). For all M € M€ and n = 1,2, ..., the maps

hn + CEa(C, M) — CEHC, M), [ (6@ I ) o (Ie® f) o,

form a contracting homotopy for the Cartier complex. Hence, H®, (C, M) =0
for all n > 1, as asserted.

(b) = (c) is obvious.

(c) = (a) Suppose that H, (C, M) = 0 for all M € “MC. Since A : C —
C®4C is a (C,C)-bicomodule map, its cokernel Q@ = C®4C/A(C) is a (C,C)-
bicomodule (see 18.6). Let p : C®4C — @ be the canonical (C, C)-bicomodule
epimorphism. The (A, A)-bimodule map f : @) — C given by

flp(c®d))

is a one cocycle in the Cartier complex of C with values in (). Since, by as-
sumption, the first cohomology group is trivial, there exists g € 4Homa(Q, A)
such that dg = f. Then the (A, A)-bimodule map 6 : C®4C — A, § =
gop—+e®e is a cointegral in C, and hence C is a coseparable coring by 26.1.

a

ele)d —ce(d), forall ¢, €C,

In the classical paper [119] analysing the structure of the Hochschild co-
homology of an associative ring, Gerstenhaber revealed a very rich algebraic
structure that was initially called a pre-Lie system and later was renamed a
comp algebra.

30.5. Comp algebras. A (right) comp algebra (V*, o, m) consists of a se-
quence of R-modules VO, V! V2 .. an element 7 € V2, and R-linear opera-
tions
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0 VM Rp VT — Vmin=lfor i >0,

such that, for any f € V", ge V" h e VP,

(1) foig=0ifi>m—1,;

(2) (foig)ojh=fo(goj_ih)ifi<j<n+i;
(3) (foig)ojh=(fo;h)omp1gifj<i;

(4) mogm =Ty T

A comp algebra (V*, o, ) is said to be strict if there exists an (unique) element
u € V! such that, for all f € V™,

(5) uog f=fou=fforalli<m.

A strict comp algebra is denoted by (V*, o, m,u). It is said to be wunital if
there is an (unique) element 1 € V° such that m oy 1 = 70; 1 = u. A unital
comp algebra is denoted by (V*, ¢, 7, u,1). For any f € V™ the number m
is called a dimension of f and m — 1 is called a degree of f.

30.6. Remarks. It is an easy exercise to check that condition (3) of 30.5
implies also that

(Foig)ojh=(founh)oig ifj=n+i

This equation is often built into the definition of a comp algebra. There is a
close relationship between comp algebras and operads, as studied by May in
[35] as a tool for the theory of iterated loop spaces. Nowadays, operads are
a major tool in deformation-quantisation, including the Kontsevich theory
of formal quantisation of Poisson structures [142], [143], [199] (cf. [27] and
[29]). In fact, a system of R-modules VO V1 V2 ... an element u € V!, and
additive operations ¢; : V™ @z V" — V™=l for § > 0 satisfying conditions
(1)-(3) and (5) of the above definition 30.5 is called a preoperad or a composi-
tion system. We refer the interested reader to [141], where several properties
of preoperads are reviewed.

30.7. The structure of comp algebras. An interlude. The usefulness of
comp algebras stems from the following basic facts (which we state without
proofs). Let (V*, o, m) be a comp algebra over R.

The Lie structure. A comp algebra is a graded (by degree) Lie algebra
with the bracket given by [f,g] = fog — (=1)mDV0=Ngo f for all f € V™
and g € V™. Here the R-linear operation ¢ : V™ @ V" — V™ =1 ig defined
by fog=S"(=1)""Df o, g, and is known as a comp or composition.

The cup product. V = @,_, V" is a nonunital graded algebra with the
product defined for all f € V™ g€ V" by fUg = (7o f)omg = (mo19) <0 f.
The operation U is known as a cup product. V has a unit if (V*, ¢, 7) is unital.
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Differential graded algebra structure and cohomology. A unital comp
algebra is a differential graded algebra with the derivation d : V™ — V™,
df = —[r, f] and product U. The corresponding cohomology is denoted by
H(V). Since V is a differential graded algebra, the cup product descends to
H(V'). Furthermore, for all« € H™(V) and § € H"(V), aUS = (—1)™"BUq.
The Lie bracket also descends to H(V'), thus making H(V) a graded (by
degree) Lie algebra.

Gerstenhaber algebra structure. A Gerstenhaber algebra over R is a
collection of R-modules HY, H', H?, ... with a graded (by degH™ = m — 1)
Lie bracket [—, —] : H™ ®p H" — H™ "1 and an associative unital graded
(by dim H™ = m) commutative product U : H™ @ H" — H™'" such that,
forallao € H™, € H" and v € H,

[0, BUA = [, BlUy + (=) "B U [a,7].
The cohomology of a unital comp algebra is a Gerstenhaber algebra.

The relevance of this discussion of comp algebras to the Cartier cohomol-
ogy of a coring is revealed in the following theorem.

30.8. Gerstenhaber algebra structure of the Cartier cohomology.
Let Cco(C) = Cca(C,C) be the Cartier complex of C with values in C. Then
Cca(C) is a unital comp algebra with the compositions

0; 1 Cca(C)™ @r Cca(C)" — Caa(C)™ ™, foig=U®@gRIF™ "o f,

and distinguished elements 1 = A, uw = I, and 1 = ¢. Consequently, the
Cartier cohomology of C with values in C is a Gerstenhaber algebra.

Proof. This can be verified by lengthy but routine calculations. O

The Cartier cohomology of a coring is obtained by the dualisation of
the relative Hochschild cohomology of a ring. In addition to the relative
Hochschild complex, the Amitsur complex is associated to a ring extension.
By dualising the Amitsur cochain complex one obtains a new kind of coho-
mology for corings, which we term the Hochschild cohomology of corings.

30.9. The Hochschild complex of a coring. Let X(C) = (X(C).,0) be a
complex given by

n+1
X(C)n = C®An+1’ (5n : C®An+2 N C@An-ﬁ-l7 671 _ Z(_l)k](?k@g(g)]g@n—k—&—l’
k=0

foralln=0,1,2,.... Then X(C) is a chain complez.
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Proof. We need to show that d,,_; 06, = 0 for alln = 1,2,.... For
all k = 0,1,...,n, define ¢" = IF @ ¢ @ I"F . C®an+l — C®an Then

1
Op = Z:O(—l)kgk’”“, and therefore §,,_1 0 9, = I'1 + I's, where
n+l n n
E k—l—l kn él,n—i—l7 FQ — E (gk,n o §k,n+1 . ék,n oék—&—l,n—i—l)'
1=0 k=0 k=0

k.n kn+1 _ _kn

There is a term-by-term cancellation in I'; and also %" o g" e®™ o
ghtintl since g is an (A, A)-bimodule map. This proves that I'; = 0 as well,
so that 5n,1 0 d,, = 0, as required. a

In general, the complex (X(C),d) is not acyclic; however, there are some
instances in which its homology vanishes.

30.10. A sufficient condition for X(C) to be acyclic. If there exists an
element e € C such that e(e) = 14, then the complex (X (C),9) is acyclic.

Proof. A contracting homotopy h* for (X(C),d) can be constructed as
hn o C®antl , C®ant2 2 e @ 2. Indeed,

n+1
S(h (P ®...0c) = Y (=) e d®...0c")
k=0
=2..0" =Y (-Dexdl®..ads(")®... 0"
k=0

=d9..0" -1, (P ®...0").

Therefore, 6, o A" + h"t 04, 1 = I""! for all n = 1,2,..., that is, h® is a
contracting homotopy, as claimed. Thus the complex (X (C) J) is acyclic. O

30.11. X(C) for a coring with a grouplike element. IfC has a grouplike
element, then the associated complex (X (C)a,d) is acyclic.

Proof. By definition, if g € C is a grouplike element, then £(g) = 14 and
the assertion follows immediately from 30.10. ad

30.12. X(C) of a Sweedler coring. Consider an algebra extension B —
A and the associated Sweedler A-coring C = A ®p A. Then the complex
(X(C)s,0) is the B-relative bar resolution of A, that is, X (C), = A®5"*2 and

n

n(ap®a; ® ... Q apy1) = Z(—l)kao ® ... Qa1 ® A1 R ... @ Upy1,
k=0

forallay®a; @ ... g € A2,
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Proof. This is clear from the natural identification A®5"2 ~ C®antl
and from the definition of the counit in this case. The complex (X (C),,0) is
a resolution of A in the category of (B, B)-bimodules since, first, each of the
d, is a (B, B)-bimodule map. Second, since g(14®14) = 14, we can take e =
14®14 in 30.10 and thus obtain a homotopy h® with h" : A®B"+2 _, A®pn+3,
r— 102z, n=0,1,2,.... Each of the h" is a (B, B)-bimodule map. Thus
there is the sequence

o 0 1 Kra/B
% A9pd S pgoss 20, gen2 T 4 g

of (B, B)-bimodule maps that is exact up to and including the map dy. Note
that 114/ 0 8o = 0 and consider a (B, B)-bimodule map ¢ : A — A®p A,
a+— 14 ® a. Then, for all a,d’ € A,

(bpoh’ +oouap)a®d) = SHl®a®ad)+ 1@ ad
= a®d —-14,Qad +14,Qad = a®d.

This completes the proof for the example. ad

30.13. X(C) for a coring over a simple ring. Note that the hypothesis
of 30.10 is satisfied if A is a simple ring, in particular a division ring. Indeed,
there exists an element é € C such that g(é) = a # 0. If A is a simple ring,
there exist a;,b; € A such that > a;ab; = 14. Then, for e = > a;éb;, we
obtain g(e) = 14, as required. Hence X (C) is acyclic for any coring C over a
simple (or division) ring.

30.14. X(C) for a faithfully flat coring. If C is faithfully flat as a right
or left A-module, then the associated complex (X (C)s,0) is acyclic.

Proof. Suppose that C, is faithfully flat. Since (X(C)., d) is a complex of
(A, A)-bimodules, one can consider the derived complex (C®4 X (C)e, I ®0).
Consider a collection of (A, A)-bimodule mappings h" : C®Antl — C®ant2
" =A®IZ". Then h" o (Io ® §,) = A ® 6, and

(Ie ® i) o h™ = (I ® pi1) 0 (A @ IE"T)
n+1
= (le®e@ ") o (A IF™) = S (-D)FA @b
k=0
= I3 A ®G,

This proves that A" o (I¢ ®6,) + (Ie ® 8,41) 0 A" = I$"*? which means that
h* is a contracting homotopy for C ® 4 X (C). Therefore the derived complex
(C®4X(C)e, Ic®0) is acyclic, and, since C is a faithfully flat right A-module,
the complex (X (C).,d) is acyclic, too.

In case C is a faithfully flat left A module, consider the derived complex
(X(C)e ®4C,0 @ I¢) and take h" = (—1)"IF" @4 A. O
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30.15. The bimodule-valued Hochschild cohomology of a coring.
Note that the complex (X (C),,d) is a complex of (A, A)-bimodules in which
all the 0 are (A, A)-bimodule maps. Thus, for any (A, A)-bimodule M,
one can define a cochain complex Cy,(C, M) by applying the contravariant
Hom-functor 4Homu(—, M) to (X(C).,0). Thus, explicitly, Cyo(C, M) =
(Cpo(C, M), d*), where

n+1
Oﬁo(cv M) = AHomA(C®An+17 M)v dn(f) - Z(_Dkfo(f(?k@)é@]é@n—i_l_k).
k=0

The complex Cy,(C, M) is called the Hochschild cochain complex associated
to C with values in M, and its cohomology is called the Hochschild cohomology
of C with values in M. The Hochschild cohomology of C with values in M is
denoted by Hy,(C, M).

As explained in 30.4, the Cartier cohomology of a coring detects cosepara-
bility. Similarly, the Hochschild cohomology detects when a coring is cosplit
(cf. 26.12 for the definition of a cosplit coring).

30.16. The cohomological interpretation of cosplit corings. For an
A-coring C the following statements are equivalent:

(a) C is a cosplit coring;

(b) the counit of C is surjective and, for n > 1, Hj (C,M) = 0, for all
(A, A)-bimodules M ;

(c) the counit of C is surjective and Hyy,(C, M) = 0, for all (A, A)-bimodules
M.

Proof. (a) = (b). Since C is a cosplit coring, there exists e € C* such
that (e) = 14 (cf. 26.11). The latter immediately implies that ¢ is surjective.
Take any (A, A)-bimodule M, and for every nonnegative integer n define an
R-module map

By @ AHom 4 (C®4™ M) — 4Hom4(C®A™", M), f+— [z +— f(e® )]

One easily checks that the collection (h;,),en is a contracting homotopy. Thus
HE (C, M) =0, as claimed.

(b) = (c) is obvious.

(c) = (a) Suppose H}; (C, M) = 0 for all (A, A)-bimodules M. In partic-
ular, take M = Kee and consider f = [®ec—e® e € 4Homa(C ®4 C,Kee).
One easily checks that f is a 1-cocycle in Cyo(C, Keg). By assumption, any
1-cocycle is a coboundary; thus there exists h € sHom4(C,Kee) such that
dh = f, that is, such that, for all ¢',c? € C,

e(ch(c?) — h(ce(e®) = cle(?) — (). (%)
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Since the counit ¢ is surjective, there exists g € C such that g(g) = 14. Define
e = g+ h(g). Since h(g) € Keg, we immediately conclude that e(e) = 14.
Furthermore, setting ¢! = ga and ¢ = g in (%) we obtain ah(g) — h(ga) =
ga — ag, for all @ € A. The right A-linearity of h now implies that the above
equation can be transformed to a(g + h(g)) = (9 + h(g))a, that is, ae = ea
for all @ € A. In view of 26.11, we conclude that C is a cosplit coring. a

30.17. Exercises
(1) Prove that condition (3) of 30.5 implies that
(foig)ojh=(f0j—nt1h)oig ifj>n+i
(2) A cosimplicial object in a category A is a collection of objects Xo, X7, ...

in A and arrows 0" : X, — Xp41, ¢ = 0,1,...,n, and 0} : X;,11 — X,
1=0,1,...,n — 1 such that

n+len _ nt+lgn - -
0; 6j—5j+15i, 1< 7,
n—1 _n n—1_n . .
o 0p =0, 044, 1< 7,

5?710;7:11 fori < j

oo = ¢ Ix, fori=j,i=j5+1
5?_7110;771 fori > j+1.

The morphisms §;' are known as coface operators and the o} are known as
degeneracies. Show:

Given an A-coring C, there is a cosimplicial object in the category aMy of
(A, A)-bimodules with X,, = C®4"*1 coface operators 6 = Ié@“ ®RAARa
I?A"_’, and degeneracies o' = I?AZH RAERA I?A”_’.

References. Cartier [90]; Gerstenhaber [119]; Gerstenhaber and Schack
[120]; Guzman [126, 127]; Hochschild [132]; Kluge, Paal and Stasheff [141].
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31 Bialgebroids

The idea of generalising bialgebras to the case of bimodules rather than mod-
ules goes back to Sweedler [192]. Since there is no obvious way in which
a (part of) tensor product of bimodules can be equipped with an algebra
structure, there is no obvious compatibility between algebra and coalgebra
structures. This led to a number of different definitions of generalised bial-
gebras over noncommutative rings or bialgebroids. 1t is easy to overlook that
those definitions are equivalent to each other. In this section we define bial-
gebroids following Lu [154], and then provide equivalent descriptions that
appeared in the literature.
As before, R denotes a commutative ring and A is an R-algebra.

31.1. A-rings. Recall that a unital A-ring or an algebra over A is a pair
(U,i), where U is an R-algebra and i : A — U is an algebra map. If (U, 1)
is an A-ring, then U is an (A, A)-bimodule with the structure provided by
the map i, auad’ := i(a)ui(a’). A map of A-rings f : (U,i) — (V,j) is an
R-algebra map f : U — V such that foi = j. Equivalently, a map of A-rings
is an R-algebra map that is a left or right A-module map. Indeed, clearly, if
f:(U,i) — (V,7) is a map of A-rings, it is an algebra and an A-bimodule
map. Conversely, if f is a left A-linear algebra map, then, for all a € A,
f(i(a)) = f(aly) = af(1y) = j(a), and similarly in the right A-linear case.

31.2. Algebras over enveloping algebras: A°-rings. Let A = A be the
opposite algebra of A. For a € A, @ € A is the same a but now viewed as an
element in A, that is, a +— @ is an (obvious) anti-isomorphism of algebras. Let
A® = A®p A be the enveloping algebra of A. Note that a pair (H, 1) is an A°-
ring if and only if there exist an algebra map s : A — H and an anti-algebra
map t : A — H, such that s(a)t(b) = t(b)s(a), for all a,b € A. Explicitly,
s(a) =i(a® 1) and t(a) = i(1 ® a), and, conversely, i(a ® b) = s(a)t(b).

In the sequel, the expression “let (H,s,t) be an A%ring” will be under-
stood to mean an R-algebra H with algebra maps s,t: A — H as described
above. A is called a base algebra, H a total algebra, s the source map and t
the target map.

31.3. Endg(A) as an A°-ring. An example of an A®ring is provided by
Endg(A). In this case, i : A®r A — Endg(A), i(a®b)(x) = axb. The source
and the target come out as s(a)(x) = ax and t(b)(z) = xb. It follows that
Endg(A) is an A°-bimodule via i. In particular, Endg(A) is a left A°-module
via

(af)(b) = af(b), (af)(b) = f(b)a,
for all a,b € A and f € Endg(A).
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31.4. The x 4-product. Let M and N be (A¢, A°)-bimodules. Let
[.aM @ N :=M®@r N/ <{am@n—-m®an]| for all a € A} >,

that is, fa aM @ ,N = M ®4 N, where the structure of M as a right A-module
arises from that of M as a left A-module. Let

fng®Nb = {Zmi®ni€M®3N |Vbe A, Zmil;@ni = Zmi®nib}.

Define the R-module
M x4 N:= ["[ M Ny
Explicitly,

MXANZI {Zml®n1€M®AN\Vb€A, Zmll;@nl:z:mZ@nlb},

where again M is viewed as a right A-module through its left A-module
structure. The operation — X 4 — : geMge X geMge — 2eM4e is a bifunctor.
Here, for M, N € 4¢M 4e, the product M x 4 N is in 4« M 4 with the actions
given by

(d ®a)(>,mi @n)(V @b) =", a'mt/ @ an;b.

The importance of the notion of the x 4-product stems from the following
observation.

31.5. The x4-product of two A°-rings. For any pair of A®-rings (U, 1)
and (V, j), the (A, A®)-bimodule U x 4 V' is an A°-ring with the algebra map
ARrA—-UxaV,a®b—i(a)® jb), the associative product

(v @v') (3, @ ®@v7) =3, u'l! @ v,
and the unit 1y ® 1.

Proof. The only nontrivial part is to check that the product is well
defined, that is, it is independent of the choice of the representations. Since
the operation clearly is linear, it suffices to show that the product yields zero
provided one of the factors is zero.

First assume that Y, u* ® v* = 0. By the characterisation of 0 in tensor
products, there exist finitely many by; € A and yx, € U, such that }_, by;v* = 0,
for all k, and u® = 3", byyx (e.g., [46, 12.10]). For any a ® 0 € U ®@g V,

Ciw@v)(aed) = Yuieut = 2 ik briykl © v'0
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Since no use is made of the fact that Y, u’ ® v’ is an element of U x 4 V, this
shows that U®,V = fa aU®,V is a right module of the tensor algebra U®zV
and also implies that the formula for the product in U x4 V is independent
of the representation of the left factors.

Now assume that . @/ ® @/ = 0. Then there exist finitely many a); € A
and x, € U, such that Zj ap; 07 =0, for all k, and @/ = )", axjxy. Using the
definition of the x 4-product, compute

Ciut @) (X, % @) = Y, uil @ v'i
= Zz] u' (>, agjrk) @ Vo7
= Zi,j,k(uiakj ® v*) (1, @ 07)
= Zz]k(uz @ viag;)(zy ® 07)
- sz u'Ty ® Ui(Zj ar;07) = 0.
Whence the product is also independent of the representation of right factors.

The fact that the right-hand side of the product formula is in U x4 V is
proven by a similar straightforward calculation. O

With all these preliminary data at hand we can define the following gen-
eralisation of bialgebras introduced in [154].

31.6. Bialgebroids and Hopf algebroids. Let (H,s,t) be an A°-ring.
View H as an (A, A)-bimodule, with the left A-action given by the source
map s, and the right A-action that descends from the left A-action given by
the target map ¢, that is,

ah = s(a)h, ha=t(a)h, forallaec A /heH.

We say that (H,s,t,A,¢e) is an A-bialgebroid if
(1) (H,A,¢) is an A-coring;
(2) Im(A) € H x4 H and the corestriction of A to A : H — H x4 H is an
algebra map;

(3) e(1y) = 14, and, for all g, h € H,
e(gh) = e(gs(e(h))) = e(gt(e(h))) -

An antipode for an A-bialgebroid H is an antialgebra map 7 : H — H
such that

(i) Tot=s;
(i) pwo(r®@Iy)oA=togoT;
(iii) there exists a section v : H ®4 H — H ®g H of the natural projection
HRrH — H R4 H such that pyyo (Iy @ T)oyo A=s0E€.



31. Bualgebroids 311

An A-bialgebroid with an antipode is called a Hopf algebroid

31.7. Remarks about bialgebroids. (1) Observe that the counit property
of € in 31.6 explicitly means that, for all h € H,

> s(e 2= t(e(hy))hy = h.

The first condition of 31.6(2) explicitly means > hit(a)®@hy = > hi®@has(a),
foralla € A and h € H.

(2) The facts that ¢ preserves the unit and is an (A, A)-bimodule map
imply that s and ¢ are sections of ¢, that is, e(s(a)) = &(t(a)) = a for all
a € A. Using this and 31.6(3), one easily finds g(hs(a)) = g(ht(a)), for all
a € A, h € H. Similarly, the facts that A is a unital and an (A, A)-bimodule
map imply

A(s(a)) = s(a) © 1y,  A(t(a)) = 1y @ t(a).

(3) For an A°-ring (H,s,t), let F' : yM — 4My be the restriction of
scalars functor. H is an (A, A)-bimodule as in 31.6. If (H,s,t,A,¢) is an
A-bialgebroid, then M has a monoidal structure such that F' is a strict
monoidal functor. For all M, N € M, the tensor product M ®4 N is in
nM via h(m®n) = > hym @ haon. Here M and N have the (A, A)-bimodule
structures induced from their left H-module structures via the source and
target maps, that is, ama’ = s(a)t(a’)m, for all a,a’ € A and m € M or
m € N. The right-hand side is well defined because Im(A) C H x4 H. A is
the unit object, when viewed in 1M via the action h>a = g(hs(a)) = e(ht(a)),
forall h € H, a € A. The fact that this is an action follows from 31.6(3). Note
that the left H-module structure on the tensor product of left H-modules is
an analog (and generalisation) of the module structure —®% — defined in 13.4
for bialgebras. We thus denote the left H-module M ®4 N with the above
left H-module structure by M ®% N. The corresponding left multiplication
by H via the coproduct, hl(m®n) = > hym® hgn is known as a left diagonal
action of H on M ®% N.

(4) The notion of a bialgebroid can be understood as a dualisation (and
generalisation) of the notion of a groupoid. Recall that a groupoid is defined
as a small category in which all morphisms are isomorphisms. One can then
consider the sets of points and arrows and maps from the latter to the former,
which to each arrow associate its source and target. Intuitively, dualising the
notion of a groupoid, thus in particular the base and total sets, and the
source and target maps, one arrives at the notion of a bialgebroid. For this
reason one often terms Hopf algebroids quantum groupoids. This connection
between Hopf algebroids and groupoids can also be used to construct concrete
examples of the former.

(5) The observation in item (3) indicates a marked difference between
bialgebroids and bialgebras. Given an A-bialgebroid H, M is a monoidal
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category, but it is not true that My is a monoidal category. From this point of
view bialgebroids defined in 31.6 are one-sided objects and often are termed
left bialgebroids, since they allow only for left diagonal actions. Using the
left-right symmetry one can easily define right bialgebroids as those that lead
to a monoidal structure in My, via the right diagonal actions. We leave this
to the reader.

An example of a bialgebroid is provided by the following construction.

31.8. The tensor product bialgebroid. Let A be an R-algebra, and let B
be an R-bialgebra with coproduct A and counit €. Then H = AQr B®p A
s an A-bialgebroid with the natural tensor product algebra structure and the
following structure maps:

(1) the source map s:a+— a® lp® lyu;
(i1) the target map t:a— 1, ® 1p ® a;
(iii) the coproduct A:a®@b®a — > . a®@b 1414 Qb Rd/;
(iv) the counite:a®b® da +— e(b)ad’.
Furthermore, if B is a Hopf algebra with antipode S, then H is a Hopf alge-
broid with antipode

Tia®b®d —d ®S(b) R a.
In particular, A¢ is a Hopf algebroid over A.

Proof. This is proven by routine checking of the axioms and is left to
the reader as an exercise. O

A slightly more elaborate example of a bialgebroid termed an Ehresmann-
Schauenburg bialgebroid or a quantum gauge groupoid is given in 34.14.

31.9. An anchor. For an R-algebra A, view Endg(A) as an (A, A)-bimodule
with the structure maps

(af)(0) = af(b), (fa)(b) = f(b)a,
for alla, b€ A and f € Endg(A). Let (H,s,t) be an A®-ring, viewed as an
(A, A)-bimodule as in 31.6. Suppose that
(1) A:H —H®4sH is a coassociative (A, A)-bimodule map;

(2) Im(A) € H xaH and the corestriction of A to A:H — H X H is an
algebra map.

Then H is an A-bialgebroid if and only if there exists an algebra and an
(A, A)-bimodule map v : H — Endg(A) such that

(i) 22 s(hy>a)hy = hs(a);
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(1) > t(hy>a)hy = hi(a);
where h>a := v(h)(a), for alla € A and h € H.
The map v is called an anchor for the bialgebroid H.

Proof. First, note that the left-hand sides of (i) and (ii) are well defined
since v is an (A, A)-bimodule map; that is, for all a, b € A and h € H,

v(s(a)h)(b) = av(h)(b), wv(i(a)h)(b) = v(h)(b)a.
Suppose (H, s, t, A, ) is an A-bialgebroid, and define
v=v.: H— Endg(4), v(h)(a)=h>a:=¢(hs(a)) =c(ht(a)).  (*)

The map v is an algebra morphism since A is a left H-module with the
structure map . The fact that v is (A, A)-bilinear follows by an elementary
calculation. Explicitly, for any a,b € A, h € H,

v(ah)(b) = v(s(a)h)(b) = e(s(a)hs(b)) = ag(hs(b)) = av(h)(b) = (av(h))(b),

thus proving that v is left A-linear. A similar calculation using the definition
of the (A, A)-bimodule structure of Endgr(A), proves the right A-linearity of
v. Next we prove that (i) and (ii) hold for v. Using 31.6(2) and 31.7(2), we
compute A(hs(a)) = A(h)A(s(a)) = > his(a) @he. Now, using the first part
of the counit property 31.7(1) for hs(a), we obtain ) s (¢(h1s(a))) he = hs(a),
that is, (i) for v. The condition (ii) follows from h>a = g(ht(a)) and the
second part of the counit property 31.7(1) together with 31.6(2) and 31.7(2).

Conversely, suppose (H, s,t), A and v satisfy the hypothesis of the propo-
sition, and let e = ¢, : H — A, h — v(h)(14). We claim that ¢ is a counit
for A. Indeed, since ¢ is (A, A)-bilinear, £(s(a)) = £(t(a)) = a, and hence,
in particular (1) = 14. Furthermore, note that for all g,h € H, e(gh) =
v(g)(g(h)). Therefore (gh) = v(g)(e(h)) = v(g)(e(s(e(h)))) = e(hs(e(h))),
and similarly for the target map ¢. This proves conditions 31.6(3), and we
conclude that (H,s,t, A, g,) is a bialgebroid, as required. O

The original formulation of bialgebroids in the works of Sweedler [192] and
Takeuchi [196] makes more direct use of the X 4-product. The main problem
to overcome here is the fact that the X 4-product is not associative.

31.10. x 4-coalgebras. For M, N and P € 4cM 4e define
M xgPxaN:=[""[ iM;®,iPsz® Ny
There exist obvious maps (identities on elements)

&Z(MXAP>XAN—>MXAPXAN, Oé/ZMXA(PXAN>—>MXAPXAN.
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The maps «, ' are not isomorphisms in general. Since Endg(A) is an A®-ring
by 31.3, it is an (A®, A°)-bimodule, so one can define the maps

0: M x,Endg(A) — M, 00, m®f;)=>,fi(1)m;, and
0 - EHdR(A) Xa M — M, QI(ZZ fz X mz) = Zz f,(l)ml

A triple (L, A,v) is called a x 4-coalgebra if L is an (A¢, A°)-bimodule and
A:L—LxsL, v:L— Endg(A),

are (A¢, A°)-bimodule maps such that

ao(Axolp)oA =a'o(Ip x4 A)oA, Oo(Ipxsv)oA =1 =60 0o(vxalp)oA.

A is called a coproduct and v is called a counit of the x 4-coalgebra L.

31.11. The coring structure of a x4-coalgebra. Let L be an (A°, A°)-
bimodule, and A : L. — L X4 L, v : L — Endg(A) be (A, A%)-bimodule
maps. Leti: L x4 L — L®a L be the canonical inclusion. Then (L, A, v) is
a X a-coalgebra if and only if (L,A,e,) is an A-coring, where A =io A and

e, (1) = v(1)(La).

Proof. Clearly the coassociativity of A is equivalent to the coassociativ-
ity of A. The equivalence of the counit properties is checked by straightfor-
ward calculation. O

31.12. x4-bialgebras. Let (H,s,t) be an A°-ring. H is an A-bialgebroid
if and only if there exists a X a-coalgebra structure on H such that both the
coproduct A and the counit v are algebra maps. In this case (H, A, v) is called
a X 4-bialgebra.

Proof. Let (H,s,t,A,e) be an A-bialgebroid, and let v be the corre-
sponding anchor (cf. 31.9). Since v and A are (A, A)-bimodule maps, they
are left A°~-module maps. Furthermore, both v and the corestriction A of A
to H X 4 'H are R-algebra maps. Therefore, v and A are maps of A°-rings, and
hence also maps of (A¢, A°)-bimodules. Then 31.11 implies that (H, A,v) is
a X 4-bialgebra.

In view of 31.11, the converse is obvious. ad

A conceptual understanding of the notion of a bialgebroid is provided by
the following equivalence obtained by Schauenburg [183].

31.13. The monoidal structure. Let (H,s,t) be an A¢-ring. Then H is an
A-bialgebroid if and only if M is a monoidal category such that the forgetful
functor F : 5yM — AM 4 is strict monoidal.
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Proof. If H is an A-bialgebroid, then M is a monoidal category and
F' is a strict monoidal functor by 31.7(3).

Conversely, if 4M is a monoidal category, then both H and H ®4 H are
left H-modules. Define then a left H-module map

AH—-H®aH, h—=h(1lx1)=3 h @ h,.

Note that A is an (A, A)-bimodule map, since H is an A®ring. Further-
more,

S hi®hy @has = > hi@h(1®1)=h(1®(1®1))

Hence A is a coassociative coproduct. Next observe that Im(A) C H x4 H,
since, for all h € H and a € A,

Y hi ® hes(a) = (1 ®@ s(a)) = h(t(a) ® 1) = > hit(a) ® hy.

Directly from the definition of A it follows that A is a multiplicative map.
Since the forgetful functor F is a strict monoidal functor, A is a neutral object
in M, and there is a left multiplication 40 : H®r A — A of H on A. Define
e:H — A, h+— s0(h®14). One easily checks that ¢ is a counit for the
bialgebroid ‘H with coproduct A. This completes the proof. O

Examples of bialgebroids are provided by depth-2 ring extensions [138].

31.14. Depth-2 algebra extensions. An algebra extension B — D is said
to be a depth-2 extension if

(i) the (B, D)-bimodule D ®p D is a direct summand of @" D for some n;
(i) the (D, B)-bimodule D ®z D is a direct summand of @' D for some 1.

Equivalently, B — D is a depth-2 extension if there exist b;,c; € (D ®p D)?
and f3;,v;, € pHomp(D, B), with ¢,j in finite index sets, such that, for all
de D,

The system {b;, 5;} is known as a left D2 quasibasis while the system {c;,v;}
is known as a right D2 quasibasis for the extension B — D.

Examples of depth-2 algebra extensions are provided by H-separable ex-
tensions introduced in [130] (in this case one requires D ®p D to be a direct
summand of @" D for some n as a (D, D)-bimodule).

31.15. A bialgebroid associated to depth-2 algebra extensions. Let
B — D be a depth-2 algebra extension, A = DB = {a € D | for allb €
B, ab = ba}, and view H = gEndg(D) as an algebra via the map composition.
Then H is an A-bialgebroid with the following structure maps:
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(1) the source map s : a v [d — adl;
(i1) the target map t : a — [d — dal;
(iti) the comultiplication A = h — 2. 7; ® ¢;'h(c;?=), where the system
i =%cl® c-i,'y- 18 a right D2 quasibasis;
j j i g
(iv) the counit e : h — h(1lp).

Proof. Clearly s is an algebra map and ¢ is an anti-algebra map. Note
that, for all a,a’ € A, h € H and d € D,

(s(a) ot(a’) o h)(d) = ah(d)a’" = (t(a’) o s(a) o h)(d),

so that H is an A°ring, and the (A, A)-bimodule structure of H induced by
the source and target maps comes out as aha’ = ah(—)a’. A is obviously
a right A-module map. Furthermore, using the left D2 quasibasis {b; =

STbit @ b2, 3}, one finds the following alternative expression for A:

A(h) = Y% @ h(c?=) = 3,7 ® ¢ h(c2bi)b2Bi(-)
= 3, %(=)e (e b2 @ B,
= Zih<_bii)bi§®ﬁi'

This immediately implies that A is a left A-module map. The coassociativity
of A follows directly from the expressions of A in terms of left and right
quasibases. These expressions also imply that e is the counit for A. Thus H
is an A-coring.

Next, observe that for all a € A, b € B,

> Bi(abi)bi2b = 37, Bi(abb; )b = 3, bBi(ab:)b;2,

so that Y, B;(ab;')b2 € A. Using this observation one can easily prove that
for all h € H and a € A,

A(h)o (ta) @ Iy) = Y ;h(—abi)b? @ B;
= Zi,jh(_bji)bjéﬁj(abii)bié ® B
= Sh(=bMb2 @ Bi(a—) = A(h) o (I @ s(a)),

that is, A(h) € H x4 H. Using a similar type of arguments (and expressing
A in terms of left and right quasibases, as the need arises) one proves that A
is multiplicative. Obviously, A(1) =1® 1 and g(1) = 1. Finally we compute
for all h, h' € H,

g(hos(e(h))) = h(h'(1)) = g(hh'),
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and similarly for the target map t. Thus H is an A-bialgebroid. O

This intriguing connection between extensions and bialgebroids certainly
deserves further investigation.

Similarly as for coalgebras, one can study modules associated to bialge-
broids. However, since 31.6 defines left bialgebroids (cf. 31.7(5)), only left
modules can be studied. The right-handed version requires the use of the
notion of a right bialgebroid (which we do not develop here).

31.16. H-bialgebroid modules. Given an A-bialgebroid (H, s,t, A, ¢), a left
H-bialgebroid module is a left H-module and a left (A-coring) H-comodule
M with the coaction M : M — H ®4 M such that

Mo(hm) =Y " hym_y @ hymy,

for all m € M and h € H. Here M is viewed as an (A, A)-bimodule via the
source and target maps of H, that is, ama’ = s(a)t(a’)m. Note that the right-
hand side of the displayed equation is well defined since A(H) C H x4 H. A
morphism of two H-bialgebroid modules is a left H-module left H-comodule
map. The category of left H-bialgebroid modules is denoted by 2XM.

31.17. Trivial H-bialgebroid modules. Let H be an A-bialgebroid and let
N be any left A-module.

(1) H®a N is a left H-bialgebroid module with the canonical structures
ARIN : HOAN — HRA(H®aN), pRIy: HOrR(H®aN) — HRaN.

(2) For any f: N — N in sM, the map Iy @ f - HR®a N — H®a N is
an H-bialgebroid module morphism.

Proof. It is clear that H ® 4 N is a left H-module, and it is a comodule
of the A-coring H by 18.9. The compatibility conditions follow immediately
from the properties of a bialgebroid. Moreover, it is clear that Iy ® f is left
‘H-linear and it is left H-colinear by 18.9. O

31.18. H-modules and H-bialgebroid modules. For an A-bialgebroid H,
let N € HM-

(1) The left H-module H&Y N is a left H-bialgebroid module with the canon-

ical comodule structure
ARIN:HRY N —>H@4 (HRY N), hon— Ah) @n.

(2) For any f: N — N’ in yM, the map Iy ® f : H®% N — H ®% N’ is
an H-bialgebroid module morphism.
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(3) There is a bialgebroid module morphism
N HRAN —-HY N, heon— (1y®@n)AD).

Proof. The proof of 14.3 can be adapted to this situation. O

A number of properties of Hopf modules discussed in Section 14 can be
easily generalised to the case of bialgebroid modules. Instead of repeating
these properties we make an observation that allows us to deduce properties
of bialgebroid modules from those of the comodules of a coring.

31.19. H-bialgebroid modules as comodules of a coring. Let 'H be an
A-bialgebroid.
(1) View C =H &% H as an (H,H)-bimodule with the left diagonal action
and the right action (h®@ h')h" = h@ WE". Then C is an H-coring with
the coproduct

Ar it HRYH — HRUHOHR,H ~ HOUAHRYH, A = Ay @ Iy,

and counit £, = g4y @ Ip.

(2) The category XM is isomorphic to the category of left C-comodules “M.

Proof. (1) It is clear that C is an (M, H)-bimodule, and it follows from
31.18 that A, is an (H, H)-bimodule map. The coassociativity of A, follows
from the coassociativity of A,,. Clearly, ¢, is a right H-module map. The
only nontrivial part is to show that it is left H-linear as well. Take any
h,h',h' € H and compute

ec(h(W @1")) = 3 ec(hah’ @ hoh") =3 g3 (hih')hoh”
= en(hat(en(W))hah”" = g (ha)has(gs (h))R"
= hs(en(W)h" = hee(W © 1"),

where we used 31.6(3) to derive the third equality and then the fact that
A, (h) € H x4 H to obtain the fourth equality. Finally, ¢, is a counit for A,
since g4, is a counit for A,.

(2) For any left H-module M, the canonical isomorphism H® 4 H @y M ~
H ®4 M allows one to view any H-bialgebroid module as a left C-comodule
and vice versa. ad

In view of 31.19 we immeditely deduce from (the left-handed versions of)
18.10, 18.13, 18.14 and 18.17 the following characterisation of H-bialgebroid
modules.
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31.20. The category ¥M. Let H be an A-bialgebroid. Then:
(1) (i) The left H-bialgebroid module H ®% H is a subgenerator in 7M.
(ii) For any M € XM, N € 1M,

Hom(M, H ®% N) — yHom(M,N), f (e®Iy)of,

is an A-module isomorphism with inverse map g — (Iy ® g) o M.
(2) If H is flat as a left A-module, then:

(i) XM is a Grothendieck category.
(ii) For all M € 1M, the functor ¥Hom(M, —) : XM — oM is left
eract.
(iii) For all N € 1M, the functor 'Hom(—, N) : XM — 4M is left
eract.

Since bialgebroids have both an algebra and a coalgebra structure that
are compatible with each other, it makes sense to consider not only modules
and comodules but also module coalgebras (corings) and comodule algebras.

31.21. Module corings of a bialgebroid. Let (H, sy, tx) be an A-bialge-
broid. We say that a left H-module C is a left H-module coring if C is a
coalgebra in the monoidal category (M, ®4) of left H-modules (cf. 31.13
and 38.33).

Recall from 31.13 that 5 M has a monoidal structure defined as follows.
Forall M, N € 3 M, M@ N € yM via h(m®n) = > hym®hsn. Ais the unit
object, when viewed in »M via the action h>a = g, (hsy(a)) = g4 (htx(a)).
Thus, C is a left H-module coring if and only if C is a left H-module and
(C,A¢, gp) is an A-coring, where C is viewed as an (A, A)-bimodule via aca’ =
sy(a)ty(a’)c, such that A, g, are left H-module maps, that is, for all h € H
and c € C,

Ac(he) = hiet ® hocy,  ge(he) = hge(c) = ex(hsn(ec(c)))-
A morphism between two H-module corings is an H-linear map of A-corings.

31.22. Examples of module corings. Let H be an A-bialgebroid.

(1) (H,Ay,e4) is a left H-module coring with the left H-action provided
by the product. This is known as the left reqular module coring of 'H.

(2) View A as a trivial A-coring (cf. 17.3). Then (A,r) is a left H-module
coring, known as a trivial left H-module coring . Indeed, note that for
all a € A and h € H we know that > sy(hy > a)hy = hsy(a), and
then we apply the left A-module map &;, to obtain that g, (hsy(a)) =
> e (hisw(a))ey (hy). This is equivalent to the fact that A, = 14 is a
left H-linear map.
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(3) C = A®is an A-coring with the coproduct A ,.(¢’®a) =d' @1;014®a
and the counit € 4. (a’®a) = d’a, and it can be made into a left H-module
coring by the H-action h(a’ ® a) = gy (hsy(a)ty(a)).

31.23. Comodule algebras of a bialgebroid. Let (H,sy,ty) be an A-
bialgebroid. A left H-comodule algebra is an R-algebra B together with an
algebra map sz : A — B and a left H-module map % : B — H ®4 B such
that

(1) B is a unital A-ring via the map sg.
(2) B is a left comodule of the A-coring H with the coaction 5.
(3) Im(*p) C H x4 B and its corestriction % : B — H x4 B is an algebra
map.
A morphism between two H-comodule algebras is a left H-colinear map
that is also a morphism of A-rings (the latter defined in the obvious way).

31.24. Examples of comodule algebras of a bialgebroid. Let H be an
A-bialgebroid.

(1) H is a left H-comodule algebra with the map sz given by the source
map and with the regular coaction A. This is known as a left regular
comodule algebra of H.

(2) The algebra A is a left H-comodule algebra, when viewed as an A-ring
via the identity map sy, = I4 and with the coaction

Y0:A—-HR4A, ar spla)®1y.

This comodule algebra is known as the trivial left H-comodule algebra.

(3) B = A° is a left H-comodule algebra via spe = — ® 14, and coaction
Ao(d' ®a) = sy(d) ® 14 a.

(4) The above example can be generalised as follows. For an H-comodule
algebra B and an algebra B’, B®pr B’ is a left H-comodule algebra with
the structures arising from those of B. This defines a functor from the
category of R-algebras to the category of H-comodule algebras.

31.25. Strict comodule algebras. Note that the definition of a left H-
comodule algebra is not dual to that of a left H-module coring. The reason is
that, although the category of left H-modules is monoidal, the category *M
of left comodules of the A-coring H is not. Thus there is no way of defining a
left H-module algebra as an algebra in the category M. However, one can
consider a more restrictive definition of a left comodule M of an A-bialgebroid
H by requiring it to be an (A, A)-bimodule with an (A, A)-bimodule coaction
Mo: M — H ®4 M such that Im(Mp) C 'H x4 M, where

HxaM ={> hem e HesM|VacA, Y hityla)om' =Y h'em'a}.
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Such an M is called a strict left comodule of an A-bialgebroid H. The cate-
gory of strict left H-comodules is a subcategory of M, and it is monoidal.
Explicitly, for all strict comodules M, N, the tensor product M ®4 N is a
strict H-comodule via M®4¥o(m @ n) = Y m_n_; ® my ® ng. Note that
the right-hand side is well defined because Im(M) C H x4 M. A is the
unit object in the category of strict left comodules with the trivial coaction
A9(a) = sy(a) ® 14. Furthermore, the forgetful functor from the category of
strict left H-comodules to the category of (A, A)-bimodules is strict monoidal.
Now, one defines a strict left H-comodule algebra as an algebra in the monoidal
category of strict left H-comodules. This definition, however, turns out to be

too restrictive to cover the examples that we will encounter in Section 37.

31.26. Exercises

(1) Given an A-bialgebroid H, use the fact that, Im(A) C ‘H x4 H to show that
for any M, N € 1yM, the tensor product M ® 4 N is a left H-module with the
product h(m ®n) = > hym ® hgn. Here M and N have an (A, A)-bimodule
structure induced from their left H-module structures via the source and
target maps, that is, ama’ = s(a)t(a’)m, for all a,a’ € A and m € M or
m € N.

(2) Let H be an A-bialgebroid with source map s and target map ¢. Then the
identity 1 € H is a grouplike element. Prove that

AP ={be A|s(b) =t(D)}.
References. Brzezinski, Caenepeel and Militaru [76]; Brzeziniski and

Militaru [81]; Hirata [130]; Kadison [137]; Kadison and Szlachanyi [138]; Lu
[154]; Schauenburg [183, 185]; Sweedler [192]; Takeuchi [196]; Xu [215].
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Chapter 5

Corings and entwining
structures

In this chapter we introduce and analyse the main new class of examples
of corings, that is, corings associated to entwining structures. An entwining
structure can be understood as a generalisation of a bialgebra. In many appli-
cations, in particular in mathematical physics and noncommutative geometry;,
it can be viewed as a symmetry of a noncommutative manifold. From the
Hopf algebra point of view, the introduction of an entwining structure leads
to the unification of various categories of Hopf modules studied for over 30
years. Various properties of such modules can be then understood on a more
fundamental level once they are formulated in terms of associated corings.
Thus in this chapter we introduce the notion of an entwining structure, give
numerous examples and study properties of associated corings and comod-
ules. All aspects of the general theory of corings and comodules discussed in
the previous chapters are thus illustrated and used in deriving properties of
entwined modules.

Throughout this chapter, R is a commutative ring, A is an R-algebra and
C'is an R-coalgebra. The coproduct of C' and any other coalgebra (including
bialgebras and Hopf algebras) is denoted by A and its counit by . The
product in A is denoted by pu, and the unit as a map is ¢ : R — A. If no
confusion arises, we also write 1 for the element 14 = ¢(15).

32 Entwining structures and corings

Entwining structures were introduced in [80] in order to recapture in non-
commutative geometry symmetry properties of classical principal bundles.
Although motivated by the geometry of noncommutative principal bundles,
entwining structures have revealed a deep algebraic meaning leading far be-
yond their initial motivation. In this section we define entwining structures
and entwined modules, and we prove an important theorem that will allow us
to construct a coring associated to an entwining structure and then identify
entwined modules with comodules of this coring. We also study the dual alge-
bra of this coring, which turns out to be a 1 -twisted convolution algebra, and
gather some general properties of entwining structures related to the notions

323
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introduced earlier for general corings. The latter include cointegrals (cosepa-
rability) and the Amitsur complex, as well as the 1-equivariant cohomology
obtained from the Cartier cohomology for the associated coring.

32.1. Entwining structures. A (right-right) entwining structure (over R)
is a triple (A, C)y consisting of an R-algebra A, an R-coalgebra C' and an
R-module map ¢ : C @z A — A ®p C satisfying the following four conditions:

(1) Ypo(le@pu)=(u®lc)o(Ia®@y)o (Y& 14),

(2) Ia®A)op=(Y@Ic)o (lec®@)o (A® 1),

(3) Yo(le®t) =1® ¢,

(4) (IA®€)O¢:€®IA.
The map 1 is known as an entwining map, and C' and A are said to be
entwined by 1.

32.2. The bow-tie diagram. The conditions of Definition 32.1 can be
summarised in the following commutative bow-tie diagram (tensor over R):

CRARA CRCRA
Wl y
PRI 4 C® A Ic®y
ARC® A C 0 A CRARC
%‘ %
Ta@y A®C YPRIc
ARA®C A C®C .

32.3. The a-notation. To denote the action of an entwining map 1 on
elements we use the following a-notation:

Ple®a) =D, 1@, (14@Y)o(¥®1)(c®a®d) =) aa®a;®c,

and so on, for all a,a’ € A, ¢ € C. This notation proves very useful in concrete
computations involving 1. The reader is advised to check that the bow-tie
diagram is equivalent to the following relations, for all a,a’ € A, c € C:

left pentagon: Y (ad')e ® ¢* =37, 500 @
left triangle: > 1, ®c¢*=1®c,
right pentagon: Y-, aa ® ¢*1 @ ¢y = Y, 550 ® 1* @ ¢,
right triangle: " aq.e(c®) = ae(c).
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One can define right-left, left-right and left-left entwining structures by
replacing the pair (A, C') with the pairs (A, C°P), (A, C) and (A%, C°P),
respectively, in the bow-tie diagram. All such combinations lead to equivalent
theories; thus we concentrate on right-right entwining structures only.

32.4. Entwined modules. Associated to any entwining structure (A, C)y
is the category of (right-right) (A, C)y-entwined modules denoted by MS (1)),
An object M € MS(v)) is a right A-module with multiplication gy, and a
right C-comodule with coaction o™ inducing a commutative diagram

oM®I,

M®rA M®rC®pA
Iy @y
oM M®rARgrC.
iy LQ%
M 2 M ®rC

A morphism in MY(¢) is a right A-module map that is at the same time a
right C-comodule map.

The category of entwined modules was introduced in [69], but special
cases where studied intensively in the literature for many years, starting from
the work by Sweedler on Hopf modules, through Doi’s and Takeuchi’s work
on relative Hopf modules, up to Yetter-Drinfeld and Doi-Koppinen modules.
These special examples of entwining structures and corresponding entwined
modules are collected in the next section.

32.5. Self-duality of an entwining structure. One of the important
properties of the notion of an entwining structure is its self-duality. The bow-
tie diagram is invariant (bar a space rotation) under the operation consisting
of interchanging A with C', p with A, ¢ with ¢, and reversing all the arrows.
Note also that the notion of an entwined module is self-dual in the same sense.
Explicitly, interchange C with A, o™ with g;,, and reverse all the arrows in
the diagram in 32.4; then it remains unchanged.

32.6. Corings associated to entwining structures. View A ® C as a
left A-module with the obvious left multiplication a(a’ ® ¢) = ad’ ® ¢, for all
a,a’ € A,c € C. Then:
(1) For an entwining structure (A,C)y, C = A®gr C is an (A, A)-bimodule
with right multiplication (¢’ ® ¢)a = d'i(c ® a), and it is an A-coring
with the coproduct and counit

A=I,AN:C—>ARRCRIRC~2CRuC, e:=14,®c:C— A.
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(2) If C = A®pr C is an A-coring with coproduct A = I, ® A and counit
e=14®¢, then (A,C)y is an entwining structure by

p:CR®rA— ARrC, c®ar (1®c)a.

(3) If C = A®g C is the A-coring associated to (A,C)y as in (1), then the
category of (A, C)y-entwined modules is isomorphic to the category of
right C-comodules.

Proof. (1) It is obvious that A®rC' is a left A-module with the specified

action. The following calculations, performed for any a,a’,a” € A, c € C,
(a®c)(da") = > a(dad"),@c* = ), jaa,a5® 8
= >  (ad, ®c)d" = ((a®c)d')a”, and
(a®c)l = Y al,®c* = a®c,

prove that A ®g C is a right A-module. Note how the left pentagon was
used to derive the first equality and the left triangle to obtain the second one.
Thus C is an (A, A)-bimodule.

Next one has to check that € and A are (A, A)-bimodule maps. Clearly
they are left A-linear. Take any a,a’ € A, ¢ € C' and compute

c((a®c)d) =) claa, ® c*) =) aale(c*) = ad’e(c) = e(a ® c)d,

where the right triangle was used for the penultimate equality. Furthermore,
All@®c)d) = Y, a0, @c 1@ = 3, saa,; @’ @ cy®

= 2. (a®a)a,®a” = Y (a®ca)®a(1®c)d

= A(a®c)d.
Here the second equality follows from the right pentagon. Thus ¢ and A
are (A, A)-bimodule morphisms, as required. Now, the coassociativity of A
follows immediately from the coassociativity of A, while the counit property
of € is an immediate consequence of the fact that ¢ is a counit of C.

(2) Let C = A®pg C be an A-coring with structure maps given in the
hypothesis. Denote ¥(c®a) = (1® c)a =), a, ® c*. Since v is defined in
terms of the right action, one finds (1 ® ¢) = ¢ ® 1, the left triangle, and

YPle®@ad) = (1®c)ad = (1®c)a)d = ) (4, ®c*)d
= Yot(l®c)d = 3, 5aa0®

the left pentagon. Furthermore, ¢ is right A-linear, and hence

Yontac(c®) = elan®c) =e((1®c)a) =e(1 ®c)a=¢e(c)a
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the right triangle. Finally, A is also right A-linear; thus

Y aplap @’ @ = 3, (1@ c)aa @ =3, (1®c1) ®aaq ® "
=>(1®a)®(1®c)a
= A(l®c)a=A((1®c)a)
A ® ) = T, a0 @

the right pentagon. Therefore v is an entwining map, as claimed.

(3) The key observation here is that if M is a right A-module, then M ®zC
is a right A-module with the multiplication (m ® c)a = Y _ ma, ® ¢*. The
statement “M is an (A, C')y-entwined module” is equivalent to the statement
that o™ is a right A-module map. By the canonical identification M ®p C ~
M ®s A®gr C = M ®4C, one can view a right C-coaction as a right A-
module map M — M ®4 C, that is, as a right C-coaction. Conversely, a
right C-coaction can be viewed as a right A-module map o™ : M — M @z C,
thus providing a right C-comodule with the structure of an (A, C')y-entwined
module. ad

The isomorphism of categories in 32.6 allows one to derive various proper-
ties of entwined modules from general properties of the comodules of a coring.
For example, 18.13(2) (cf. 18.10) implies the existence of the following

32.7. Induction functor for entwined modules. Let (A,C), be an en-
twining structure. The assignment — ®r C' : M — M ®g C for any right
A-module M defines a covariant functor — @ C : M4 — MS () that is the
right adjoint of the forgetful functor MS(¢) — My.

Proof. This follows by identifications —®,C = —®4 ARrC ~ — Rz C.
O

The self-duality of entwining structures explained in 32.5, allows one also
to study the functor forgetting the A-action (—)¢ : MG (¢) — M. This
functor can be understood as a coinduction functor associated to a particular
morphism in the category of corings.

32.8. The functor forgetting action. Let C = A ®p C be the A-coring
associated to an entwining structure (A, C)y. Let a @ R — A be the unit map
a =1t and let v: C — C be an R-linear map given by v :c+— 1® c. Then:

(1) (y:a):(C:R)— (C:A) is a pure morphism of corings.
(2) For any M € M®, M ®g A is an (A, C)y-entwined module with the
obuvious right A-multiplication and the coaction

MR Mep A— Mer A®gC, m®a»—>2m9®¢(ml®a).
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(3) The functor — @ A : MY — MG () is left adjoint to the forgetful
functor (=)¢ : MG () — MC.

Proof. (1) By definition, a = ¢ is an algebra map and ~ is an R-module
map. Let x : C ®zrC — C ®4 C be the canonical projection. Then, for all
ceC,

X(Y®rY)A(C) =3 (1®rc) ®a(1®rc) =) 1@ ®@c=A(l®c)

and € o y(c) = 1e(¢) = aoe(c). This proves that (y: «a): (C: R) — (C: A)
is a morphism of corings.

Take an (A, C')y-entwined module or, equivalently, a right C-comodule M.
Then the coinduced module G(M) defined in 24.7 comes out as

G(M)=MOc(A®gr C) = MOC = Im (o™),

where oM : M — M ®g C is the C-coaction. Thus, to prove that (v : «) :
(C : R) — (C: A) is a pure morphism of corings, we need to show that
Im (oM) ®@g C is equal to the equaliser of the maps ty; ® Io = o™ @ Ic @ I
and by @ I = Iy @ A® I (cf. 24.8). The coassociativity of o™ immediately
implies that Im (o) ®x C is in the equaliser. Conversely, if the element
Yoomt@cd ®d e M®rC®gC is in this equaliser, then

Yoymi@mhi e =), mec;®cy®c.
Applying Iy ® Ic ® € ® I, we obtain
Yima@mhe(c)®e =3, mec e,

that is, Y, m' ® ¢ ® ¢ € Im (o), as required.

(2) One immediately checks that the induction functor F' associated to
the coring morphism (7 : «) (cf. 24.6) comes out as — ®p A.

(3) Note that Im (o™) ~ M in MY, so that G(M) = M, and G = (—)°.
Therefore (—)¢ has the left adjoint — ®g A by 24.11. 0

32.9. The dual ring of a coring associated to an entwining. Let
(A, C)y be an entwining structure and let C = A ®@p C be the associated A-
coring. Then the R-algebra *C is anti-isomorphic to the -twisted convolution
algebra Homy,(C, A). The latter is isomorphic to Hompg(C, A) as an R-module
and has the product defined by

(f*s [)e) =) fle

for all f, f" € Homg(C, A) and the unit Lo e.
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Proof. There is a canonical isomorphism of R-modules,
*C = sHom(A ®r C, A) — Hompg(C, A), ¢ [c—E(1® )],

with the inverse f — [a ® ¢ — af(c)]. Using this isomorphism, for any
€,& € *C define f, f' € Homg(C, A) via

fla®c)=af(c), &(a®c)=af'(c), forallae€ A, ceC,
and compute

€« &ave) = Ye((a®e)d1®c)) = X &((a®cr)f(c2))
= 2o 8af(a®a®) = ) qaf'(c2)af(cr”)-

Furthermore, (1 ® ¢) = 1e(c). All this establishes that the isomorphism of
R-modules extends to an anti-isomorphism of the corresponding algebras. O

The identification of a dual ring with the -twisted convolution algebra
allows one to derive various properties of the latter from general properties
of the former. Thus, for example, using 19.3, 19.6 and 32.6, we obtain

32.10. Modules over ¢-twisted convolution algebras. Let (A,C), be
an entwining structure and A @ C' the corresponding A-coring.

(1) If C is a locally projective R-module, then the category MS () is iso-
morphic to the category o[(A ®r C)tom,(c,4)] of right Homy(C, A)-
modules subgenerated by A ®p C'.

(2) If C is a finitely generated projective R-module, then MS (1) is isomor-
phic to the category Myom,(c,a) of right Homy(C, A)-modules.

As yet another application of the results discussed in this section we obtain
the following categorical interpretation of a twisted convolution algebra [131].

32.11. Twisted convolution algebra as endomorphism ring. For an
entwining structure (A,C)y, let F = (=)g : MG — Mg be the forgetful
functor. Then the R-algebra of endomorphisms of F, Nat(F, F) with the
product given by ¢¢ = ¢ o ¢ is isomorphic to the -twisted convolution
algebra Homy,(C, A).

Proof. This follows from 18.29 combined with 32.9 and 32.6. O

Next we derive a number of properties of entwining structures from general
coring theory developed in preceding chapters. For the rest of this section
(A, C)y denotes an entwining structure over R with the associated A-coring
C=A®zrC.



330 Chapter 5. Corings and entwining structures

32.12. Integral maps for entwining structures. C is a coseparable A-
coring if and only if there exists an R-linear map 0 : C @r C — A inducing
the following three commutative diagrams:

CorCor A Cop Aoy C Y2 Ay C @R C
9®1A\L J/IA(X)Q
A®p A K A " A®p A,
C-2.CenC CopC—2 00nCorC% oy A
| T - -
L 0RIc
R A, CRrC®rC A@RC,

where p is the product in A. Such a map 6 is called a normalised integral
map in (A,C)y.

Proof. In this case, C ®,4 C ~ A ®r C ®r C. Using the natural iso-
morphism of R-modules, sHom(A ®r C ®g C, A) ~ Homg(C ®g C, A), we
identify the cointegral ¢, which, in particular, is a left A-module map, with
the mapping 6 : C ®p C — A. Thus (c® ) = 0(1 ® c® ). Recall from
32.6 that the right multiplication of C by A is given by (a® ¢)a’ = a(c®d’),
while the coproduct and counit are Iy ® A and 14 ®¢, respectively. In view of
these definitions, the fact that § is also a right A-module map is equivalent to
the first diagram. Then the conditions required for a cointegral § in 26.1(b)
are equivalent to the second and third diagrams. ad

32.13. Maschke-type theorem for entwined modules. The forgetful
functor (—=)a : MG () — My is separable if and only if there exists a nor-
malised integral map in (A, C')y. In this case, any monomorphism of (A, C')y-
entwined modules that splits as a morphism of right A-modules also splits as
a morphism of (A, C)y-entwined modules.

Proof. This follows from 32.12 combined with 26.1 and 32.6. O

32.14. Integrals in entwining structures. C is cosplit if and only if there
exists e = ) . a; ® ¢; € A®p C such that

d>oaie(c) =1 and Y a0, @c; =), a(c; ® a),

for all @ € A. Such an element e is called a normalised integral in an entwining
structure (A, C')y.
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32.15. Twisted convolution algebra as a split extension. If there exists
an integral in an entwining structure (A, C')y, then

i : A— Homy(C,A), aw [c+— e(c)al,
1 a split extension.

Proof. This follows from 32.14 combined with 26.13 and 32.9. O

32.16. Characterisation of grouplike elements. C has a grouplike ele-
ment if and only if A is an (A, C)y-entwined module. The grouplike element
is g = 01(1), where o? is the right coaction of C on A.

Proof. By 32.6 there is a one-to-one correspondence between (A, C')y-
entwined modules and C-comodules, so that the assertion follows immediately
from 28.2. The proof of the latter also confirms the form of g. O

32.17. Characterisation of g-coinvariants. Let g = ¢*(1) =Y  1,® 1, be
a grouplike element in C. Then

APS = {be Al (b) = X bly® 11}
= {be Al forallac A, o*(ba)=bo?(a)}.

For M € MS(v), these g-coinvariants are denoted simply by M<C, and the
corresponding functor MG (1)) — M e is denoted by (—)«C.

Proof. The first description of A;OC is simply the definition of g-coin-
variants. Only the second description requires a justification. Suppose that
b € Ais such that, for all a € A, o*(ba) = bo”*(a). Then, in particular, taking
a =1, 0*(b) = bo(1) = bg, that is, b € A2C. Conversely, if b € A?C, then,
using the fact that A is an (A, C')y-entwined module, for all a € A,

o (ba) = Y7 both(by @ a) = Y- blih(1y ® a) = bo?(1a) = bo?(a),

as required. O

32.18. Algebra structure. Suppose that A is an (A, C')y-entwined module.
Then A ®g C is an R-algebra with the product given by the formula

(a®c).(d @) =¢(c)ad @ +e(d)ap(c®ad) — Ze(c)s(c’)aa'g ® a4

and the unit 3" 1o ® 1, = 0?(1).
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Proof. This is a special case of 28.16. The first two terms in the
product formula clearly follow from the definition of the left and right A-
module structure of A ®p C in 32.6. To obtain the last term we note that
g =>,1p® 1y, and, since A is an (A, C')y-entwined module, we find for all
a € A, 0a) = ¢*(la) = >, Loaa @ 1,* = > (1o ® 1;)a, as expected (cf.
32.16). O

32.19. The Amitsur complex. Suppose that A is an (A,C)y-entwined
module. Then the Amitsur complex of C has the following explicit form: the
n-cochains are Q"(C) = A @r C®r" and the coboundary is

d'a®@c®...0c¢,) = Zag®al®01®...®cn
+Y (-1)a®a®.. . 0AG)®...0c
i=1

HEDM > aly, L ®ETR.. R ® 1,

ALy..,Qn

Note that the product in Q(C) reads

(a®c1®...0cpn)(d @ Cmy1 @ ... @ Crgn)
= Z Ay, 0 QTR ... Q" @1 ® ... @ Crn

ALye0yQm

Proof. Only the last term in the expression for d” might require some
explanation. This term is obtained by the following chain of identifications:

Z(a@Rcl) QA (1®R62) Ra...Q4 (1®A6n) ®aly®r 1y
=Y (a®rc1) ®a (1QrC2) ®a...®aly, Orcy" ®r1y
= Z (a®301)®,4(1®R62)®A...®A19&n

QAnp—1,0n

On—1 n
C®OrCY Qreyt ®r 1y

QU —

= > aly, L ®®.. Qg @l

AL,..0y0n

A similar chain leads to the product in ©(C). 0

Thus various properties of entwined modules can be obtained from the
properties of the comodules of the corresponding coring. This allows a signif-
icant simplification of the theory of entwined modules, in addition to provid-
ing a better conceptual understanding of the latter. On the other hand, the
knowledge of some specific properties of entwining structures might lead to
new results in the theory of corings. In brief, there is a two-way interaction
between corings and entwining structures. The following two examples serve
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as an illustration how, in view of 32.6, (obvious) C-comodules can produce
nontrivial entwined modules, and then how the self-duality property (cf. 32.5)
applied to entwined modules obtained in this way can produce nontrivial co-
modules of a coring.

32.20. C-tensored entwined modules. M = A ®@pr C®E" is an (A, C)y-
entwined module with coaction o™ = I, ® ]g?"_l ® A and right multiplication

(d®@c®...Qc)a Z a0y @R ... RO

Proof. M = C®4" is a right C-comodule via o™ = [?A”_l ®aAc. Taking
C = A®pg C and using the natural identification

CO4" = AQRCRAARCRs... Q4 ARrC ~ A®p C®F",

one obtains the (4, C'),-entwined module structure on A ®r C®2" as stated.
O

32.21. A-tensored entwined modules. M = C ®p A®E" is a right C-
comodule with the right A-multiplication oy = Ic ® IT"' ® pu and the right
C-coaction

QM: C®R A®Rn N C®R A®Rn ®AC ~ C®R A®Rn®0,
c®a1®...a” — Z Cl@@}h®”'®agn®cga1...an'

(SO0

Proof. This is an exercise in the self-duality of the notions of an entwin-
ing structure and an entwined module explained in 32.5. By 32.20 we know
that AQrC®a™ is an (A, C')y-entwined module. By duality, C®p A®¥5" is also
an (A, C)y-module with the stated structure maps. This is most easily seen
if one writes the right A-multiplication in 32.20 as a chain of maps and then
reverses the order of composition and makes all the interchanges required for
duality. In this way one obtains the map

Ie®IT" " @¢)o(Ic@IF" @Y ®@I4)o...0(lc@yp@IT" o (AR IF"),

which is precisely the asserted coaction. By 32.6, C' @z A®E" is a right C-
comodule, as required. O

32.22. Flat connection in a C-tensored module. Suppose that A is
an (A, C)y-entwined module. Then A ®r C®E", n = 1,2,..., has a flat
connection

V(a®a®.. @) =a06®...0A(c,)— Y aly, @@, .0 1.

AL,..yOn
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Proof. This follows immediately from the fact that A @z C®R" is a
right C-comodule (or, equivalently, an (A, ('), -entwined module) with the
structure described in 32.20. O

32.23. Flat connection in an A-tensored module. Suppose that A is
an (A, C)y-entwined module. Then C ®p A®E", n = 1,2,..., has a flat
connection

V(c@a'®...®a") =) a®a, ®...Qd, @ "= @a'®...Qa"1j@1;.

Proof. The assertion follows from the fact that C' ® g A®R™ is a right C-
comodule (or, equivalently, an (A, C')y-entwined module) with the structure
described in 32.21. On the other hand, the result can be deduced from 32.22
by the duality arguments explained in 32.5. We encourage the reader to write
out these arguments explicitly in this case. O

32.24. The Y-equivariant cohomology of entwining structures. The
y-equivariant cohomology Hy_.(C') of an entwining structure (A4, C), is de-
fined as the Cartier cohomology of the corresponding coring C = A ®g C
with values in C, that is, Hj; (C) = Hg, (A ®g C). Using the identifications
of homomorphisms of (A, A)-bimodules with the R-submodules of homomor-
phisms of R-modules, we thus obtain that the n-cochains are given by

Cy_o(C) = {f €Homg(C, A ®p C®r™) |Va€ A, ceC, Z ao f(c*) = f(c)a},

where the right action of A on the R-module A®yzC®E™ is given by 32.20. By
30.8, Cy—_.(C) is a comp algebra, and consequently Hy_.(C) is a Gerstenhaber
algebra. The composition comes out as

f<>, g = (,uz ® [§m+n*i71) o ([A ® [gz ®g® [gmfifl) o f lf O S i <m
! 0 otherwise,

for f € C™ _(C), g € C}_(C). Here pu; : A®r C®" @z A — A @r COF
denotes the right A-multiplication described in 32.20. The distinguished ele-
ments are T:c— 1 ®A(c), u:c— 1®cand 1 =c¢.

The v-equivariant cohomology of entwining structures was introduced in
[72] (in the dual setup) without reference to corings. Its realisation as a
cohomology of a coring leads to significant simplifications.

References. Brzezinski [69, 71, 72]; Brzezinski and Majid [80]; Caene-
peel, Militaru and Zhu [9]; Hobst and Pareigis [131]; Takeuchi [195].
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33 Entwinings and Hopf-type modules

In this section we collect examples of entwining structures and entwined mod-
ules (and thus of corings and comodules) that come from the theory of Hopf-
type modules.

33.1. Bialgebra entwining and Hopf modules. Let B be an R-algebra
and an R-coalgebra. Consider an R-linear map

) :B@rB—B®rB, V@b > bbb

(1) ¥ entwines B with B if and only if B is a bialgebra. This entwining
structure is known as a bialgebra entwining.

(2) An entwined module corresponding to a bialgebra entwining is a right
B-module, right B-comodule M such that for all m € M and b € B,

oM (mb) = " mgby @ mybs,

that is, the category of entwined modules M5 (1)) is the same as the
category MB of Hopf modules studied in Section 1.

(3) If B is a bialgebra, then C = B ®g B is a B-coring with coproduct
A=1Ip®A, counit e = Ig @ ¢, and the (B, B)-bimodule structure

bV @V")c =Y bbe; @b'cy,

for b0, V", c € B; that is, as a right B-module, C = B®% B (cf. 15.4).

Proof. Suppose (B, B)y is an entwining structure. We need to show
that the coproduct A and the counit € of B are algebra maps. Evaluating
the left pentagon identity at 1z ® b ® b’ for all b0’ € B, we immediately
conclude that A is a multiplicative map. Also, evaluating the left triangle at
1p®1p, we obtain A(lg) = 1p5® 1p. Thus A is an algebra map, as required.
Furthermore, the right triangle reads in this case ) bie(0'by) = €(b')b. Now
applying ¢ we deduce that the counit is a multiplicative map, as required.

Conversely, if B is a bialgebra, then B is a right B-module algebra via
the coproduct. Thus the above entwining is a special case of the entwinings
in 33.2 and 33.4 and follows from the latter.

The identification M2 (1)) = M2 and the description of the coring struc-
ture of C are immediate. ad

The above example shows that, in a certain sense, an entwining structure
is a generalisation of a bialgebra in which the coalgebra structure is sepa-
rated from the algebra structure. Furthermore, in view of 32.6 and 33.1, the
properties of Hopf modules described in Section 14 are simply special cases



336 Chapter 5. Corings and entwining structures

of general properties of comodules of corings described in Chapters 3 and
4. As an illustration of this look at the properties of comodules of a coring
described in Section 18 to realise that 14.3 is a corollary of 18.9, 14.5 is a
corollary of 18.13 and 18.10, and 14.6 is a corollary of 18.14 and 18.17. The
reader is advised to search for other similar connections between Section 14
and Chapters 3 and 4 (for example, try and see how the theory of coinvari-
ants of Hopf modules follows from the theory of coinvariants of corings with
a grouplike element).

33.2. Relative entwining and relative modules. Let B be an R-bialgebra
and let A be a right B-comodule algebra, that is, an R-algebra and a right
B-comodule such that the coaction o : A — A®pg B is an algebra map (when
A ®pg B is viewed as an ordinary tensor algebra). Define an R-linear map

¢ZB®RA—>A®RB, b®a}—>2ag®bab

where > ag ® a; = o*(a) as usual. Then:
(1) (A, B)y is an entwining structure.

(2) M is an (A, B)y-entwined module if and only if it is a right A-module
and a right B-comodule such that, for allm € M and a € A,

o (ma) = Z moag @ mya;.

Such a module is known as a relative Hopf module.

(3) C = A®gB is an A-coring with coproduct A = [aQA, counit e = [4®e,
and the (A, A)-bimodule structure, for a,a’,a” € A and b € B,

a"(a®b)a = Z a"ad'y ® ba'y.

Note that A itself is an (A, B)y-entwined or relative Hopf module via the
product and the B-coaction o*. The corresponding grouplike element in C
comes out as 0*(1) = > 1, ® 1;.

Proof. This example is a special case of the situation to be considered
in 33.4 and hence follows from the latter. a

Using the natural left-right symmetry for modules, comodules, and so
on, one can immediately associate a left-left entwining structure to a left
comodule algebra of a bialgebra B. This is left for the reader as an exercise.

Using the self-duality of an entwining structure explained in 32.5, one
obtains a dual version of 33.2 (and all other examples discussed later, for
that matter).
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33.3. A dual-relative entwining and [C, A]-Hopf modules. Let A be an
R-bialgebra and let C be a right A-module coalgebra, that is, an R-coalgebra
and a right A-module such that the A-multiplication oo : C ®r A — C' is a

coalgebra map (when C ®g A is viewed as an ordinary tensor coalgebra as in
2.12). Define an R-linear map

Y :C®prA— AR C, c®av—>Zal®caZ.

(1) (A,C)y is an entwining structure.
(2) M is an (A, C)y-entwined module if and only if it is a right A-module

and a right C'-comodule such that, for allm € M and a € A,
oM(ma) = moay ® myas.

Such a module is called a [C, A]-Hopf module.

(3) C = A®gC is an A-coring with coproduct A = [4QA, counit e = [4®e,
and the (A, A)-bimodule structure, for a,a’,a” € B and ¢ € C,

d'(a®c)d = 5 a"aa'y ® cd's.

Note that C' itself is an (A, C)y-entwined or [C, A]-Hopf module via the co-
product and the A-action.

The above examples are all special cases of the following construction.

33.4. Doi-Koppinen entwinings and Hopf modules. Let B be an R-
bialgebra. Let A be a right B-comodule algebra and let C' be a right B-module
coalgebra. Define an R-linear map

Vv :CR®rA— ARy C, c®a»—>2ag®cab

where > ag ® a1 = o*(a) € A®g B as usual. Then:
(1) (A,C)y is an entwining structure.
(2) M is an (A, C)y-entwined module if and only if it is a right A-module

and a right C'-comodule such that, for allm € M and a € A,
oM(ma) =Y moag ® myay.

Modules satisfying the above condition are known as Doi-Koppinen or
unifying Hopf-modules.

(3) C = A®RC is an A-coring with coproduct A = IaQA, counite = [4®e,
and the (A, A)-bimodule structure, for a,a’;b € A and c € C,

d(a®c)b= Z a'aby ® cby.
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(4) Hompg(C, A) is an associative algebra with the product %, given by

(f % F)(0) =) flex)of (caf(e2)r),

for all ¢ € C, and unit v o e. This algebra structure is also known as
Koppinen’s smash product.

Proof. (1) This is shown by direct calculations. For the proof of the left
pentagon take a,a’ € A and ¢ € C and compute

Yoo (aad )o@ = Y (aad')o® (aad')y = ) apd'o ® caya’y
= 2o ®cdy = 3, 500 ®

where we used the fact that the right coaction of B on A is an algebra map.
Similarly, to prove that the left triangle commutes, we compute for all ¢ € C,

Za1a®0a221Q®C1l:1®C,

since the assumption that A is a right B-comodule algebra implies that
0%(14) = 14 ® 15. To prove the commutativity of the right pentagon, com-
pute

Doala @ @cY = Y ag® (cap)y ® (cay)y = Y ag® cra; ® cpay
= Y. ag ® Crag ® ceay = Y, ap, ® 1% @ cpay
= Za,ﬁ Ao @ €1% ® 6267

using the fact that the right multiplication of C' by B is a coalgebra map.
Finally,

Y oa @at(c) = Y age(cay) = Y ape(c)e(ay) = ag(c),

since the assumption that C' is a right B-module coalgebra implies that
e(cb) = e(c)e(b) for all ¢ € C' and b € B. This shows that the right tri-
angle commutes and thus completes the proof of (1).

Assertions (2), (3) and (4) can be seen immediately by explicitly writing
out the condition for an entwined module, the structure of the corresponding
coring from 32.6, and the dual algebra from 32.9. O

33.5. Doi-Koppinen datum. A triple (A4, B, C) satisfying the conditions
of 33.4 is known as a (right-right) Doi-Koppinen datum or a Doi-Koppinen
structure, and the corresponding entwining structure is known as an entwining
structure associated to a Doi-Koppinen datum.

The investigation of Doi-Koppinen structures and Doi-Koppinen Hopf
modules was initiated independently in Doi [106] and Koppinen [144]. Doi-
Koppinen data as a separate entity first appeared in [87], and then they were
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given a separate name in [85] (incidentally, they were called Doi-Hopf data).
Various properties and applications of Doi-Koppinen structures are studied
in the recent monograph [9]. Finally, the entwining structure associated to a
Doi-Koppinen datum was first introduced in [69]. Now, in view of 32.6, nu-
merous properties of Doi-Koppinen Hopf modules described in the literature
on the subject (cf. [9] for a review and references) are consequences of the
structure theorems for comodules of a coring in 33.4.

Another example of an entwining structure comes from the representation
theory of quasi-triangular Hopf algebras (quantum groups).

33.6. Yetter-Drinfeld entwinings and crossed modules. Let H be a
Hopf algebra over R and consider an R-linear map

Yy H®pH—H@pH, h@h— > hy® (Shy)h'hs,

where S is the antipode in H. Then:
(1) (H,H)y is an entwining structure.

(2) M is an (H, H),-entwined module if and only if it is a right H-module
and a right H-comodule such that, for allm € M and h € H,

o™ (mh) = " mohy @ (Shy)myhs.

Such modules M are known as Yetter-Drinfeld or crossed modules (in-
troduced in [217], [179]).

(8) C = H ®gr H is an H-coring with coproduct A = Iy ® A, counit £ =
Ig ® e, and the H-bimodule structure, for all h,h',h", k € H,

k(W' @ W)h =Y " kh"hy @ (Shy)h'hs.

Proof. This is a special case of an entwining structure associated to a
Doi-Koppinen datum, as in 33.4. The relevant datum is given by the triple
(A= H,B=H”® H,C = A), where the right multiplication by H” @ H
is given by h(h' ® h”) = W'hh”, and the right coaction of H” ® H on H is
QH(h) = Zhg@Sh;@ hs. O

33.7. An alternative Doi-Koppinen entwining. Let B be an R-
bialgebra. Let A be a left B-module algebra, that is, an R-algebra and a
left B-module such that the multiplication and unit in A are left B-module
maps, where B ®r A is a B-module by the diagonal action (cf. 15.4) and R
1s a B-module via the counit. Fxplicitly, we require

blaa’) =Y “(bia)(bea'), bla=e(b)la, foralla,d € A, beE B.
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Dually, let C be a left B-comodule coalgebra. Define an R-linear map
:COrA—A®RC, c®ar Y c1a®c,

where Y c_1 @ cg = “o(c) € B®@g C is the left coaction of B on C. Then:
(1) (A,C)y is an entwining structure.

(2) M is an (A, C)y-entwined module if and only if it is a right A-module
and a right C'-comodule such that, for allm € M and a € A,

o™ (ma) = mg(my_1a) @ my,.

Note that the first Sweedler indices describe the right C-coaction on M,
while the second correspond to the left B-coaction on C.

(3) C = A®grC is an A-coring with coproduct A = [4QA, counit e = [4®¢,
and the (A, A)-bimodule structure, for a,a’;a” € A and c € C,

a"(a®c)d = E a"ac_1d’ ® cp.

Proof. This is proven by a direct calculation (cf. 33.4). O

A triple (A, B, C) satisfying the conditions of 33.7 is called an alternative
Doi-Koppinen datum. Although Doi-Koppinen and alternative Doi-Koppinen
data provide a rich source of entwining structures, they do not exhaust all
possibilities. An example of an entwining structure that does not come from
Doi-Koppinen data is described in Exercise 33.8.

33.8. Exercise.
([184]) In this exercise R = F'is a field. Take any entwining structure (A4, C)y
over F', and for ¢ € C' and £ € C* define amap T : A — A, a— ) a&(c”).

(i) Let (A,C)y be a Doi-Koppinen entwining associated to a Doi-Koppinen da-
tum (A, B,C) as in 33.4. Fix ¢ € C and £ € C*. Use the Finiteness Theo-
rem 3.16 to show that any element of A is contained in a finite-dimensional
T ¢-invariant subspace of A.

(ii) Now let C' be an F-coalgebra spanned as a vector space by e and ¢ with
the coproduct A(e) = e®e, A(t) = e®t+t® e and the counit £(e) = 1,
e(t) = 0. Let A be a free algebra with generators z;, ¢ € Z. Define a linear
map ¥ : C®r A — ARrC by

Yle®a)=a®e, V(@ Xy Ty -+~ T4,) = Tiy 41Tig1 "+ Tip41 D L,

for all a € A. Show that (A, C)y is an entwining structure.

(iii) In the setting of (ii), take ¢ = ¢t and & € C* such that £(¢) = 1. Show that
the T} ¢-invariant subspace of A generated by Xy is infinite-dimensional, and
deduce from (i) that (A4, C), is not a Doi-Koppinen entwining.
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(iv) Modify (ii)—(iii) by taking a coalgebra spanned by a grouplike element e, and
t; with A(t;) =e®t; +t; ® e, i € Z. Construct an entwining that is neither
a Doi-Koppinen nor an alternative Doi-Koppinen entwining.

References. Brzeziniski [69, 71, 72]; Brzezinski and Majid [80]; Cae-
nepeel, Militaru and Zhu [9, 85]; Doi [105, 106]; Hobst and Pareigis [131];
Koppinen [144, 145]; Radford and Towber [179]; Schauenburg [184]; Takeuchi
[195]; Yetter [217].
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34 Entwinings and Galois-type extensions

Further examples of entwining structures, and thus of corings not related to
Doi-Koppinen data in general, are provided by coalgebra-Galois extensions.
In this section we describe such extensions as a generalisation of the Hopf-
Galois theory (noncommutative affine schemes of a torsor or a principal fibre
bundle). To any coalgebra-Galois extension an entwining structure, hence a
coring, is associated. This coring turns out to be a Galois coring (cf. 28.18),
and, in particular, the Galois Coring Structure Theorem 28.19 can be used
to recover structure theorems for Hopf-Galois extensions and also the Fun-
damental Theorem of Hopf algebras 15.5. By this means the unifying and
simplifying powers of the coring theory are illustrated. We also introduce
the notion dual to a coalgebra-Galois extension, termed an algebra-Galois
coextension, and describe the corresponding entwining structure and coring.

34.1. Coalgebra-Galois extensions. Let C' be an R-coalgebra and A an R-
algebra and a right C-comodule with coaction o? : A — A®xC. Let B be the
subalgebra of coinvariants of A, B:={b€ A | for all a€ A, ¢*(ba) = bo”(a)}.
The extension B — A is called a coalgebra-Galois extension (or a C-Galois
extension) if the canonical left A-module, right C-comodule map

can: ARp A — A®C, a®d — apt(d),
is bijective. A C-Galois extension B < A is denoted by A(B)°.

The notion of coalgebra-Galois extensions in the presented form was in-
troduced in [77], following their appearance as generalised principal bundles
in [80] (cf. [79] for the quantum group case) and an earlier appearance in the
special case of quotients of Hopf algebras in [188]. The need for principal bun-
dles with coalgebras playing the role of a structure group and coming from
problems in noncommutative geometry based on quantum groups was a main
geometric motivation for the introduction of the notion of a coalgebra-Galois
extension. On an algebraic level, a coalgebra-Galois extension is a general-
isation of the notion of a Hopf-Galois extension introduced by Kreimer and
Takeuchi in [147] (cf. 34.7 below) and later intensively studied in particular
by Doi, Takeuchi and Schneider in a series of papers [107], [108], [186], [187],
[188] (cf. [37] and [13] for reviews). On the one hand, a Hopf-Galois extension
brings the Galois theory in a realm of noncommutative rings. In fact, the in-
troduction of Hopf-Galois extensions was motivated by the work of Chase and
Sweedler on Galois theory [12]. On the other hand, a Hopf-Galois extension
is a noncommutative generalisation of an affine group scheme corresponding
to a torsor or a principal bundle.

A typical example of a coalgebra-Galois extension is provided by coideal
subalgebras of Hopf algebras, also known as quantum homogeneous spaces.
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34.2. Coideal subalgebras. Let A be a Hopf R-algebra with coproduct A,
counit €, antipode S, and Agr flat. Let Ay be a left A-coideal subalgebra,
that is, a subalgebra of A such that A(A;) C A®r Ay (an A-homogeneous
quantum space). Let Al be the augmentation ideal, AT = Kee N A;. Define
the quotient coalgebra C = AJ(AT A). There is a natural right coaction of C
on A given as ¢! = (Ia®@ 7)o A, where 7 : A — C' is the canonical coalgebra
surjection. Let B = A“C = {b€ A | foralla € A, 0*(ba) = bo”(a)}.
Then B — A is a coalgebra-Galois extension, A(B)C. Furthermore, if A is
a faithfully flat left Ay-module, then A; = B.

Proof. First observe that C' is a quotient coalgebra, that is, AT A is a
coideal in A. Indeed, take any a € A] and a’ € A, and compute

Alad) = Z(aa')l ® (aa)y = Z aa'y ® aga’y
= Z ara’y ® (ag —e(ag))a’y + Z ad'y ®d's.
Since A; is a left coideal subalgebra, the above calculation shows that
A(ATA) C ATA®r A+ A®pr AT A,

that is, AT A is a coideal, as required (see 2.4).
We need to construct the inverse for the canonical map can. This is given,
for all a € A and c € C, by

canHa®c) = ZaS(a'l) ®ady, de€n(c).

To prove that this map is well defined (does not depend on the choice of a'),
first note that A is an ideal in A;. This implies that A] A is a left A;-module,
so that it immediately follows from its definition that o” is a left A;-linear
map. Therefore, Ay C B. Take any a € A and a’ € A]. Since A; is a left
comodule subalgebra of A and S is an antialgebra map, we can compute

ZS(@'@);@(a'a)g = ZS a1)S(a'y) ® a'saz
= ZSa (a'1)d'y ® ay

:ZS ®a2—0

where we used the fact that A; is a left A-coideal subalgebra of A to obtain
the second equality. Since any element of 77'(0) is necessarily an R-linear
combination of products a’a, with a’ € A], we conclude that the map can™!
is well defined. Furthermore, it is the inverse to can since, on one hand, for
all a,a’ € A,

can '(can(a ®@ d')) = Z can (ad'| @ 7(d'y))
= Z aa'1Sd'y ®@d3=a®d,
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while on the other, for all « € A and ¢ = 7(d’),

can(can"(a®c)) = Z can(aSd'y ® d'y) = Z aS(a'1)d's @ (d'3)
Clearly can™! is a left A-module map. It is also a right C-comodule map
since, for all c € C, a € A and ' € 771(c),

ann a®e)®cy = ann’%a@w(a’);)@w(a’)g

— ZaS(a’Q@a'g@W(alg)
- (@ M ean (a0 0)

where the second equality is a consequence of the fact that « is a coalgebra
map. Therefore there is a coalgebra-Galois extension A(B)¢, as claimed.

We have already observed that A; C B. Thus, to prove the second state-
ment, we need to show that this inclusion is in fact an equality provided A is
a faithfully flat left A;-module. This follows from the faithfully flat descent.
Note that the coinvariants can also be described as

B={beA|by@m(b) =bxm(1)}.
Indeed, if b € B, then taking a = 1 in the definition of coinvariants one

immediately obtains Y b; ®@m(by) = b@7(1). Conversely, since Af A is a right

/

A-module, so is C. Thus 7 is a right A-module map, that is, 7(aa’) = 7(a)d’.
Therefore, if b € A satisfies > by ® m(by) = b ® 7(1), then for all a € A,

QA(ba Z bia; ® m(byas) Z bia; @ m(
me@ﬂ Zba1®7r(a2) = bo’(a),

that is, b is in the subalgebra of coinvariants. Now there is the following
commutative diagram:

0 Al A A ®A1 A

-

0 B A A®rC,

where the maps in the top row are the obvious inclusion and the assignment
a+— 1®4, a —a®a, 1, and the maps in the bottom row are the obvious
inclusion and a — Y a; ® m(ag) —a ® w(1). The top row is exact by the
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faithfully flat descent, and the bottom row is exact by the above argument
on the form of the coinvariants (it can be viewed as a defining sequence for
coinvariants). Since can is bijective, we conclude that A, = B. O

Another construction of a similar kind that uses coideals in a dual of a
Hopf algebra is presented in [163, Theorem 2.2].

34.3. The translation map. Consider a coalgebra-Galois extension A(B)C.
From the geometric point of view, the map

7:C —A®gA, c—can (1®c),

can be understood as a generalisation of the translation function [21], which
is crucial for the definition of a principal fibre bundle (cf. [67] for the quantum
principal bundle case). Thus 7 is termed the translation map of a C-Galois
extension A(B)Y. To denote the action of 7 on elements of C' we use the
Sweedler-like notation

T(c):Zci®cé€A®BA,

where summation is understood over a (undisplayed) finite index set. For
future reference we gather basic properties of 7.

34.4. Translation Map Lemma. Let B — A be a C-Galois extension,
A(B)C. The corresponding translation map T has the following properties.
Forallae A, ce C,

(1) Zc%%@cél: 1®ec.

(2) S cle? = e(e)l.

(3) Yaga' ® a;® =1®@a.

(4) Yo=Y a'®@a’®c.

(5) Zcf ®cfczi ® Cgé = Zci ®1® .

Proof. Assertion (1) follows directly from the definition of the translation

map. Assertion (2) follows from (1) by applying /4 ® €. Again using (1), we
obtain for all a € A,

2: 1 2 1.2 2
can(agal ®al ) = apQy a1 Q®al 1

= Zag®al = can(l ® a).

Thus, applying can™!, we obtain assertion (3). Again making use of (1), we
compute for all ¢ € C,

z:can(ci R @, = Zcic%@cil@cig
= Z 1®c®c
= > ala’ @’ @
- ann(cf ®cf) ® cg,

1
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and hence (4) follows. Finally, applying I4 ® can™! to (4) we derive for all
ceC,

T2 214 22 i 2.1 2
g c ®cgc 1 ®01:E 1 ®cr7cy Qe

Now, using (3) on the left-hand side, we immediately obtain assertion (5). O

34.5. Translation map as a morphism of corings. The translation map
of a coalgebra-Galois extension A(B)C is an object in the category of repre-

sentations Rep(C : R | A®Qp A: A).

Proof. This follows immediately from 25.7 and 34.4(2) and 34.4(5). O

34.6. Canonical entwining for a coalgebra-Galois extension. Let A
be a C-Galois extension of B. Then there exists a unique entwining map
Y :C@rA— A®pC such that A € MY () by the structure maps ju and o™
The map 1 is called the canonical entwining map associated to a C-Galois
extension B — A.

Proof. Assume that B — A is a coalgebra-Galois extension and let
7:C — A®p A, 7(c) = can"}(1 ® c) be the corresponding translation map.
We use the notation 7(c) = >_ ¢! ® ¢ (cf. the translation map lemma 34.4).
Define a map ¢ : C®r A — A®rC by

=cano (I @ pu)o (T Iy), w:c®a»—>Zci(c§a)Q®(c~a)l. (%)

We show that ¢ entwines C' and A. By the definition of the translation map
(cf. 34.4(1)),

PY(e®l) = chcQQ@)czl: l®e.
Thus the left triangle in the bow-tie diagram commutes. Furthermore, by
property 34.4(2) of the translation map,

(I4®e)oh(c®a) = Z HcPa)y @ e((Pa)y) = Z c'ta = £(c)a,

that is, the right triangle in the bow-tie diagram commutes, too. Next we
compute

(@ lc)o (Lhov)oWel)caasd)
= (u®Ic)o (I4 @) ch (c*a) ®(02a) ®a')

= Y (Pa)(ca), ((Fa),%a’)y ® ((Pa)i?a)),
= Y (Pad)y ® (Fad’)y = v o (Ic ® p)(c® a® d),
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where we used the property 34.4(3) of the translation map to derive the third
equality. Hence the left pentagon in the bow-tie diagram commutes. Similarly
for the right pentagon,

(Y @Ic)o(Ic®@y)o (A®[A)(C® a)
= @)Y el (ela)® (Ca))
= 2011(012021(6, @)o)o ® (e1’ca' (a’a)o 2
= Zc Pa)o)o ® ((a)p) ® (Pa)
= Zc1<c2a>g® (Fa)y @ (Pa)y = (Ia®A)od(c®a).

We used property 34.4(4) of the translation map to derive the third equality
and then property 34.4(3) to derive the fourth one. Hence C' and A are
entwined by 1), as required. Now, again by 34.4(3), for all a,a’ € A,

Y agpla®@a) = Y agay'(ay’a)y ® (ay’d)y
= ) (ad')y @ (aa'); = ¢*(aa),

that is, A is an entwined (A, C)y-module with structure maps p and ¢?. Tt
remains to prove the uniqueness of the entwining map 1 given by (%). Suppose
that there is an entwining map ¢ such that A € MS(¢)) with structure maps
pand o4, Then, for all a € A, c € C,

Yle@a) = c(Pa)y® (Pa)y =Y gh(c?y @a) =d(c@a),

using the definition of the translation map to obtain the last equality. O

34.7. Canonical entwining associated to a Hopf-Galois extension.
Let H be a Hopf algebra and let B — A be a Hopf-Galois extension, that is,
A is a right H-comodule algebra, B = A°f = {he A | o*(b) = b® 1y}, and
the canonical map

can: A®p A — A H, a®d — ao’(d),

is bijective. The canonical entwining structure (A, H), associated to B — A
is given by

Y:H®rA— A®grH, h®a|—>ZaQ®hal

and thus coincides with the one described in 33.2. The category of right
comodules of the corresponding A-coring C = A ®p H is isomorphic to the
category of (A, H)-relative Hopf modules in 33.2.
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34.8. Canonical entwining associated to a coideal subalgebra. Let
A(B)® be a coalgebra-Galois extension associated to a left coideal subalgebra
of a Hopf algebra A with Ag flat as described in 34.2. Let 7 : A — C' be the
canonical surjection. The translation map in this case is 7(c) = Y Sa'; ® d'y,
where a’ € 77(c). Therefore the canonical entwining structure (A4, C),, comes
out as

Yewa) = Y S(a)(d2a), ®7((d2a),)
= ZS "1)a'ya1 @ w(a'3az) = Za;@w(a'az).

Now note that A is a right A-comodule algebra via the coproduct. Fur-
thermore, C'is a right A-module with the multiplication ca = 7(a'a), where
a' € 7 1(c). Thus we can write

a) = Za;@ca;.

Since 7 is a coalgebra map, C' is a right A-module coalgebra. Thus there
is a Doi-Koppinen datum (A, A, C'), and the canonical entwining structure
is an entwining associated to this Doi-Koppinen datum as in 33.4. Right
comodules of the corresponding coring A ®r C' are therefore Doi-Koppinen
modules as considered in 33.4.

34.9. Canonical entwining corings vs. Sweedler corings. Let B — A
be a coalgebra-Galois extension A(B)Y, and let ) : C @g A — A®g C be the
canonical entwining map. View A @p A as the Sweedler A-coring associated
to the extension B — A, and view A ®g C' as an A-coring associated to the
entwining structure (A, C)y as explained in 32.6. Then the canonical map
can: A®Rp A — A®pg C is an isomorphism of A-corings.

Proof. By the definition of a C'-Galois extension, the canonical map is
bijective. By construction, it is a left A-module map. Thus we need to show
that can is also a right A-module map with respect to the prescribed right
multiplications and that it respects coring structures. Take any a,a’,a” € A,
and use the fact that A is an (A, C)y-entwined module to compute

can(a ® d'd") = ap*(dd") = Z ad’pap ® a'1 @
(63
= Z(aa’g ®a'y)a" =can(a ® a')a”

where ¥(c®a) =) aq ® c¢* is the a-notation for an entwining map. From
this we conclude that can is a right A-module map. Next, since A is an
(A, C')y-entwined module,

o*(a) = o (la) = ) 1paa ® 1,
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This formula then facilitates the following calculation for all a,a’ € A:

can(a®1)®@scan(l®d) = Z(alg@)ll) ®ady®ay
= ) (aly® 1)y ®@d’
= Z alga,ga X 1;01 & a’l

= Zaa/g®a/l®Al®alg

= Aygcocan(a®pd).

Finally, 450 0 can(a ® a') = Y ad'oe(a’y) = ad’ = g4, 4(a ® ).
This completes the proof that can is a coring map. Since it is bijective,
can~! is also an A-coring morphism, thus proving the proposition. O

34.10. A®p C as a Galois coring. Let (A,C), be an entwining structure
over R, and let C = A®pr C be the associated A-coring as in 32.6. Then C is
a Galois A-coring if and only if (A, C)y is the canonical entwining structure
of a C-Galois extension B — A.

Proof. If C corresponds to the canonical entwining structure of a C-
Galois extension B «— A, then A is an (A4, C)y-entwined module, and thus
C has a grouplike element g = (1) by 32.16 and B = A;"C by 32.17. By
349, Avp A ~ A®pr C as A-corings via the canonical map can. Note that
can(1 ® 1) = p(1) = g. Hence (C, g) is a Galois coring. Conversely, if (C, g)
is a Galois coring, then A is a right C-comodule, and by the correspondence
in 32.6 it is an (A, C)y-module. The corresponding grouplike in C is g =
0*(1) = 321, ® 1;. Furthermore, A% = {be A|o*(b) = > by ®1,} = B
since A € MG (¥) (cf. 32.17). For the same reason the A-coring isomorphism
cang : A®p A — A®pg C (see 28.18) explicitly reads

cang(a ®p a) Zlo®1 a —Z algaiy@lf:Zaa’Q@a’l

and thus coincides with the canonical map can. This proves that B <— A is a
C-Galois extension and, by the uniqueness of the canonical entwining struc-

ture (cf. 34.6), (A, C)y must be the canonical entwining structure associated
to B — A. O

34.11. Structure theorem for coalgebra-Galois extensions. For an
entwining structure (A, C')y over R, with C flat as an R-module, the following
are equivalent:

(a) A(B)® is a C-Galois extension with the canonical entwining map 1 and
A is faithfully flat as a left B-module.
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(b) A € MY (%) and the induction functor — @ A : Mg — MY () is an
equivalence of categories.

Proof. This follows immediately from 28.19 and 34.10 ad

Theorem 34.11 shows that 28.19 is the origin of an important structure
theorem in Hopf-Galois and coalgebra-Galois extensions theory. As a special
case of 34.11 we obtain a

34.12. Structure theorem of Hopf-Galois extensions. Let H be a Hopf
algebra, and let C = H/I be a quotient coalgebra and a right H-module (cf.
Ezxample 34.2). Let m : H — C denote the canonical surjection. Let A be a
right H-comodule algebra with coaction 0 : A — AQgr H and view it as a right
C-comodule via o* = (Iy®m) o o. Thus (A, H,C) is a Doi-Koppinen datum,
and we denote by MG (H) the corresponding category of Doi-Koppinen Hopf
modules (cf. Example 33.4). Let B={b€ A| o*(b) =b®@n(1)} and suppose
that C is R-flat. Then the following are equivalent:

(a) A is a faithfully flat left B-module and A is a coalgebra-Galois extension
of B by C.

(b) The induction functor — @5 A : Mp — MY (H) is an equivalence of
categories.

To any coalgebra-Galois extension A(B)“ one can associate a B-coring,
provided certain flatness-type conditions are satisfied. This coring can be
viewed as a generalisation of a gauge or Ehresmann groupoid that is associated
to a principal fibre bundle (cf. [32]).

34.13. The Ehresmann coring. Given a C-Galois extension B — A with
translation map 7, consider a (B, B)-bimodule

C= {Ziai ®a €A Al Ziai9®7(at)&i = Ziai ®a' @p1}.

If A is faithfully flat as a left B-module, then C is a B-coring with the co-
product and counit

é(zl a'®a') = Zl a'y @ 7(a) ®d, Q(Zi a'®ad’) = Zl a'al.

The B-coring C is called the Ehresmann or gauge coring and is denoted by

E(A(B)C).

Proof. Clearly, C is a (B, B)-bimodule. Directly from the definitions
one finds that A and e are both B-bilinear (in the case of A one uses that

o? is left B-linear by the construction of B). First we need to show that A
is well defined.
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Let 1 be the canonical entwining map associated to A(B)®. Then, for
any (B, B)-bimodule M, one can view M ®p A®p A as an (A, C)y-entwined
module with right coaction M®549rd(m @ a®@a') =S m ® ag ® Y(a; ® d’)

!0

and A-multiplication (m ® a ® a’)a” = m ® a ® a’a”. By applying 14 ® can
to the defining relation of C and using the definition of ¢ in terms of 7, one
easily finds that

C = (A®RA)COC
= {JdedeAerAl Y, dy@p(ady@ad’) =), a' ®@a'p?(1)}.

Since A is a faithfully flat left B-module, 28.19 and 34.10 imply that the
functors —®p A, (—)®°C are inverse equivalences. In particular, the morphism
in MG (v),

Oy MRpARRA — (M®BA®RA)C°C®BA, maQa’ — Zm®a9®7(al)a',

is an isomorphism with the inverse Y., m'®@d' ®a' ®a— >, m' ® a’ ® d'a.
Clearly this is also a left B-module isomorphism. Choosing M = B, we
obtain the isomorphism C ® g A ~ A ®r A. The form of 0 immediately
confirms that for all ¢ € C, A(c) € C ®5 A ®r A. Next note that in fact
Ac) € (Cop A®r A)°Y since, for all c = > a' @ d@,
Y dy®@a @d @ @d) = 3, di©7(dh) @ @)
= Ydo®7(d’) ®a'et(1),

where we used 34.4(4) to derive the second equality. Now take M = C and
use Oc and Op to derive the following chain of isomorphisms in MY (¢):

(CRpARRA)°RpA~CRpARrA~C®pCQp A.

Since pA is a faithfully flat module we conclude that (C ®p A ®g A)COC ~
C ®pC, that is, A(C) € C ®pC, as required.

Now it remains to be proven that A is coassociative and that € is a counit.
For the former take ¢ = )", a’ ® @' € C as before and compute

(A®I)oAle) = Y, Aldy®d, ") ®d?®d
= Y, do@ady! ©dy? @ dy © a2
= Y .ad'v®7(a’y) ®@T(a’y) @ a'.
On the other hand,
(Ie®@A)oAle) = Y, dg®a',' @ Aa')? @ a)
= Ydy®ad ®adi}@d,
= Y .ada®7(a"y) @ 7(a’y) ®a',

|©
&
@N
—
[}
|—=
—1
&
Q@
|—=
[\el}
|=
e}
®
S
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where 34.4(4) was used to derive the last equality. This proves the coasso-
ciativity of A. The counit property of ¢ is verified by the following simple
calculations, which use 34.4(3) and 34.4(2), respectively:

(e®Ic) o Alc Zaoa111®a12®a—2a®a—c
where we used that ¢ =3Y",a’ ® @' is in C, and

(IC ®5C) oé(c) = Zz aig®ailiail2di — Zz aigéf(ail) ®(~11 — Zl ai ® CNLI = c.
This completes the proof of the theorem. O

In the case of a Hopf-Galois extension, the Ehresmann coring of 34.13 is
in fact a bialgebroid (see 31.6 for the definition of a bialgebroid).

34.14. The Ehresmann-Schauenburg bialgebroid. Let H be a Hopf al-
gebra and let B — A be a Hopf-Galois extension (cf. 34.7). Suppose that A
is a faithfully flat left B-module and let E(A(B)?) be the associated Ehres-
mann coring (cf. 34.13). Then E(A(B)H) is a subalgebra of A¢, and it is a B-

bialgebroid with the source map s : a — a®1 and the target map t : a — 1®a.

Proof. In view of 34.7, the right coaction of H on A ® A comes out
as p1®rYa @ d') = > ap ® d’y ® aya’y. Since the right coaction of H on A
is an algebra map, one easily checks that the coinvariants (A @ A)*°H are a
subalgebra of A¢. Then clearly s and ¢ make £(A(B)) into an A°ring, and
condition 31.6(3) is checked by a routine calculation. 0

The notion of a coalgebra-Galois extension can be dualised. As a result,
one obtains the notion of an algebra-Galois coextension to which one can
associate a unique, canonical entwining and thus also a coring. We now
describe this construction following [77]. In the rest of this section, R = F
is a (commutative) field and all algebras, coalgebras, and so on, are over F.
Any unadorned tensor product of vector spaces is also over F'.

34.15. Coalgebra coextensions. Let A be an F'-algebra, and let C be an
F-coalgebra and a right A-module with A-multiplication oo : C @ A — C.
Denote C* = Homp(C, F'). Let J be a subspace of C defined as

J = span{) (ca)i&((ca)s) — Y cié(ca) |a € A,c € C, & € C7}.

Let B=C/J and 7 : C — B/J be the canonical surjection. Then:

(1) J is a coideal in C, and hence B is a coalgebra.

(2) View C as a left B-comodule with coaction o = (m ® I¢) o A and view
C® A as aleft C comodule via “0 ® I4. Then oc is a left C-comodule
map.
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(3) Im ((Ic ® oc) o (A ® 14)) € COpC.

Proof. (1) By 6.3(4), it suffices to prove that D := {( € C* | {(J) =0} is
a subalgebra of the dual algebra C* (cf. 1.3 for the definition of the convolution
product and dual algebra). Note that ¢ € D. Furthermore,

D={CeC|(C*&)(ca) ZCcl (c2a), forall a € A, ce C, ¢ € C*}.
If (,(’ € D, then for all a € A, ¢c € C and £ € C*,

(Cx¢)*&)(ca) = (Cx(¢#&))(ca) = Y ¢le)(¢ *&)(can)
= > (la) CSG) = Z(C*C')(Cﬁf(cga)-

Hence ( x ' € D, and D is a subalgebra of C*, as needed.

(2) Choose a € A, ¢ € C. The fact that gc is a morphism of left B-
comodules can be written as Y 7((ca)1) ® (ca)z = > 7(c1) ® cea, which is
equivalent to the condition

> w((ca))é((ca)y) = Y m(cr)é(caa), for all¢ € C*

This proves the assertion.
(3) Observe that this assertion can be stated as

Y a®m(e) @aa=Y a@n((ca))® (ca).

This is true by the left B-colinearity argument in part (2) of the proposition
applied to the last two tensorands. O

34.16. Algebra-Galois coextensions. Let A be an algebra, C' a coalgebra
and right A-module with the A-multiplication o¢, and B = C/J, where J is
the coideal of 34.15. We say that C is a (right) algebra-Galois coextension (or
A-Galois coextension) of B if and only if the canonical left C-comodule right
A-module map

can=(lc®oc)o(A®1y):C®A— COC
is bijective. An A-Galois coextension C' — B is denoted by C(B) 4.
Notice that the map can is well defined by 34.15.

34.17. Entwining structures and algebra-Galois coextensions. Let C
be an A-Galois coextension of B, C(B)a. Then there exists a unique map
Vp:C®A— A®C entwining C with A, such that C € MS(¢¥) with the
structure maps A and oc. The map v is called the canonical entwining map
associated to an A-Galois coextension C' — B.
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Proof. This is shown by dualising the proof of 34.6, details are left to
the reader. We only mention that, for any A-Galois coextension C' — B,
one can define a cotranslation map ¥ : COpC — A, ¥ = (e ® [4) ocan '
By dualising the properties of the translation map listed in the Translation
Map Lemma 34.4 (or directly from the definition of 7), one can establish the
following properties of the cotranslation map:

(i) ToA=10ec.
(ii) oco (Ic®@T)o (A®Ic) =e®Ic on CORC.
(iii) 7o (Ic®pc) =po (T ®I4) on COC ® A.
These can be used to prove that a map ¢ : C ® A — A® C given by

Y= (7@lc)o(Ilc@A)ocan, Y(c®a)=» F(c1,(c20)1) D(caa)s,
is the required entwining. O

Thus, in view of 32.6 and 34.17, given an algebra-Galois coextension
C(B)4a there is an associated A-coring C = A ® C. The (A, A)-bimodule

structure in C is given by
a(d' ®c)a” = Z ad'7(cy, (c2a")1) ®(caa")a,

where 7 is the cotranslation map. The coproduct and counit are [, ® A and
I, ® €, respectively.

34.18. Algebra-Galois coextension and coideal subalgebras. Let C' be
a Hopf algebra with coproduct A, counit €, and the antipode S. Let A be a right
C'-coideal subalgebra of C, that is, a subalgebra of C' such that A(A) C A®C.
View C' as a right A-module via the product in C, and suppose that A is a
faithfully flat right A-module. Consider the coideal J C C' as defined in 34.15
and the corresponding quotient coalgebra B = C/J. Then C — B is an
A-Galois coextension, and the canonical entwining map is

¢(c®a)=2a;®cag, forallae A, ce C,

that is, it coincides with the entwining constructed in 33.2 (note that A is a
right C-comodule algebra here, since A is an algebra map).

Proof. First note that J = CA™, where AT = ANKee is the augmenta-
tion ideal. Indeed, taking £ = ¢ in the definition of J, and using the fact that
the coproduct and counit in C' are algebra maps, one immediately concludes
that CAT C J. Conversely, any element of J is an F-linear combination
of elements x = > (ca)i1£((ca)2) — > c1€(cea), for some a € A, ¢ € C and
¢ € C*. By the counit property of ¢, this x can also be written as

z=7 (ca)ié((ca)y) — Y ere((cza))é((cza)s).
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Since C' is a Hopf algebra, both A and e are multiplicative maps, so that

xr = chalf( C2G 2) - chg( 20 l)5(0§a2>

- 201(115 2015 )€ (czaz)
= > alm- e(ag)acgag.

Since A(A) C A® C, we conclude that z € CAT, as needed. Thus B =
C/(CA"). In particular, the canonical coalgebra surjection 7 : C' — B is a
left C-module map. If C'is a faithfully flat right A-module, then by the same
argument as in 34.2, we obtain the identification

AZCOBC:{CLGC| Zﬂ'(al)@(@:ﬂ'(lc>®a}.

We claim that the canonical map can, which in this case is of the form can :
c®a Yy ¢ ® ca, has the inverse

an ' COpC — C® A, Z'ci®éil—>z'0il®5(6ig)éi.

First note that can—! is well defined since, for all z = > cd®dé e Cogl,

(Ic@m®lc)(Ic®A)can(z) = 3,1 @m((S(c'2)e)1) ® (S(c'2))2
= Y. @n(S(c'3)d) ® S(cy)d'y
= 21 ®8(c)m(e) ® S(c'2)e's
= Y, c1 @ S(cl3)m(cly) ® S(c%y)E
= 2, c1@m(S(c'3)c’s) ® S(c'y)
= 2,c107(le) ®S(c)d,

where we used the fact that 7 is a left C-module map to derive the third and
fifth equalities, and the fact that x € COgC to obtain the fourth equality.
This means that

an (COR0) CC®“PC =03 A,

as required. Clearly can ! is a right A-module and a left C-comodule map.

Furthermore, for all a € A and c € C,
can '(can(c®@a)) =can (D1 ® a) = > ¢ @ S(ep)cza = ¢ R a,
and for all z = . ¢ ® ¢ € COpC,

can(can'(z)) =can(},; ¢’y ® S(c'p)e") = 37, 'L ® ¢'25(c’) ¢ = w.
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Therefore can~! is the inverse of the canonical map can, as claimed. Note

that the cotranslation map reads
Tl @) =3 e(c)S(c)d =37, S(c)e

Applying this formula to the definition of the canonical entwining map v in
the proof of 34.17, we obtain, for all a € A and ¢ € C,

Y(ec®a) =) 7(c1 ®cpar) ®czay = ) S(c1)caar @ czag = ) a; @ cay,
as asserted. O

Thus to any left coideal subalgebra of a Hopf algebra one can associate a
coalgebra-Galois extension by 34.2, and to any right coideal subalgebra one
can associate an algebra-Galois coextension by 34.18, provided some faithful
flatness conditions are met. It has been observed in [68] that in many ex-
amples of particular interest in quantum geometry, such as quantum spheres,
left and right coideal subalgebras are actually isomorphic one to the other.
This results in the isomorphism of quotient coalgebras and thus gives one
two geometric interpretations for a coideal subalgebra. One can interpret
such a subalgebra either as a base manifold or else as a fibre of corresponding
principal bundles with isomorphic total spaces.

34.19. Exercises

(1) Suppose that R = F is a field, and let A(B)® be a coalgebra-Galois extension
associated to a coideal subalgebra A; of a Hopf algebra A, as described in
34.2. Suppose that A is a faithfully flat left A;-module (thus, in particular
Ay = B = A®°Y). Show that the Ehresmann coring £(A(B)Y) (cf. 34.13) is
isomorphic to the B-coring C = A ®p B. A (B, B)-bimodule structure on
A ®p B is given by

bla @ V)" = Zbla @ bob't”, for all b,v',b" € B, a € A,
and the coproduct and counit are
Ala®b) = Za;@ az ®b, e(a®b)=c¢e(a)b,

for all a € A, b € B. Here the natural identification A ® p B®g A ®r B =
A®p A®p B has been used. (Hint: the isomorphism is  : C — £(A(B)®),
a®br Y a3 ® S(az)b, and its inverse is 071 : > a' @ a’ — . a'y @ a’ya’.)

(2) Use the properties of the cotranslation map to prove that the map 1 defined
in the proof of 34.17 satisfies the bow-tie diagram conditions.

References. Brzezinski [67, 68, 73|; Brzezinski and Hajac [77]; Brzezinski
and Majid [79, 80]; Chase and Sweedler [12]; Doi and Takeuchi [107, 108];
Husemoller [21]; Kreimer and Takeuchi [147]; Mackenzie [32]; Montgomery
[37]; Miiller and Schneider [163]; Schauenburg [183]; Schneider [186, 187, 188];
Takeuchi [198].



Chapter 6

Weak corings and entwinings

This chapter is devoted to a generalisation of corings in which it is not as-
sumed that a coring is a unital (A, A)-bimodule. Such generalised corings
are known as weak corings. Various parts of the theory of corings can be
transferred to this more general situation. We discuss this transfer. Weak
corings can be seen as a natural algebraic framework for a generalisation of
bialgebras known as weak bialgebras. We derive weak bialgebras from weak
corings and study their properties. Finally, we consider examples of weak
corings coming from a modification of entwining structures.

35 Weak corings

Usually modules over associative algebras A are assumed to be unital. It
turns out, however, that there are (A, A)-bimodules C that satisfy all the
conditions for corings except unitality, that is, the multiplication with 14 is
no longer the identity map in C. Such algebraic structures are called weak
A-corings, and these together with their weak comodules are the subject of
this section. In particular, we study when A itself is a weak comodule and
define Galois weak A-corings. Applications to weak Hopf algebras and weak
entwining structures are subjects of the following sections.
As before, A is an R-algebra with unit 14 (often written as 1).

35.1. Nonunital modules. By M4 (resp. AM) we denote the category of all
(not necessarily unital) right (left) A-modules with the usual homomorphisms.

M, (resp. AM) contains unital modules as a full subcategory.

For an R-algebra B, AMB denotes the category of (A, B)-bimodules,
which need not be unital either on the left or on the right; that is, for any
M e )Mpandme M,a € A, be B, (am)b= a(mb) but possibly mlg # m
and 1a4m # m. For M, N € AMB, the set of bimodule morphisms M — N
will be denoted by 4Hompg(M, N). Again unital bimodules 4Mp form a full
subcategory of AM;B.

For any M € M4 there is a splitting A-epimorphism,

—®1A M—)M@AA m»—>m®1A,
which is injective (bijective) if and only if M is a unital A-module. The

canonical isomorphisms M ®4 A — M A, m ® a — ma, and Homa(A, M) —

357



358 Chapter 6. Weak corings and entwinings

MA, f — f(14), are used to identify M ®4 A and Hom (A, M) with M A.
In particular, MA = M14.

For any A-module morphism f: M — N, themap f R[4 : M ®4 A —
N ®4 A can be identified with the restriction f |ya: MA — NA, which is
also denoted by f. Since M A is a unital module, there is a functor

~ @AMy —>MAaCMy, Mo MeuA fr [ L
which is left (right) adjoint to itself; that is, for any M, N € M A,
Hom(M ®4 A, N) ~ Homy (M @4 A, N ®4 A) ~ Homa(M, N ®4 A).

In particular, this implies Hom4 (M, A) ~ Hom (M A, A).
Similar constructions and properties hold for A®4 — and left A-modules.
For any M € 4M 4, this induces a splitting (A, A)-morphism,

Iy —®14: M > AR MR A= AMA, m—1,0m® 1y =1amly,
and isomorphisms gsHom4 (M, A) ~ 4Homy(MA, A) ~ 4Hom,(AMA, A).

35.2. Weak A-corings. A bimodule C € AMA is called a weak A-coring
provided there are two (A, A)-bilinear maps

A:C—>CR4AR4C, e:C— A,

the weak coproduct and weak counit, rendering commutative the diagrams

C 2 CRAA®AC
Al \LIC@IA@A
C®AA®ACMC®AA®AC®AA®AC7
and
C

CRLAR4C 1a®— | —®14 CRiAR4C

C.
Writing A(c) =Y ¢; ® 14 ® ¢y for ¢ € C, these conditions are expressed by

Z(@@1A®CQ®1A®ngzcl®1A®c§®1A®c@

Zg(cﬁcz =14cly = Z c1(ea).
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A weak A-coring C is said to be right (left) unital provided C is unital as a
right (left) A-module, and clearly C is an A-coring provided C is unital both as
a left and right A-module. Notice that A need not split as an (A, A)-bimodule
morphism unless C is left and right unital.

For the rest of the section (C, A, ¢) denotes a weak A-coring.
35.3. Corings and weak corings.
(1) (CA,A,¢) is a (right unital) weak A-coring;
(2) (AC,A¢) is a (left unital) weak A-coring;
(3) (ACA, A, e) is an A-coring.
There are various types of duals of C, and we use 35.1 to derive the
canonical isomorphisms

C* := Homy(C,A) =~ Homu(CA,A),
(AC)* := Homa(AC,A) =~ Homu(ACA, A),
*¢ = sHom(C,A) =~ ,Hom(AC,A),
*(CA) = sHom(CA,A) ~ ,Hom(ACA,A),
*C* = sHomu(C,A) =~ sHomyu(ACA,A)=*CNC*.

35.4. Dual algebras.

(1) C* is an algebra (without a unit) by the product fx"g(c) = > g(f(c1)ca),
for f,g € C*, c € C. The weak counit € is a central idempotent in C*,
and (AC)* = e *" C*.

(2) *C is an algebra (without a unit) by the product fx'g(c) =" f(c1g(ca)),
for f,g € C*, c € C. The weak counit ¢ is a central idempotent in *C,
and *(CA) ~*C #l ¢.

(3) *C* is an algebra by the product fx g(c) = > f(c1)g(c2), for f,g € *C*,
c € C, with unit e.

Proof. Most of the assertions have the same proofs as for corings. For
example, to prove the centrality of £ in assertion (1), take any f € C*, c € C
and compute

frele) =2 elf(el)er) = 32 flee(er) = 30 flee(ep)) = f(1cl), and

e+ fle) =3 fleler)e) = f(Lel). O

35.5. Weak comodules. A module M € MA is called a right weak C-
comodule provided there is an A-linear map o™ : M — M ® 4 A® 4C rendering
commutative the diagrams

C2
C2

M M
o

M 2 M @4 AC M 2= M4 AC

ng llé@A l[@s
-®1

M®AA64>M®AAC®AAC M ®4 A.
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With the notation o (m) = >>my ® 1 ® my, for all m € M, the conditions
stated above are equivalent to the equalities

Zm0®1A®Am1 ZQ (mo) ® 14 ® my, mlA—Zmos 1)

Left weak C-comodules are defined in a symmetric way.

Notice that any weak A-coring C has a left and a right coaction (by A)
which, however, need not be weakly counital. On the other hand, it is easy
to see that the obvious right C-coaction on AC is weakly counital, that is, AC
is a right weak C-comodule. Similarly, CA is a left weak C-comodule.

35.6. Weak comodules and comodules. Let M be a right weak C-
comodule.

(1) MA is a weak comodule over C.

(2) MA is a weak comodule over the (left unital) weak A-coring AC.
(3) MA is a weak comodule over the (right unital) weak A-coring CA.
(4) MA is a comodule over the A-coring ACA.

Notice that the structure map o™ : M — M ®4 A®4C of weak comodules
need not be injective even if C is a coring. For example, considering A as an
A-coring (by A : A~ A®y4 A, € = 1), every right A-module M is a weak
A-comodule by the map —® 1: M — M ®4 A, which is not injective unless
M is unital.

35.7. Morphisms. A morphism of weak comodules f : M — N is an
A-linear map such that the diagram

M ! N
ng J{QN
Mo A N e, AC

commutes, which means oV o f = (f®1Iac)oo™ . The set Hom® (M, N) of weak
comodule morphisms is an Abelian group, and by definition it is determined
by an exact sequence,

0 — Hom®(M, N) — Homu (M, N) — Homy (M, N ®4 AC),

where 1(f) = o¥ o f — (f & L1c) 0 o™

The following observations are easy to verify.
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35.8. Weak coaction and tensor products. Let X be any unital right
A-module. Then X ®4 C is a right weak C-comodule by

Ix @A : XR,C— X®41C®4 AC.
For any morphism f: X —Y in My,
fRI: X®R4C—-Y®sC

is a morphism of weak C-comodules.
For any index set A, AN @, C ~ AC™ as weak comodules.

35.9. Kernels and cokernels. Let f : K — M be a morphism of weak
C-comodules. There is a commutative diagram with exact rows in M 4,

K ! M g

QK\L \LQN[
Kou ACT2 Mo, AC2S N @, AC—— 0.

N 0

By the cokernel property of N in M 4, this can be completed commutatively
by some A-linear map o~ : N — N ®4 AC. An easy check shows that this
makes N a weak C-comodule, and so f has a cokernel as a weak comodule
morphism. The existence of a kernel of f can be shown in a similar way
provided the functor —® 4 AC respects injective morphisms, that is, AC is flat
as a left A-module. The arguments are the same as for comodules (compare
3.5, 18.6).

35.10. The category MC. The right weak C-comodules with their morphisms
form an additive category denoted by MC.

(1) The category MC has direct sums and cokernels, and it has kernels
provided AC is flat as a left A-module.

(2) For any M € MC, X € M, the map
Hom®(MA, X ®,C) — Homy(MA, X), f+ (Ix®¢)of,

is an isomorphism natural in M and X . Its inverse is h — (h®1Ic)oo™.
(3) The functor — @4 CA : My — MC s right adjoint to the functor
— @4 A: M — My,

Proof. (1) It is easy to check that coproducts in M4 yield coproducts

in MC in an obvious way. The rest is clear by the preceding remarks.
(2) For all h € Homa(MA, X)), the composition

M €
MA-2>MA®,Cc" x o, 0% x
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gives back the map h. Let f € Hom®(MA, X ®4C) and put h = (Ix ®¢)o f.

M
Then the composition MA 2— MA®4C hele x ®4C yields the map f. Thus

the given assignments are inverses to each other. Any morphism M — N
in M, induces a morphism MA — NA, and so it is easy to see that the

isomorphism is natural in both arguments.
(3) This follows from (2) by Hom®(M A, X®4C) ~ Hom®(M, X®4CA). O

35.11. Corollary. There are isomorphisms
End®(ACA) ~ (AC)*, CEnd(ACA) ~ *(CA),
both given by f — co f, which are anti-ring and ring morphisms, respectively.

Proof. Set X = A and M = AC in 35.10 and perform computations as
in the proof of 18.12. O

35.12. Exactness of the Hom®-functors. Let 4C be flat and M, N € ME.
(1) Hom®(—, N) : M¢ — My, is left exact.
(2) Hom®(M, —) : MC¢ — My, is left ezact.
(3) If A is right A-injective, then Hom®(—, ACA) : MC — Mp, is ezact.

Proof. One can follow the proofs of 3.19 and 18.17. a

35.13. A as a weak comodule. The following are equivalent:
(a) A is a right (or left) weak C-comodule;
(b) A is a right (or left) ACA-comodule;
(c) there exists a grouplike element g € ACA (that is, A(g) = g ®4 g and
elg) =1).
If this holds, we write A, (or ;A) when A is considered as a weak right (or
left) C-comodule.

Proof. (a) < (b) Let A be a right C-comodule by 0 : A — A ®, C.
Then Im o* C ACA and A is a right ACA-comodule. The converse is obvious.
(b) < (c) Since ACA is an A-coring, the claim follows by 28.2. For a
grouplike element g € C, 0% : A — A®4C, a — 1® ga, is a coaction on A. O

It AM € Mc’ any comodule morphism f : A — M is uniquely deter-
mined by the image of 14 € A and one defines the

35.14. Coinvariants. Let g € ACA be a grouplike element.
(1) The coinvariants of any M € MC are defined by

M = {f(14) | f € Hom"(Ag, M)} = {m € MA| " (m) =m ® g}.
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(2) In particular, for M = A there is a subalgebra
A ={f(14) | f € End®(Ay)} = {a € A| ga = ag} C A.
(3) The map EndC(Ag) — AC f s f(14), is a ring isomorphism, and
Hom (A, M) — M€, f = f(14),

is a right A -module isomorphism, for M € MC.
(4) For any N € My there are isomorphisms

Hom®(A,, N ®4 ACA) — Homu(A, NA) — NA,
f = (Uxn®g)of +— (Iy®eg)o f(la).
(5) (AC)*C ~ Hom®(A,, ACA) ~ Homu (A, A) =~ A, with the maps
¢4 Hom®(Ay, A® 4 ACA) — Homu(A, A) — A, frocofse(f(1a)).
Proof. With canonical morphisms in 35.1, the proofs of 28.5 apply. O
The standard Hom-tensor relation yields:

35.15. The coinvariants functor. Let g € ACA be a grouplike element and
B = A°C. There is an isomorphism

Hom®(N ®p A, M) ~ Homp(N, Hom®(A,, M))
that is natural in N € Mp and M € MC. Thus the functor
(=) ~ Hom®(Ay, =) : M® — Mp, M s M,

is right adjoint to the induction functor — g A : Mpg — Mc, where N ®p A
is a right C-comodule with coaction Iy @ 0.

Furthermore, if aC is flat, then (—)°C is exact if and only if A is a pro-
jective object in ME.

35.16. Galois weak A-corings. Let g € ACA be a grouplike element and
B = A°C. Then (C,g) is said to be a Galois weak coring if A, (equivalently
4A) is a Galois comodule over ACA, that is, there is an isomorphism

Hom®(A,, AC) ®5 A, — ACA, f®ar f(a).

By the morphisms in 35.1, the arguments of 28.18 (resp. 18.26) prove:
If g € ACA is a grouplike element, then the following are equivalent:

(a) (C,g) is a Galois weak A-coring;
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(b) there is an isomorphism cany : A ®p A — ACA, a ® b+ ag?(1)b;
(c) (ACA,g) is a Galois A-coring.
With the results observed so far the proof of 28.19 yields:
35.17. The Galois weak coring structure theorem. Let g € ACA be a
grouplike element and B = A“C.
(1) The following are equivalent:

(a) (C,g) is Galois weak coring and A is flat as a left B-module;
(b) AC is flat as a left A-module and A is a generator in MAC4;

(c) AC is flat as a left A-module, and, for any M € MACA, there is
an isomorphism

MC@zA— M, m®a— ma.

(2) The following are equivalent:
(a) (C,q) is a Galois weak coring and gA is faithfully flat;

(b) AC is flat as a left A-module and A, is a projective generator in
MACA that is, HomC(Ag, —) : MACA — Mp is an equivalence.

Comodules over corings are closely related to modules over the dual alge-
bras of corings. To a certain extent this can be transferred to weak corings.

35.18. a-condition for weak corings. We say that C satifies the left a-
condition if the map

anc: N®y AC — Homg(*C,NA), n®cw [f —nf(c)],

is injective for every right A-module N. By 19.3, this is satisfied if and only
if AC is locally projective as a left A-module.

The right a-condition is defined and characterised similarly.
35.19. Weak C-comodules and *C-modules. Let M, N € MC.
(1) The left action
~CRrM = M, f@m— (Iya® f)o o (m),

defines a left *C-module structure on M.
(2) Hom®(M,N) C -cHom(M, N), and equality holds for all M, N € MC if
and only if AC 1is locally projective as a left A-module.

Proof. Modulo the canonical maps for nonunital modules, the proof of
19.3 (resp. 4.3) applies. O

Left weak comodules are related to right C* modules in a similar way.
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35.20. *C- and C*-actions on C. For any weak A-coring C there are actions

~ 1 "CQRC—CA, f@cm (lea® f)oA(e),
~:CRrC* = AC, c®g— (g®Iac)oAlc).

For any c € C, c—e = 1¢l 4 = e—~c. Furthermore,

(1) forall f € °C, g € C*, (f=c)—g = f=(c=[);
(2) for all f € *C, h € *C*, f* h(c) = h(f—=c) = f(c=h).

Proof. This is proved by direct computation. O

35.21. The category of weak comodules. Let C satisfy the left a-
condition.
(1) MC is a full subcategory of*cﬁ.
(2) For every M € MC, M ®4 AC is generated, and M A is subgenerated,
by the right C-comodule AC.
(8) For every M € Mc, finitely generated *C-submodules of M A are finitely
generated as (right) A-modules.
(4) If ACA is finitely generated as a right C*-module (left A-module), then
“(ACA) € M€,

Proof. (1) This is clear by 35.19.
(2) There is an epimorphism A — M ®4 A of right A-modules. By

35.8, this yields an epimorphism in MC,
(A C0)N ~ AN @, C — M ®4 AC.

Notice that o is a comodule morphism but need not be injective. However,
the restriction to M A C M is injective and hence M A is a subcomodule of
M @4 AC.

(3) For k € M A, consider the cyclic submodule K := *C—~k C M A. By
35.19, there exists a weak coaction ¥ : K — K ®4 AC, and let o(k) =
S ki ® ¢, where k; € K, ¢; € C. Hence, for any f € *C, f-k =
Yo kif(ci), that is, K is a finitely generated right A-module.

(4) Let ACA be a finitely generated right C*-module (or left A-module)
with generators aq,...,a, € ACA. Consider the map

“(ACA) — *(ACA) (ar, . ..,a,) C (ACA)" C (AC)", [+ f-(ay,... a).

Since *(ACA) acts faithfully on ACA, this is a monomorphism of left *(ACA)-
modules. So *(ACA) is a submodule of the weak comodule (AC)" and hence
is a right weak C-subcomodule (by 35.19). 0

Reference. Wisbauer [212].
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36 Weak bialgebras

Weak bialgebras were introduced in mathematical physics as a means for
studying some types of integrable Hamiltonian systems and as symmetries
of certain quantum field theories. They can be viewed as a generalisation
of bialgebras in which the coproduct is required to be a multiplicative but
not necessarily unit-preserving map. In this section we describe the basic
properties of and present a conceptual framework for weak bialgebras.

Throughout, (B, u, A) denotes an R-module B that is an R-algebra with
multiplication p and unit 1 as well as a coalgebra with comultiplication A
and counit ¢, such that

A(ab) = A(a)A(b), for all a,b € B.

In explicit formulae we often need two copies of A(1), and hence we write
> 1, ®1yand > 1y ® 1y for A(1)

With the twist map tw we can form another product pu™ := p o tw and
coproduct A™ := tw o A for B, and the resulting structures (B, ™, A™),
(B, p™,A) and (B, p, A™) are again algebras and coalgebras with multi-
plicative coproducts. Based on any of these data, B ®g B is, canonically, an
algebra with unit 1® 1 as well as a coalgebra with counit e ®e (cf. 2.12). The
question we want to study is, when is B ® g B a weak B-coring?

36.1. Comultiplications on B®g B. Given (B, u,A), consider B&g B as
a (B, B)-bimodule with multiplications

ad(a®b) -c=(da®b)A(c) = Za'acl@)bcg, for all a,d’,b,c € B.

(1) For (B, u,A) define the maps

élB@RB — (B@RB)@)B(B@RB) ~ (B@RB)l(X)RB,
a®b — E((I@bl)@B(l@bz) — Zall®bl12®b27

c:BerB — (B®zB)-1 2% B,
a®b — (a®b)-1 +—— > alie(bly).

(2) For (B, u™,A™) consider the maps
A" :a®b— Z(a Rb) @p (1®0b), ™e™:a®@br— Z 1yae(1,b).

The module B ®r B with these maps is denoted by B ®%, B.
(3) For (B, u™,A) consider the maps

A:a®br— Z(a@bl) Rp(1®by), e™:a®@brs leCLE(lgb).
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(4) For (B, u, A™) consider the maps
A" a®b— Z(a Rb) @ (1®0b), "e:a®b— Zalgs(bll).

Then all the A are (B, B)-bilinear weak coproducts on B®g B and all the
€ are left B-linear with

(a®b)-1=(Ip®e)oAla®b), foralla,be B.
Proof. (1) Clearly A is a left B-module morphism. For b,c € B,

A((1®0b)-c) = > (L ® (bep)1) ®p (1@ (bey)2)
= > 1l ®biegla @bacoy = > 1 ® bicg ® bacy
= > (1®b) ®p (c1 ® bacy)
= > (1®h)@p(l®b) c=A1®D)-c.

This shows that A is right B-linear. The coassociativity of A follows easily
from the coassociativity of A. Clearly ¢ is left B-linear. Moreover, for a,b €
B

’

Ip®g)oAla®@b) = > (a®@b)®plie(baly) = ) aly @ byilye(byls)
= Z all®b12 = (a®b)1

The proofs for (2), (3) and (4) follow the same pattern. O

In general, the properties of A and € observed in 36.1 are not sufficient
to make B ®g B a coring, in particular, neither ¢ is right B-linear nor holds
(e®Ip)oAla®b) =(a®b)-1. To ensure these properties we have to pose
additional conditions on ¢ and A. We say that (B, u, A) induces a (weak)
coring structure on B ®p B if the latter is a (weak) B-coring with the maps
defined in 36.1. Recall that (B, u, A) is a bialgebra provided A and e are
unital algebra morphisms.

36.2. B®gr B as a B-coring. The followig are equivalent:
(a) (B, u,A) is a bialgebra;
(b)
(c)
(d)
(¢)
Proof. The equivalence of (a) and (b) follows from 33.1 via the corre-

spondence between corings and entwinings. The remaining assertions follow
by symmetry and are easy to verify. O

B, 1, A) induces a coring structure on B @g B;
B, u™, A™) induces a coring structure on B ®g B;

B, u™, A) induces a coring structure on B @ B;

o~ o~ o~ —~

B, i, A™) induces a coring structure on B ®g B.

Part of the symmetry is lost in the case of weak corings.
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36.3. B®r B as a weak B-coring.
(1) The following are equivalent:

(a) (B, u, A) induces a weak coring structure on B @g B;
(b) (B, ™, A™) induces a weak coring structure on B Qg B;
(¢c) (w.1) e(abc) = > e(aby)e(bic), for a,b,c € B;
(w.2) (Is®A)oA(l) = (10 A1) (A1) ©1)
(=X 11 ®1lpl,®1y).
(2) The following are equivalent:
(a) (B, u, A™) induces a weak coring structure on B Qg B;
(b) (B, u™,A) induces a weak coring structure on B ®g B;
(c) (w™.1) e(abec) = > e(aby)e(byc), for a,b,c € By
(w*.2) (Is®A)o A1) = (A1) @ 1)(1® A(1))
(=> 11 ®1hly ® 1y).
Proof. (1) (a) = (c) If B ®g B is a weak B-coring, then ¢ is right
B-linear and
c(1®a)-b-c) = e((1®a)-be = > be(aby)c
(1®@a)-(be)) = 22 (be)ie(albe)y).

[

Now apply € to obtain

> elaby)e(bie) = > e((be)y)e(albe)z) = X2 e(ae((be)y)(be)z)) = e(abe).
Since ¢ is a weak counit, we obtain
(I®a)-1=>e(l®a)®ay=>_ 11e(a1ls) ® as.
Setting a to be either 1y or 1 yields
(1@ 1)A1) = 2 1ie(lynly) ® iy, and
A(l) = Y he(lylyn) © 1y.
Finally, evaluation of Ig ® A at the second equality yields
(Ip@A)oA(l) = > 11e(lyl) @1y 1 ® 1o g
= > 1e(1inlh) ®11m®1y = > 1, @111, ® 1y
(¢) = (a) Suppose that (w.1) and (w.2) are satisfied. Then, for all a,b €
B,
e((1®a)-1-0) = > (Ip®e)(liby ®alyby) = 37 11by e(alsby)
w1y = Y. 1ibie(als)e(ly
(w1) = Z 1101 ¢(a é)a
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that is, € is right B-linear. By (w.2), for all a € B,

Ye(l®a)®az = > e(1®(al)) ® (al)2
= 2 (Up®e)(li®ailyly) ® agly
w2) = > (Ip®e)(li ®a1ly) ®azls
= 2 Lig(amly) ®azly = 3 11 ® (e ® Ip)A(aly)
= > 1, ®aly = (1®a)A(1l) = (1®a)-1.
This shows that € is weakly counital.

(b) < (c) is shown with a similar computation.
(2) The proof is similar to the proof of (1). 0

36.4. Grouplike elements. Assume that (B, p, A) induces a weak coring
structure on B&grB. Then A(1) and A™(1) are grouplike elements for BRr B
and B ®%, B, respectively.

(1) B is a right B ® B-comodule, and, for any M € MP®rB, the coin-
variants are
MeoBERB) = {m e MB | o™(m) =3 ml; ®13)}, and
BCO(B®RB) = {CL & B| A(a) = Z CL].l@ 12}

(2) B is a right B®% B-comodule, and, for any N € MB®%B  the coinvari-
ants are
NCO(B(X)%B) — {n c NB ’ QN<n) — Z n12® 1;}’ and
Bco(B®ORB) — {a c B’ A(a) = Z 1261 ® 1l}

Proof. A(1) is a grouplike element for B @ B since

AA(D) = X (L®ly)®@p(1®1n)=> (11 ® 1) ®@p (1® 1)
= YA @ (1, ®1) = A1) @5 A(1), and

EAQ) = Us®2)(A(1)-1) =S 1e(ly) = L.

Similarly one can show that A™(1) is a grouplike element for B ®% B.

(1) By 35.13, B is a right B ® g B-comodule and 35.14(1) yields the given
characterisation of the coinvariants.

(2) The proof is analogous to the proof of part (1). 0

An algebra and coalgebra B with a multiplicative coproduct is called a
weak R-bialgebra provided (B, pu, A), (B, u™, A™), (B, ™ A) and (B, pu, A™)
all induce weak coring structures on B ®g B. This is the most symmetric
definition of a weak bialgebra, which immediately implies that if B is a weak
bialgebra, so are all possible twists B, B®? and (B%)“P. Some of the
requirements listed above, however, are redundant, since from 36.3 we obtain:
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36.5. Weak bialgebras. Let B be an algebra and a coalgebra with a multi-
plicative coproduct. Then the following are equivalent:

(a) B is a weak bialgebra;

(b) (B, u,A) and (B, u, A™) induce weak coring structures on B Qg B;
(c) (B, ™, A™) and (B, u™, A) induce weak coring structures on B @g B;
(d) the conditions (w.1), (w.2), (w™.1) and (w™.2) in 36.3 are satisfied.

In case (B ®r B, A, ¢) is a B-coring, the condition b ® 1 = A(b) implies
b = £(b)1, which means B°P®rB) = R1p and R is an R-direct summand in
B. This is no longer true in the weak case, but some results in this direction
still hold.

36.6. Coinvariants in weak bialgebras. Let B be a weak bialgebra.
(1) For any a € B the following are equivalent:
(a) Ala) =3 al, ® 15 (that is, a € B@PBERE) )
(b) Ala) =3 Lia®1y;
(c) a =73 elaly)ly;
(d) a =3 e(lia)ly.
(2) For any a € B the following are equivalent:
(a) Ala) =3 1, ® 1ya (that is, a € BPBERE) )
(b) Ala) =>_ 1; ®aly;
(¢) a =3 11e(1za);
(d) a =73 1ie(aly).

Proof. (1) (a) = (c), (b) = (d) Apply € ® I to the equality in (a) and
(b), respectively.
(¢) = (a), (b) Assume a = Y €(aly)ly. Then

(wtv.2)

Ala) = elal)ly® 13 =" > elal)lly @1y =3 al; ® 1y,

w.2 -
Y el @y =Y La® 1.

(d) = (a) is shown similarly.
(2) The proof goes along the lines of the proof of (1). O

Recall that, for any R-module B that is an R-coalgebra and an R-algebra,
the convolution product fxg = po(f®g)oA, for all f,g € Endg(B), makes
(Endg(B), %) an associative R-algebra with unit coe, that is, toe(b) = e(b)1p,
for any b € B (see 15.1). Besides the unit for * there are two other maps that
are of particular interest for weak bialgebras.
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36.7. The counital source maps. Assume that (B, u,A) induces a weak
coring structure on B @ B. Define the maps

MR:BES BorB -5 B, b Y 15e(bly),
MBS BorB -5 B, b Y e(1,b)1,

which obviously satisfy M x I = Ip = Ig x %, For all a,b € B:
(1) (1) X bi@nH(by) =3 Lib® 1y
(ii) art(b) = 3o NH(arb)az (= Y e(arb)az);
(iii) f*0E(b) = f(11b)1y, for any f € Endg(B);
(iv) MF ot =nk;
(v) e(ab) = e(amt (b)) and ML (ab) = ME(art(b));
(vi) ME(a)1E(b) = ME(ME(a)b).
So B :=nL(B) is a subalgebra of B and MF is left BX-linear.
(2) (i) 221 (by) @by =37 11 ® bly;
(ii) N (b)a = 3= aiN"(bay) (= 3 are(baz));
(iii) M g(b) = S 1,9(bly), for any g € Endg(B);
(w) Mftonf =nk;
(v) e(ab) = e(Mf(a)b) and NE(ab) = (MR (a)b);
(vi) N (a)E(b) = M (an?(b)).
So B® :=R(B) is a subalgebra of B and M% is right BR-linear.
The maps M*, M are known as left, resp. right, counital source maps.
Proof. (1) (i), (ii) follow directly from (w.1) and (w.2); (iii) is a conse-

quence of (i).
(iv) and (v) follow from the computations

NH M a) = 3 ele(lia)lyly)ly = 37 e(lia)e(lyly)ly
w1 = . e(lya)ly = MN*(a), and

elant (b)) = 3 e(as(11b)1y)
w1) = Y elaly)e(11d) = e(ab)

M (ME (a)ME (b)) = Z e(1,M*(a)b) 1y = M= (M (a)b).

(2) If (B, p, A) induces a weak coring structure on B ®pg B, then so does
(B, u™, A™) (see 36.3), and the proof is similar to the proof of (1). O
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36.8. The base algebra of a weak bialgebra. For any weak bialgebra B,
(1) BB®rB) — BL and B" is a direct summand of B as a left B*-module;

(2) BPBeRB) = BR gnd B is a direct summand of B as a right BY-
module;

(3) BE and BY are commuting subalgebras of B;
(4) BY and B® are separable and Frobenius as R-algebras.

Proof. (1) and (2) follow by 36.4, 36.6 and 36.7.
(3) Let z € BY, y € BE. Then, by (w.2) and (w™.2),
vy = Y e(lz)lalye(yly) = 22 e(lir)lylae(yly)
= 2 lre(yly)lee(liz)ly = yo.

(4) We prove the assertion for BY =: A by showing that
€ = ZHL<1L) (%9 126 A@RA

is a separability idempotent and a Frobenius element, and that ¢ induces a
Frobenius homomorphism E := ¢|4. By 36.7(1)(i), A(1) = Y. 1, @ ¥ (1,) €
B ®p A, and, consequently, e = > ¥ (1) @ M¥(13) € A®g A. Explicitly,

e=3,a;®ad =3 e(lyl)ly ® 1y
Now, take any b € B and compute

Y EMEO)a)a = Y e(lpl)e(MH(b)ly)ly = Yoe(1,M15(b))1,
= Ye(lpb)e(lpli)ly = Ye(lib)e(lx)1z = M*(b),

where we used (w.1) to obtain the second equality and then (w™.2) to obtain
the penultimate one. Similarly,

Sy aE@ntb) = Y e(lyl)e(1an5(b) 1y
= YOy = NHOHE) = Nkb).

Here the second equality follows from (w™.1), while the last equality is the
consequence of (1)(v) in 36.7. This shows that A is a Frobenius algebra with a
Frobenius element e and Frobenius homomorphism FE. It also implies that for
all a € A, ae = ea. Furthermore, the multiplicativity of A and the definition
of the counit immediately imply that . a;a’ = > e(1111/)121y = 1. So e is
a separability idempotent and A is a separable Frobenius algebra. a

By the definition, given a weak bialgebra B, B ®r B is a weak B-coring.

It turns out that B itself is a coring. Even more, B is a bialgebroid (cf. 31.6)
with the subalgebra B” as a base algebra.
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36.9. Bialgebroid structure of weak bialgebras. Let B be a weak bial-
gebra with coproduct A, counit €, and let A =Im(NY) as in 36.8. Then B is
an A-bialgebroid with source and target s,t : A — B given by

and comultiplication A : B — B ®4 B and counit € : B — A given by
Ab) = (xoA)b) =D @by, e(b)=r"(b),
where x : B®r B — B ®4 B is the canonical projection.

Proof. First note that t is the restriction to A of a more general map
t:B— B, b > 1,6(13b). Now, (w.2) and (w™.2) imply for all b,0’ € B,

ME@)EP) = 32 e(1b)1zlye(1pb) = 32 e(11b) 1 lae(1pb) = ()5 (D), (+)

and hence, for all a,a’ € A, s(a)t(a’) = t(a’)s(a), as required for the source
and target maps.

Observe that, for a weak bialgebra B, its co-opposite B®? (B with flipped
comultiplication) is also a weak bialgebra, and t is a left counital source map
for B®P. Thus the corresponding statements 36.7(1)(i)—(vi) hold for ¢, in
particular ¢(bb') = t(bt(d')) and t(b)t(b') = t(t(b)b') for all b, € B. Using
these relations as well as equation (%), we obtain for all b,b" € B,

(M (D)) = (M (B)1(b)) = ()™ (b)) = t(b)£(M"(b)).

This immediately implies that ¢ is an anti-algebra map.

Again, since t is a left counital source map for BP, there is a version of
36.7(1)(i) for ¢, in particular, > #(1;) ® 13 = > 1; ® 15. Furthermore, note
that t o ¥ = ¢, since, by (w.1), for all b € B,

tor®(b) = 3° Lie(1n"(b) = 3o Lie(laly)e(lyb) = 37 11e(12b) = t(D),
as required. Since Y MF(1;) ® 15 is a separability element for A,
a3 N (1) @ 1p =3 M*(1y) ® 1aa,

for all @ € A. Now, applying ¢t ® Ip to this equality and using the above
results (including the fact that ¢ is an anti-algebra map), we deduce that

Z 1lt(CL) X 12 = Z 1;@ ]_gCL, fOl” all ac A
Therefore, for all b € B and a € A,

Z bl® ng(CL) = Z blll (%9 bglga = Z blllt(a) & bzlg = Zbﬂf(a) X bz,
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that is, A(b) € B x4 B. Finally, using (w™.1), note that for all b0’ € B,
e (b)) = 2 e(Libly)e(1xb) 1y = 37 e(1306) 1 = NFDY), (%)

so that
(') = MEY) = nEENEE)) = mH(bs(e()),
= E@p) = Nt beE®)),
as required for a counit of a bialgebroid. Note that we used 36.7(1)(v) to

derive the first conclusion, and (*x) together with the fact that t =t oML to
obtain the second conclusion. This completes the proof. ad

36.10. Antipodes. An element S € Endg(B) is called a left antipode if
SxIg =N and S *M* = 5. Explicitly, this means that for all b € B,

> (Sby)by =3 11e(bly) and 32 5(11b)1y = S(b).
S is called a right antipode provided Ig * S = M’ and M xS = S, that is,

> bi(Sby) = > e(11b)1y and > 1,5(bly) = S(b).
S is called an antipode if it is both a left and a right antipode, that is, the
following identities hold:

Sxlp=nt SxlgxS=S, IgxS=rnk

A weak bialgebra B with an antipode is called a weak Hopf algebra.

It is straightforward to see that the antipode of a weak bialgebra has
the usual properties of the antipode in case B is a bialgebra (then MY and
M2 coincide with ¢ o ). On the other hand, the essential properties of the
antipodes can also be shown for the weak case.

36.11. Antipode and source maps. Let B be a weak Hopf algebra with
antipode S. Then, for any a,b € B:

(1) 32e(S(b)1)1p = N (b) = 35 S(11)e(120).

(2) 3 11e(125(b)) = M (D) = 32 e(b11)S(12).

(3) MtomB=mtoS=SomM? and Mot =mfoS=S8ont.

(4) M (an®(b)) = 3Z arn*(b)S(ag) and MM (a)b) = 37 S (b)) (a)bs.
(5) S(BY) = B® and S(BF) = BL.

Proof. Let b € B. The first equality in (1) follows by the computation

nh) = Ye(Lin*(b)1y

36.6 = > e(M(b)1)1s = > e(b1S(b2)11)12
s6.7(2) = 3 e(M(b1)S(b2)11) 12

3610 = » e(S(b)11)1y
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The first equality in (2) results from an analogous calculation. For the first
equality in (3) compute (again referring to 36.6, 36.7 and 36.10)

MtoSM) = 3e(1uS®)ly = > e(115(by)baS(bs))1
= 2 e(LiS(0)M* (b)) 1z = 3 e(11S(b1)b

b1y = oA,

\ ,_.

and an analogous computation proves M% o S =M ont.
As an intermediate result we show

>28(b)1 ® S(b)g = > 115(bg) ® 125(by) (%)
by the computation

AoS(h) = SA(S

The equality () is then used to show

MFoS(b) = Y2 8(0)1S(S(b)2) = > 11S(b2)S(12(S(by))
= Y 11(S(10% (b)) = 1,(S(M7(b)12) = S oM (b);
> S(11S(b2))12(S(by)

Mo Sk) = >S8(S(b)1)S(b)2
= 22 5%(b2)S(by) =

2e(10)S(1y) = Ye(lab)Sonf(ly) = 3oe(1ab)N o S(1y)
= 2 e(1b) e(lyS(I))ly = > e(lab) e(1yly)ly
= 2 e(lyb)y = m7(b),

and the second equality in (2) is shown with a similar proof. The statements
in (4) are easily derived from (1) and 36.6. The assertions in (5) follow
immediately from the equalities in (1), (2) and (3). 0
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36.12. Properties of the antipode. Let B be a weak Hopf algebra with
antipode S. Then for any a,b € B:

(1) S(ab) = S(b)S(a), that is, S is an algebra anti-morphism. Furthermore,
A(S(D) =S ® S(A™(b)), that is, S is a coalgebra anti-morphism.

(2) S(1g) =1 and €0 S = ¢, that is, unit and counit are S-invariant.

Proof. To show that S is an anti-morphism of algebras we compute

S(ab) = 37 S(asbi)aghyS(aghs) = > S(arby)*(agn*(by))
)

5(en) = T ey SIS (e

To show that S is an anti-morphism of coalgebras we first compute

2 9(1) ®@S(ly) = Yo lye(11S(1h)) @ S(1y)
= > 1y ®S5(1x)e(1rly)
= Yl (ly) = Y 1L,®1;.

Now equation (x) in the proof of 36.11 yields

2.8()1®@S(b)2 = > 115(b2) ® 125(by)
= > S(11)S(b2) ® S(11)S(b1) = >-S(ba) @ S(by)-

For the claims in (2) observe that S(1) = S(M%(1)) =Nk (Nf(1)) = 1, and

e(S(b) = X2e(S(by)by
= > e(S(b)b

(3) The assertions follow by the computations

Db @S(b)bs = Y b ®@e(baly)S(12)
= > bily ®e(byly1;)S(1y)

= > bily ®e(byly)S(13) = > bl ® S(1),

Y biS(by) @by = > S(1y)e (1261)®b2
= ZS( )
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36.13. Galois corings. Let B be a weak bialgebra. Then the weak B-coring
B ®pg B is said to be Galois if there is an isomorphism (see 35.16)

canB:B®BLB—>(B®RB)-1, a®b»—>(a®1)A(b)
Obviously, cang is a left B-module morphism.

36.14. Existence of antipodes. Let B be a weak bialgebra. Then:
(1) B has a right antipode if and only if cang has a left inverse in gM.

(2) cang is an isomorphism if and only if B has an antipode.

Proof. (1) (<) To simplify notation put cang = . If 3 is a left inverse
of 7, then 1®@5cb = Boy(1®zLb) = B(Ab), and application of Iz @M* yields
ME(b) = (Ip @ M) o B(Ab). The composition

S:BY¥SBerB L (BorB)-1 - Boy B B

is a right antipode since

po(id®S)oAb) = Y bi((Ip@MN*)B(11 @ baly))
= (Ig®mF) o B(Ab) = NE(b), and

MExSb) = >21.9(b1y) = > (Ip @) 0 B(11 ® bly) = S(b).
(=) Let S: B — B be a right antipode and consider the map
B:B®rB—B®@p B, a®@br » aS(bh)@pe by
By the property

Blla®b)A(1)) = > alyS(bilye) ®pr byly
(w.2) Z allS(blll/ 12) ®BL bz]_zl
= > aS(bly) @pe byly = Bla®b)

it induces a map 3 : (B®g B) -1 — B ®pr B, which is a left inverse of v
since, for any b € B,

Bovy(l®prb)=pF(Ab) = > 01S(ba1) ®pr by = > b11eS(bia) @pr by
> HL(b )®prby = 1®pLb.

(2) (=) Assume that v is bijective. By (1), there exists a right antipode
S, and hence Ip * S x Iz =ME x Iy = Ig. Any element in (B ® B) - 1 can be
written as » . a;Ac;, for some a;, ¢; € B, and

Yoo (Ip®(S*1Ip—ep))(ade) =3 ai(lp* S Ip— Ipxep)(c) = 0.
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This implies for (1 ® b)A(1) € (B® B) - 1, where b € B,

ME(b) =3 Lie(bly) = > 11 S« Ip(bly) = > 115(bily) bola
(w2) = Z 11 (b111/12) bg 2

= Z S(bllll) b212/ = S*]B(b)

Moreover, M % S = S Ig*S = SNk =S, showing that S is an antipode.
(<) We know for (3 defined in (1) that So~ is the identity map on B&gr B.
Furthermore, for any a,b € B,

yoB((a®b)-1) = > (aS(b) ® 1)A(b2) = > aS(b1)by @ by
= > aSbu)bia®by = a Y (b)) @b
367100 = a(l®b)-1 =

showing that o (3 is the identity on (B ®pg B)-1. So 7y is an isomorphism. O

36.15. Weak Hopf modules. Let B be a weak bialgebra. Then weak right
B®p B-comodules are called weak Hopf modules and their category is denoted
by MP®rB_ They have the following properties.

(1) B is a right (and left) weak Hopf module with a grouplike element
Allg)=> 1 ®1,.
(2) The coinvariants of any M & MB®rB e

MBORB) — 1 e M | o™ (m) = m @5 Ap(1p)}.
(3) For any N € My, the coinvariants of N @5 (B ®pg B) are
Hom?®"3(B, N ®5 (B ®r B)) ~ NB.

In particular, B°P®rB) = BL and (B @ B)*B®rB) ~ B,
(4) For anym € M € MB®rB .1 = > my M (my).

Proof. By 36.4, A(1p) is a grouplike element and the assertions (2) and
(3) follow from 35.14. The coinvariants of B are considered in 36.6. Finally,
(4) follows from the counitality of M and the definition of M%. 0

36.16. Fundamental theorem for weak Hopf algebras. For a weak
R-bialgebra B, the following are equivalent:

(a) B is a weak Hopf algebra;

(b) B ®pg B is a Galois weak coring;

(c) HomP®rP(B ) : MB®rBE)1 — My, is an equivalence with inverse
- ®BL B;
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(d) for every M € MB@rB)L = 5o NoBORB) @ .1 B — M, n® b+ nb,
18 an isomorphism.

Proof. (a) < (b) is shown in 36.14.
(b) = (d) First observe that, for any m € M,

oM (moS(my)) = > (meo ® mo1)(S(my)y ® S(my),)
= > mS(mz) ® myS(my)
36.12(3) = »_ mpS(lamy) @ S(11) =D meS(my)l; @ 1,

that is, > mgS(my) € MP2eB) Now define a map
B:M— M°BrB) @ B, m— ngS(ml) ® ma.
This is the inverse to ¢ since, on the one hand, for any m € M,
pof3 ng (moS(my) @ my) ngl_lR =
and on the other hand, for any n € M©B®rB) p c B,

Bopn®b) = pB(nb) = Bn)b = Y nl1S(ly) @ 13b
e S e L,S()lsh = n®b

(c) < (d) This follows from the commutative diagram

Hom®®#B(B M) @t B—— M

:l _

MeBerB) @ ., B M.

(d) = (b) This follows from the observation that cang = p(gyp)1. O

Recall that the category of comodules over a weak coring B ®p B is
a Grothendieck category provided B ®g B is flat as a left B-module (see
35.10). Tt follows from 36.7(3) that any weak bialgebra B has B as a direct
summand, which means that B is flat as a left B/-module if and only if it is
faithfully flat. Hence the characterisation of a ring as a generator for related
comodules in 35.17 immediately implies the

36.17. Structure theorem for weak Hopf algebras. For any weak R-
bialgebra B, the following are equivalent:

(a) B is a weak Hopf algebra, and B is flat as a left B*-module;
(b) B®gr B is flat as a left B-module and

(i) B is a weak Hopf algebra, or
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(ii) B is a (projective) generator in MPErB)I1 - op
(i4i) HomP®rP(B, —) : MPB2eB)1 _ Mg, is an equivalence, or

(iv) for every M € MPBSrB)I1 V0B @ B — M, m ®b — mb, is
an isomorphism.

Proof. First note that the equivalence of all the assertions in (b) follows
from 36.16.

(a) = (b.i) If B is flat as left BX-module, then B ®pzc B ~ B®p B is flat
as left B-module.

(b.ii) = (a) By the flatness condition, monomorphisms in M(Z@rB)1 are
injective, and hence the module-theoretic proof (see 43.12) works to show
that the generator B is flat over its endomorphism ring B*. ad

36.18. Remarks.

(1) The description of weak bialgebras in 36.5 shows that the definition
we use here is equivalent to the original definition in [65], which is stated in
terms of conditions (w.1), (w.2), (w™.1) and (w™.2). The only difference is
that no assumptions on R or the dimension of B are made here. Most of the
computations can be found in [65].

Since B ®p B is flat (projective) as a left B-module provided B is flat as
an R-module, the conditions of 36.17 hold for any weak Hopf algebra over a
field, and for this case the statements are shown in [65, Theorem 3.9].

The antipodes satify in particular S x Ig xS =S and Ig xS x Ig = Ip,
the conditions used by Fang Li in [114] to define his “weak Hopf algebras”.

(2) The relationship between weak bialgebras and bialgebroids described
in 36.9 was first established in [113], under the stronger assumption that a
weak bialgebra is a weak Hopf algebra with a bijective antipode. The fact
that it suffices to take a weak bialgebra to produce a bialgebroid was realised
by Schauenburg in [185]. Furthermore, in [113] the following refinement of
36.9 is proven:

If H is a weak Hopf algebra, then the corresponding bialgebroid over A is a
Hopf algebroid.

On the other hand, the following converse to 36.9 is proven in [138] (cf.
[185]):

Over a field F', if A is a Frobenius-separable algebra (that is, a Frobenius and
separable algebra for which a Frobenius element coincides with the separability
idempotent), then any A-bialgebroid is a weak bialgebra over F.

We note that a Frobenius-separable algebra is termed a Frobenius index-1
algebra in [138].
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(3) There are several examples of weak Hopf algebras that come from
mathematical physics. In particular, weak Hopf algebras appear as symme-
tries of partition functions of the IRF-type integrable models ([128]) and also
as algebraic structures related to the dynamical Yang-Baxter equation (cf.
[113]). Other examples of weak Hopf algebras include the generalised Kac
algebras introduced in [216]. On the other hand, examples of weak Hopf
algebras were obtained as a generalisation of Ocneanu’s paragroup [172] in-
troduced in the context of depth-2 subfactors of von Neumann algebras. In
view of 36.18, as a corollary of 31.15 one obtains that, given a depth-2 Frobe-
nius algebra extension B — D, with the centraliser A = D?, which is a
Frobenius-separable algebra, the endomorphisms space H = gEndg(D) is a
weak Hopf algebra [138].

References. Bohm, Nill and Szlachdnyi [65]; Bohm and Szlachanyi
[66]; Brzezinski, Caenepeel and Militaru [76]; Brzezinski and Militaru [81];
Caenepeel and DeGroot [82]; Etingof and Nikshych [113]; Fang Li [114]; Hi-
rata [130]; Kadison [137]; Kadison and Szlachdnyi [138]; Lu [154]; Nakajima
[164]; Nill [169]; Schauenburg [183, 185]; Sweedler [192]; Takeuchi [196]; Wis-
bauer [212]; Xu [215]; Yamanouchi [216].
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37 Weak entwining structures

In this section A denotes an R-algebra with product p and unit (map) ¢,
and C' an R-coalgebra with coproduct A and counit e. We have seen in 32.6
that entwining structures are in one-to-one correspondence with A-coring
structures on A @ C. Now a natural question arises. Suppose that A ®p C
is a weak coring. What is the relationship between A and C?7 This leads to
the introduction of

37.1. Weak entwining structures. A triple (A4, C, 1)) is said to be a (right-
right) weak entwining structure (over R) if ¢ : CQrA — A®rC is an
R-module map satisfying the following four conditions for all a,b € A, c € C,
where the a-notation ¥ (c®a) = )", a, ® ¢ from 32.3 is used:

(we.l) Y (ab)e @ c™ =3, anbs ® .
(we.2) D aa(ci@1) ®@ch =3, 5005 @1’ ® "
(we.3) >, aqe(c®) =3, e(c*)1qa.
(wed) Y, la@c*=> e(c1%)1la ® .
In comparison with the definition of an entwining structure in 32.1, one
sees that this generalisation is obtained by keeping the left pentagon equation
but weakening the right pentagon equation and replacing the triangle equal-

ities by hexagon equalities. Note that the right pentagon equation implies
(we.2).

Weak entwining structures are in bijective correpondence with canonical
weak coring structures on A ®g C.

37.2. Weak corings and weak entwining structure. Consider A ®p C
as a left A-module canonically.

(1) If (A,C,) is a weak entwining structure, then A @ C' is a right A-
module by

(a®c)-b=ap(c®b), forabeA ceC,
and A @g C is a left unital weak A-coring with coproduct and counit

A:ARrC — (ARrC)®4(A®r(C) ~ (A®gr(C)-1®5C,
a®c — Y (a®c)®s(1®c) — Y.(a®c) 1 cy,

e: ARrC — (A®rC)-1 — A,
a®c — (a®c)-1 +— ([®e)(la®c)-1).
(2) Assume that A ®p C is an A-coring with A and € as defined in (1).
Then the R-linear map

C®rA—A®rC, c®a— (1®c)-a,

s a weak entwining map for A and C.
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Proof. Clearly both A and ¢ are left A-linear. The equalities
(1®c)-ab=>(ab)a®@c®, (1®c)-a-b=>"a.bs® P,
show that (we.1) implies that A ®z C' is a (nonunital) right A-module. By
definition,
A(l®c)-a = Y(10c)®@a(1®¢) -a=2(18®c) @1 (X aa®c2”)
= Y aup®ciP ®cp®, and
A(180)0) = AT 0®e) = Y(aa® ) 180
= 2 (L ® 1) @ %,
and hence (we.2) implies that A is right A-linear.
The remaining conditions are related to properties of €. The equalities
e((I®e)-a)=I1@e((1®c)-a) =) a.e(c*), and
c((1®e)-1)ra=Ia®e((1®c)-1))-a=> e(c*)],a

show that € is a right A-module morphism provided (we.3) holds, and by

(I®e)-1 = > 1,®c* and
E@le)eAl®c) = Ia®e® (X la®a® @) =2 e(a)]la @y
we see that ¢ is weakly counitary provided that (we.4) is satisfied.
(2) If A®pg C is a weak A-coring with the given maps, the reverse con-

clusions show that the map defined by the right multiplication yields a weak
entwining between A and C. O

Immediately from the definition of a weak bialgebra (cf. 36.5) and 37.2
one obtains the following example of a weak entwining structure (cf. 33.1):

37.3. Weak bialgebra entwining. Given a weak bialgebra B, the triple
(B, B, 1) with

V:B®rB—B®rB, V®b— > b &b
1s a weak entwining structure.

As pointed out in 35.3, associated to any weak coring C there is a coring
ACA. This yields in our situation:

37.4. A coring associated to a weak entwining structure. Let (A, C, )
be a weak entwining structure. With the right A-module structure defined by
Y (see 37.2), the product C = (A®rC)- A is an A-coring with coproduct and
counit
A:C—-C®4sC, (1®c) -1+ Zaﬂlolg@cf@cza,
e:C—A, 1®c)-1—> 1,e(c”).
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Proof. This follows from 35.3 with explicit formulae taken from 37.2. O

37.5. Weak entwined modules. For a weak entwining structure (A, C, 1),
right weak comodules over the canonical weak coring A ®pg C are called weak
(A, C,)-entwined modules . In this context, the category MA®£C is denoted
by MG(¥).

For M € M4®r¢ and m € M, write o™ (m) = Y mg ® my, where mg €
MA and m; € C, and coassociativity is given by the commutative diagram

M

M 2 M @4 (A®gC)
QM\L J(IM@)A
M®Iag o
M®A (A@RC) M®A (A®RC) Xa <A®RC)>

corresponding to the identity

ng R4 (1®@rpmi1) @4 (1 @rmya) = Zm@ ®a(1®@rme1) ®a (1 @rmy).

Expressing the right multiplication by A in terms of 1, this gives
> met(my @r1) @rmiz = Y mogth(mor O 1) @ my
in MA®gC ®pC. A-linearity of oM is expressed by the relation
oM(ma) =" moy(m; ®ra) in MA@ C.

For example, any unital right A-module with a coassociative right C-coaction
is a weak (A, C,¢)-entwined module provided it satisfies the latter compati-
bility condition.

As in the case of a bialgebra entwining in 33.1, modules for a weak bial-
gebra entwining in 37.3 are simply the weak Hopf modules in 36.15.

37.6. Dual algebra and smash product. Let A ®g C be a weak A-coring
(as in 37.2). Then the isomorphism sHom(A®zC, A) ~ Hompg(C, A) induces
an associative algebra structure on Hompg(C, A) with the product

flgle) = gle)ypf(er?), forall f,g € Homg(C, A), ce€ C.

This algebra is called the smash product of A and C' and is denoted by
#(C, A). Although #(C, A) has no unit, it has a central idempotent e,

efc) =e(l®c) =11 ®e(1®c)-1), forceC.
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If C' s locally projective as an R-module, then:

(1) The category MA®&C of right weak A @ C-comodules is a full subcat-
egory of My a).

(2) A®pg C subgenerates all weak right A @ C-comodules that are unital
right A-modules.

(3) If C is finitely generated as R-module, then #(C, A) x, e € MA®RC,
Proof. For f,j € sHom(A®z C, A) =*(A @k C) (cf. 35.4),

feg = Zf((1®0;)'§(1®cz)) ~
= Y fal®a)yec’) = Yil®a)y flec),

and this induces the multiplication stated. Since ¢ is a central idempotent
in *(A®gpC) (see 35.4) and e is the image of ¢ under the isomorphism
aHom(A ®p C, A) — Hompg(C, A), e is a central idempotent in #(C, A).
If C is locally projective as an R-module, then A ®z C' is a locally projective
A-module and hence it satisfies the a-condition. So (1) and (2) are special
cases of 35.21. Moreover, if C is finitely generated as an R-module, then
A ®pg C is finitely generated as an A-module, and so is its homomorphic im-
age (A®g C) - A. Now 35.21(4) implies that *((A®rC)-A) ~*(A®r C)x'¢e
is in MA®RC, and this ring is isomorphic to #(C, A) ' e. O

37.7. The existence of a grouplike element. Let (A,C,v) be a weak
entwining structure. Then the associated A-coring A @gp C' (see 36.5) has
a grouplike element g € (A®g C) - A if and only if A is an (A, C,vY)-weak
entwined module. The grouplike element is g = 0(14), where o is the right
coaction of C' on A.

Proof. This is a special case of 35.13. O

General examples of entwining structures come from Doi-Koppinen data.
Recall that such a datum comprises an algebra, a coalgebra and a bialgebra. A
natural question arises: is it possible to replace a bialgebra in a Doi-Koppinen
datum by a more general object, for example, by a weak bialgebra? Does such
a new weakened Doi-Koppinen datum lead to a weak entwining structure?
These questions were considered in [64] and [82] and led to the introduction
of respectively weak Doi-Koppinen data and a certain class of weak entwining
structures that we term self-dual weak entwining structures.

37.8. Self-dual weak entwining structures. A weak entwining structure
(A, C,v) is said to be self-dual if

([a@A)otp =(p®Ic)o (Ic @) o (AR Iy).
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Explicitly, we require for all a € A and ¢ € C,

Z o ® 1 ® %y = Zaba,gaﬁa ® c1* ® . (S)

In other words, a self-dual weak entwining structure is a weak entwining
structure that satisfies the right pentagon condition in the bow-tie diagram.
Since (we.l) in 37.1 combined with a right pentagon implies (we.2), we can
equivalently define a self-dual weak entwining structure as a triple (A, C, )
in which the map v satisfies condition (S) and conditions (we.1), (we.3) and
(we.4) in 37.1. This can be expressed as the following bow-tie diagram:

C CRA®A

CeC C®A®A—»O®Aﬁﬁb®C®A ARC®A
d@ll il@qﬁ

Il ARC® A ¥ CRARC I®e®l
I®Y ilb@]

CRARC Ao Ao "™ Awc A0 CwC

AN

ARCK®C

(tensor product over R). The above diagram is self-dual in the same sense as
the bow-tie diagram defining an entwining structure (cf. 32.5). Interchanging
C with A, e with ¢, A with y, and reversing all the arrows, the above diagram
stays invariant (only space rotated). This is the origin of the name of this
particular class of weak entwining structures.

One easily checks that a weak bialgebra entwining in 37.3 is self-dual.
More elaborate examples of self-dual weak entwining structures can be ob-
tained by the following construction.

37.9. A weak coalgebra-Galois extension. Let A be a right C'-comodule
with coaction o, and let

B=A“C={be A| foralla € A, ¢*(ba) = bo*(a)} ~ EndS(A), and
can: AQp A — A®rC, a®d — ao’(d).

View A ®p A as a left A-module via p ® 14 and a right C'-comodule via
Iy ® 0. View A®r C as a left A-module via i ® I and as a right C-
comodule via I4 ® A. Now suppose that can is a split monomorphism in
the category MS, that is, there exists a left A-module, right C-comodule map
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oc: A®rC — A®p A such that 0 o can = Iag,a. Let 7: C — A®p A,
c— o(l®c) and define

V:CRQrA—ARrC, Y =-cano(Iy®u)o(r® La).

Then (A, C,1) is a self-dual weak entwining structure. An extension of alge-
bras B C A satisfying the above conditions is called a weak coalgebra-Galois
extension.

Proof. First we introduce a similar notation as for a translation map by
writing 7(c) = . ¢! ® 2, for all ¢ € C. Directly from the definition of 7 one
deduces the following two properties. First, from the fact that o is a splitting
of the canonical map can, it follows that for all a € A,

Z agaf ® af =1®a. ()
Second, since ¢ is a right C-comodule morphism, for all ¢ € C,
Zci®CQQ®C§l:ZCli®Cl§®Cg. (**)

Note that the equations () and (%) have exactly the same form as the
conditions (3) and (4) in 34.4 for the translation map (thus it makes sense to
term 7 a weak translation map). These are the key properties needed to show
that v satisfies the pentagon identities. Similar to the case of a coalgebra-
Galois extension, for all a,a’ € A and ¢ € C,

(n®Ic)o (Ia®@)o (Y@ Ix)(c®a®ad)
= (u®Ie)o (Li®¥)(D_ c'(Ca)y ® (Fa); ® d))

= Y dCaPa (ol e (o),

= Zc c?aa')y ® (Cad’)y = Yo (Ic @ pu)(c®a®d),

where we used equation (%) above to derive the third equality. Hence the left
pentagon in the bow-tie diagram commutes. Similarly for the right pentagon,

Welo)ole®d)o (A L)(c®a)
= (¢®IC)(201®C2 (ex%a)o @ (c*a)y)
= ch (cr”e2" (e2°a)o)o @ (er°ca! (2" a)o)1 @ (c”a)y
= ZC

A ( il~a)Q)Q ® (Cigcill(c 17a)o)1 ® (c*17a);
- Y

@)o)o & (( a)p)1 ® (ca)y

[ox \O
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where we used equation (x) to derive the third equality and then equation
(#%) to derive the fourth one. It remains to show that (we.3) and (we.4) hold.
On the one hand, for all a € A and ¢ € C,

Zaaaé(ca) = ch(cia)ga((cla)l) = 20162(1
= ) (P)gac((c'l)y) = Zalaas(ca),

while on the other hand, by a similar token and using equation (),

Z Lag(e1*) @y = Z Clicf Qe = Z Cicég ® cél
= Zci(cil)Q@) (cél)l = Zala@ma,
as required. O

Note that in 37.9, A is a weak (A, C,1)-entwined module with the mul-
tiplication given by the product p of A and the C-coaction o?. Indeed, by
using equation (x) in the proof of 37.9; one can compute for all a,a’ € A,

Z a@ﬂ(a; & a/) - Z CLQCLLI (aléa/)g ® (aléa/)l
= ) (ad)® (ad’)y = ¢"(ad’).

Similarly to the case of the canonical entwining structure associated to a
coalgebra-Galois extension in 34.6, one shows that (A, C,1) constructed in
37.9 is the unique weak entwining structure for which A is a weak (A, C,v)-
entwined module via o and multiplication in A.

37.10. The Galois property. Let (A, C, ) be a (self-dual) weak entwining
structure corresponding to a weak C'-Galois extension B — A as described in
37.9. Then the corresponding A-coring (A ®g C) - A (given in 37.4) has a
grouplike element g = 0*(1) and ((A®g C) - A, g) is a Galois coring.

Proof. It suffices to show that Im(can) = C := (A ®g C) - A; then can
will provide the required isomorphism of A-corings. Notice that, from the
definition of ¢ in 37.9, it follows that Imt C Im(can). Since any element of
C is an R-linear combination of typical elements of the form ) al, ® ¢* and
can is a left A-module map, > al, ® ¢* € Im(can). Therefore C C Im(can).
On the other hand, since A is a weak entwined module, for all a € A,

QA(CL) = QA(al) = Zaagla ®a* € C.

In view of the fact that can(a ® a’) = ap?(a’), this implies Im(can) CC. O

A motivating example of a self-dual weak entwining structure comes from
the notion of a weak Doi-Koppinen datum introduced in [64].
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37.11. Right-right weak Doi-Koppinen modules. For a weak R-bialgeb-
ra H (cf. 36.5), a triple (H, A, C) is called a (right-right) weak Doi-Koppinen
datum provided that
(1) (A, o?) is a right weak H-comodule algebra, that is, A is an R-algebra
and a right H-comodule such that, for all a,a’ € A,

(1) 0*(a)o?(a’) = 0% (ad');
(i) (o @ Ig)o0*(1a) =3 1ag @ 1g1lar @ lara.
(2) C'is a right weak H-module coalgebra, that is, C' is an R-coalgebra and
a right H-module such that, for all ce€ C, h,g € H,
(1) Ac(ch) =3 c1hy @ cahy;
(i) ec(clgh)) = 2o ec(cgz)en(grh).
A (right-right) weak Doi-Koppinen module associated to a weak Doi-

Koppinen datum (H, A,C) is a right A-module and right C-comodule M
with coaction oM, such that

oM(ma) =5 mgag ® mya;, forallae€ A, m e M.

Note that o4(a) = Y ay®a; € A®@r H and oM (m) = > me®@m; € M @5 C.

The category of weak Doi-Koppinen modules is denoted by M(H )S.

37.12. Weak entwining associated to a weak Doi-Koppinen datum.
Let (H, A, C) be a weak Doi-Koppinen datum over a weak R-bialgebra H, and
consider the R-linear map

v:CQ®rA— ARRA, c®ar—>2ag®cal.

Then (A,C,v) is a self-dual weak entwining structure and the category of
weak entwined modules MY (v) is isomorphic to the category of weak Doi-
Koppinen modules M(H)S.

Proof. This is proven by direct calculations in a very similar fashion as
33.4 and is left to the reader as an exercise. O

In the context of weak Doi-Koppinen data, one can also consider a more
general notion of a Doi-Koppinen datum over an algebra.

37.13. Doi-Koppinen datum over an algebra. Let (H, sy, ty) be an
A-bialgebroid (cf. 31.6). Then (H, B,C) 4 is called a (left-left) Doi-Koppinen
datum over an algebra A if B is a left H-comodule algebra as in 31.23 and C
is a left H-module coring as in 31.21.

A (left-left) Doi-Koppinen module over A (associated to (H, B,C),) is a
left B-module and left C-comodule M, such that, for all b € B, m € M,
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where Mo(m) = > m_1 ® mg and Th(b) = > b_1 @ by.

Note that since M is a left B-module, it is also a left A-module via the
source map sg : A — B. Note also that the right-hand side of the above
equality is well defined since Im(%) C H x 4 B. The category of Doi-Koppinen
modules associated to (H, B,C)4 is denoted by SM(H; A).

There are various examples of special cases of the category $M(H; A)
obtained by setting B = H, A, A° and C = H, A, A°. In particular, the
category of left H-modules, the category of left H-comodules or the category
of left H-bialgebroid modules in 31.16 are all special cases of the category of
Doi-Koppinen modules over an algebra A.

In 37.11 we constructed right-right weak Doi-Koppinen data and modules
as those built on a weak bialgebra. From 36.9 we know that a weak bialgebra
can be viewed as a bialgebroid. It is therefore natural to ask for the relation-
ship between weak Doi-Koppinen modules and Doi-Koppinen modules over
an algebra. To consider this relationship we need to introduce left-left weak
Doi-Koppinen data. This can be easily done, but to avoid any confusion we
display the definition explicitly.

37.14. Left-left weak Doi-Koppinen modules. A (left-left) weak Doi-
Koppinen datum is a triple (H, B,C), where H is a weak bialgebra over R
(cf. 36.5) and

(1) (B,%) is a left weak H-comodule algebra, that is, B is an R-algebra and
a left H-comodule such that, for all b, € B,

(i) "o(b) (b)) = "o(bb);
(ii) (Ig ® ) o To(1p) = > 1y1 ® 1p_11ys ® 1po.

(2) C'is aleft weak H-module coalgebra, that is, C' is an R-coalgebra and a
left H-module such that, for all c€ C', h,g € H,

(i) Ac(he) =3 hicy @ hacy;
(i) ec((gh)c) = - en(hgz)ec(gc).
A (left-left) weak Doi-Koppinen module associated to a weak Doi-Koppi-

nen datum (H, B, C) is a left B-module and left C-comodule M with coaction
Mo, such that, for b € B, m € M, Mo(bm) = > b_1m_, ® bymny.

37.15. Doi-Koppinen data over A and weak Doi-Koppinen data. Let
H be a weak R-bialgebra with a counital source map MY, and view it also as
an A-bialgebroid, where A = Im(M*) as in 36.9. Then there is a one-to-one
correspondence between the weak Doi-Koppinen data with H and the Doi-
Koppinen data over A with H. Furthermore, the corresponding categories of
Doi-Koppinen modules are isomorphic.
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Proof. The proof relies on checking all axioms for weak comodule al-
gebras and weak module coalgebras as well as for module coalgebras and
comodule algebras over a bialgebroid. Details can be found in [76]; here we
will only point out the correspondences.

If B is a left comodule algebra of a weak bialgebra H, then B is an A-
ring with source map sp : A — B, M*(h) — > ep(1_1h)1y. The A-coring
comodule coaction for B is obtained by projecting its R-coalgebra coaction
via the canonical map H ®p B — H ®4 B. The key observation here is
that condition 37.14(1)(ii) implies for all b € B, > 1y1ep(b_11lp2) @r by =
> 11 ®prbly. This equality in turn can be used to prove that, for all a € A,
be B,

Z b_it(a) ®a by = Z b_1 ®4 bosp(a),

where t is the target map ¢t : A — H, a — > e(1sa)l;. Therefore, the
A-coring coaction for B has its image in H X 4 B, as required.

Conversely, view H as an A-bialgebroid, and let B be a left H-comodule
algebra. Since A is a separable Frobenius algebra by 36.8, the canonical map
H®r B — H ®4 B has a section

01H®AB—>H®RB7 h®bHZhHL(1Hl)®1H2b

With the help of o, the left A-coring coaction % : B — H ®4 B can be lifted
to the R-coalgebra coaction 0o % : B — H @r B.

If C' is a left weak H-module coalgebra with counit - and coproduct
Ac(c) =3 c1®gcg, then C is an A-coring with coproduct Ao (c) = > 1 ®ac2
and counit e-(c) = > ec(cly)ls.

Conversely, if C is a left module coring over an A-bialgebroid H, then its
coproduct can be lifted to the coproduct of an R-coalgebra via the section o
above. Explicitly,

AC 2C—>C®RC, CHZCLHL(ll)(X)lgCg,
where Aq(c) = > ¢ ® co. 0

37.16. Corings and Doi-Koppinen data over an algebra. Let (H,B,C)a

be a Doi-Koppinen datum over A. Then D = C ®4 B is a B-bimodule with
right action given by the product in B and left action b(c®@b') = > b_1c@byl,
for all b,b € B, ¢ € C. Furthermore, D is a B-coring with comultiplication
Ap =Ar® Ip and counit e, = g, ® I, where Ay, €, are the coproduct and
counit of the A-coring C. In this case the categories of left D-comodules and
left-left Doi-Koppinen modules over A are isomorphic to each other.

Proof. First note that the left action of B on D is well defined since the
image of the left H-coaction of B is required to be in B x4 H. The fact that
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it is an action indeed follows from the condition that B is a left H-comodule
algebra. Note also that in the definitions of A, and g, we use the natural
isomorphisms C® 4 BRpC R4 B ~C®4C® 4B and A® s B ~ B, respectively.
Clearly Ap is a right B-module map. To prove that it is left B-linear as well,
take any b,0' € B and ¢ € C, and compute

Ap(bc®b)) =D (b_10)1 @ (bac)y ® bob! = Y b_11¢1 ® b_1¢p @ bob,
where we used the fact that C is a left H-module coring. On the other hand,

béD(C &® b,) = Z b(Cl X ]_) Rp (Cg ® bl) _ Z bllcl 2 bg(cg © b/)
- Z b_1161 ® b_19¢ ® bob'.

This proves that Ap is right B-linear, and hence it is a (B, B)-bimodule map,
as required. The coassociativity of A, follows directly from the definition.

Clearly e is right B-linear. To prove that it is also a left B-linear, take
any b,b' € B, ¢ € C, and compute

ep(blc®@ ) = D eclbac)bol) = Y eplbosn(e (c)))(bob'>
= ) plboatrlee())(bod) = D y(b-1) ec(e)t)

= bosplec(e))b = baD(c®b)

where we used the fact that C is a left H-module coring to obtain the second
equality and then equation 31.6(3) to derive the third one, and the fact that
the image of the left coaction of H on B is in ‘H x4 B to obtain the fourth
equality. This proves that g5 is left B-linear, and hence it is (B, B)-bilinear.
The fact that 5, is a counit of D follows directly from its definition. Thus we
conclude that D is a B-coring, as stated.

To prove the isomorphism of the categories, take any left D-comodule M
and consider it as a Doi-Koppinen module via the same coaction M : M —
CRABRpM~C® A M. Conversely, any Doi-Koppinen module M is also
a left D comodule via ™ : M - C4s M ~C R4 B M =D ®g M. O

Thus, instead of studying the structure of Doi-Koppinen Hopf modules
over an algebra on there own, we can use the already developed coring theory.

37.17. Corings and weak Doi-Koppinen data. Let (H, B,C') be a weak
Doi-Koppinen datum as considered in 37.11. Define the corresponding B-
coring C = {3}, 1.1 @ 1pb" | b € B,' € C} C C ®g B as in 37.4. View
(H,B,C) as a Doi-Koppinen datum over the algebra A = Imr* by 37.15,
and let D = C ®4 B be the corresponding coring constructed in 37.16. Then
C ~ D as B-corings.



37. Weak entwining structures 393

Proof. This is proven by direct computations, and the details are left to
the reader. We only indicate that the isomorphism 6 : D — C and its inverse
are given explicitly by

9:c®Abr—>Zlic®R 1pb, 9_1:2'6i®Rbil—>Z'Ci®Abi.
Note that the map 6 is well defined by 37.18(ii). O

37.18. Exercise.
In the setting of 37.14:

(i) Show that the condition 37.14(1)(ii) implies that, for all b € B,
Z lngH(b;lle) RRr bg = Z 13;1 KRR blBQ.
(ii) Use the equality derived in (i) to prove that, for all a € A, b € B,

> bat(a) @abo =Y b1 ®abysp(a),

where ¢ is the target map ¢t : A — H, a— ) _e(12a)1;.

References. Bohm [64]; Brzeziniski [73]; Brzezinski, Caenepeel and Mil-
itaru [76]; Caenepeel and DeGroot [82]; Wisbauer [212].
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Appendix

38 Categories and functors

Basic definitions and theorems from general category theory are recalled here.
The purpose of this exposition is to provide a convenient reference to the
categorical notions used in coring and comodule theory. For more details we

refer to [40], [42], [44] and [46].

38.1. Categories. A category A is defined as a class of objects Obj(A) and
a class of morphism sets Mor(A ), which satisfy the following axioms.

(i) For every ordered pair (A, B) of objects in A there is a set Mora (A, B),
the morphisms of A to B, such that

Mora (A, B) N Mora (A', B") = 0 for (A, B) # (A', B').
(ii) For any A, B,C € Obj(A) there is a map
Mora (A, B) x Mora(B,C) — Mora(A,C), (f,9)— go f,

called the composition of morphisms, which is associative (in an obvious
sense). Often we write go f = gf.

(iii) For every A € Obj(A) there is a morphism I4 € Mora (A, A), such that
folys= fand [4o0g =g, for any f € Mora(A, B), g € Mora(B, A)
and B € Obj(A). 14 is called the identity morphism of A.

For any category A the dual category A°P has the same class of objects but
reversed morphisms, that is, Moraer (A, A') = Mora (A’, A), for any objects
A, A" € Obj(A°?) = Obj(A).

Given two categories A and B, the product category A x B has ordered
pairs (A, B) with A € A, B € B as objects and

MOI‘AxB((A, B), (A/, B/)) = MOI‘A(A, A/> X 1\/101‘]3(37 B/)

as morphism sets.

For applications of categories (and to avoid the Russell paradox) it is
essential that the objects be a class rather than a set. Categories in which
the objects form a set are called small categories.

The category A is called preadditive if each set Mora (A, A’) is an Abelian
group and the compositions Mora (A, A") x Mora (A, A”) — Mora (A, A”) are
bilinear maps.

395
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38.2. Subcategory. A category B is called a subcategory of a category A
if Obj(B) C Obj(A), Morg(A, B) C Mora (A, B) for all A, B € Obj(B), and
the composition of morphisms in B is the restriction of the composition in
A. If Morg(A, B) = Mora (A, B) for all A, B € Obj(B), then B is called a
full subcategory of B. So a full subcategory of A is fully determined by its
objects.

The prototype of a category is the category of sets, denoted by Set, whose
objects are the class of sets and the morphisms are maps between sets. We
write Morget (A, A') = Map(A, A') for any sets A, A’. The motivating example
of a preadditive category is the category Ab of Abelian groups whose objects
are Abelian groups and morphisms are group homomorphisms. The usual
notation is Morap(A4, A’) = Homy(A, A'), for any Abelian groups A, A'.

38.3. Functors. A covariant functor F': A — B between categories consists
of the assignments
Obj(A) — Obj(B), Aw— F(A),
Mor(A) — Mor(B), [f:A— B]— [F(f): F(A) — F(B)],
such that F'(I4) = Ipa) and F(fg) = F(f)F(g) whenever fg is defined in
A. Dually, a contravariant functor F': A — B consists of the assignments
Obj(A) — Obj(B), A+~ F(A),
Mor(A) — Mor(B), [f:A— B]— [F(f): F(B) — F(A)],

such that F'(14) = Ipa) and F(fg) = F(g9)F(f) when fg is defined in A.
Clearly the composition of two functors is again a functor.

38.4. Properties of functors. Let F': A — B be a functor, A € Obj(A)
and f € Mor(A). F is said to preserve a property of A (or f), if F/(A) (resp.
F(f)) again has this property. F' is said to reflect a property of A (resp. of
f) if the fact that F'(A) (resp. F(f)) has this property implies that A (resp.
f) has the same property.

By definition, covariant functors preserve identities and compositions of
morphisms and commutative diagrams.

38.5. Mor-functors. For any morphism f : B — (' in a category A and
A € Obj(A), composition yields maps between morphism sets:

Mor(A4, f) : Mora(A, B) — Mora(A,C), u+— fu,
Mor(f, A) : Mora(C, A) — Mora(B,A), v—uvf.

This defines a covariant and a contravariant functor,
Mor(A4,—) : A — Set, Mor(—,A): A — Set.
If A is a preadditive category, then both of these functors have values in Ab.



38. Categories and functors 397

38.6. Natural transformations. Given covariant functors F, F’ : A — B,
a natural transformation or functorial morphism n: F — F' is determined
by a class of morphisms 74 : F(A) — F'(A) in B, A € A, such that every
morphism f: A — B in A induces a commutative diagram,

F(A) 2 p(B)

;A%A) ) F’(iBm)B.

Natural transformations from F' to F’ are denoted by Nat(F, F").

Remarkably, any covariant functor F' : A — Set is closely related to
Mor-functors.

38.7. Yoneda Lemma. Let F': A — Set be a covariant functor. For any
A € A there is a bijective map

Y : Nat(Mora (A, —), F) — F(A), nw—na(la).
Y is known as the Yoneda map.

Every covariant functor F' : A — B to morphisms A — A’ in A assigns
morphisms F'(A) — F(A’) in B, that is, for every pair A, A" in Obj(A) there
is a (set) map

FA7A’ : MOI‘A(A, A,) - MOI‘B(F(A>, F(A/))

If A and B are preadditive categories, then F' is called additive provided all
the F4 4 are homomorphisms (of Abelian groups).
In general one considers two bifunctors

Mora (—, =), Morg(F (=), F(—)) : A x A — Set,
and a functorial morphism

F i Mora(—,—) — Morg(F(=), F(=)),  f > F(f).
Their properties are significant for the properties of the functor F itself.

38.8. Special morphisms. A morphism f: A — B in A is called:
monomorphism if, for g,h € Mora(C, A), fg = fh implies g = h;
epimorphism  if, for g, h € Mora (B, D), gf = hf implies g = h;
bimorphism if f is both a mono- and an epimorphism;
retraction  if there exists g € Mora (B, A) with fg = idp;
coretraction or section if there exists g € Mora (B, A) with gf = ida;
isomorphism if f is both a retraction and a coretraction;
left zero morphism if, for any g,h € Mora (D, A), fg = fh;
right zero morphism if, for any g,h € Mora(B,C), gf = hf;
zero morphism if f is both a left and right zero morphism.
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In Set, monomorphisms are injective maps and epimorphisms are surjec-
tive maps. On the other hand, in any category A, f : A — B is a monomor-
phism if and only if the map Mor(C, f) : Mora(C, A) — Mora(C, B) is
injective, for any C' € A. Furthermore, f is an epimorphism if and only if
Mor(f, D) : Mora (B, D) — Mora (A, D) is injective, for any D € A.

38.9. Special objects. An object A € A is called:
initial if Mora (A, B) has just one element, for any B € A;
terminal (final) if Mora (C, A) has just one element, for any C' € A;
zero if A is both an initial and a terminal object;
semisimple if any monomorphism B — A in A is a coretraction;
simple if any monomorphism B — A in A is an isomorphism.

38.10. Special functors. A covariant functor F': A — B is called:
faithful if Fa 4 is injective for all A, A" € Obj(A);
full if Fy 4 is surjective for all A, A" € Obj(A);
fully faithful if F is full and faithful,
embedding if the assignment F': Mor(A) — Mor(B) is injective;
representative  if, for every B € Obj(B), there exists an object A in A
such that F(A) ~ B.

Notice that a covariant faithful functor I’ reflects monomorphisms, epi-
morphisms, bimorphisms and commutative diagrams. If F'is fully faithful, it
also reflects retractions, coretractions and isomorphisms. If F' is fully faith-
ful and representative, it preserves and reflects mono-, epi- and bimorphisms
(retractions, coretractions, isomorphisms and commutative diagrams).

38.11. Generators and cogenerators. An object A in A is said to be a
generator in A if Mora(A,—) : A — Set is faithful;
cogenerator in A if Mora(—, A) : A — Set is faithful.
Notice that A is a generator if and only if

for any f # ¢g: B — C in A, there exists h : A — B with fh # gh,
and A is a cogenerator if and only if
for any f # ¢g: B — C in A, there exists k : C' — A with kf # kg.

38.12. Projectives and injectives. Let A, B be objects in A. A is called:
B-projective if, for any epimorphism p : B — C' in A, the mapping
Mor(A, p) : Mora (A, B) — Mora (A4, C) is surjective;
projective (in A) if A is B-projective for all B € A;
B-injective if, for any monomorphism i : C' — B, the mapping
Mor(i, A) : Mora (C, A) — Mora (B, A) is surjective;
injective (in A) if A is B-injective for all B € A.
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38.13. Semisimple objects. An object A in A is semisimple if and only if
every object C' € A is A-injective.

Proof. Consider the diagram in A, B —ts g

|

C?
where 7 is a monomorphism. If A is semisimple, then there exists g : A — B
with gi = Iz and fg : A — C extends the diagram commutatively, that is,
C' is A-injective. Conversely, assume that all C' € A are A-injective. Putting
B = (C and f = Ig, we get a morphism h : A — B with hi = Ig, thus
showing that ¢ is a coretraction. O

38.14. Equalisers and coequalisers. Let f,g : A — B be morphisms in
the category A.

A morphism k : K — A is called a difference kernel or an equaliser if
fk = gk, and for every morphism z : X — A with fx = gz, there is a unique
morphism h : X — K such that x = kh.

A morphism ¢ : B — (' is called a difference cokernel or a coequaliser if
cf = cg, and for every morphism y : B — Y with yf = yg, there is a unique
morphism h : C' — Y such that y = hc.

Equalisers and coequalisers are denoted by the diagrams

! )
K$A3g3, A=—=B—>C.

If A has zero morphisms, the equaliser of the pair (f,0) is called a kernel
of f, and the coequaliser of (f,0) is the cokernel of f. Every equaliser — and
hence every kernel — is a monomorphism, whereas coequalisers and cokernels
are epimorphisms. If A is an additive category, the (co)equaliser of f, g can
be characterised as the (co)kernel of f — g.

38.15. Products and coproducts. Let {A,}a be a family of objects in A.

An object P in A with morphisms {7, : P — A,}, is called a product of
the A, if, for any family {f\ : X — A,}4, there is a unique f : X — P with
fma = fy for all A € A. For this object P we usually write [], A\, and if all
Ay = A, we put [[, A\ = A%

An object @ in A with morphisms {¢, : Ay — @}, is called the coproduct
of the A, if, for any family {g\ : A\ — Y}, there is a unique g : Q — Y
with gey = gy, for all A € A. For this object @) we usually write [[, A\, and
if all the Ay = A, we put [, A\ = AW,

The product in Set is just the Cartesian product, and the universal prop-
erty of the product in A can be expressed by the isomorphism (bijection) in
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Set for any X € A,

Mora (X, HAA/\) — HAMOTA(X, Ay), [,

and dually the coproduct is characterised by the isomorphism, for any Y € A,
MorA(HAA)\,Y) — HAMorA(AA,Y), g — gén.

38.16. Colimits and limits. Let A be a small category and L : A — A
a functor. A familiy of morphisms g, : L(A\) — Y in A, A € A, is said to
be compatible if, for any morphism h : A — p in A, one has g,L(h) = gx.
A colimit or inductie limit for the functor L is an object lim L in A with a
compatible family €, : L(\) — lim L, such that, for any compatible family
gy, there exists a unique morphism

g :lim L — Y with gy = gex.

Dually (projective) limits are defined for compatible families f) : X —
L(\) of morphisms in A .

Any quasi-ordered directed set (A, <) can be considered as a category A.
Then the colimit of a functor L : A — A is called a direct limit, while the
limit of a functor L' : A’ — A is called an inverse limit. For sets consisting
of three elements, these constructions yield pullbacks and pushouts as special
cases.

38.17. Complete, Abelian and Grothendieck categories. If, for any
small category A and functor L : A — A the limit (colimit) exists, then A is
called a complete (cocomplete) category. Notice that a preadditive category
A is complete if and only if A has products and kernels, and A is cocomplete
if and only if it has coproducts and cokernels.

A preadditive category A with finite products (and coproducts) is called
additive and is called Abelian if every morphism has a kernel and a cokernel,
and every morphism f has a factorisation f = gh, where h is a cokernel and
g is a kernel.

In an Abelian category A, a sequence of morphisms A EEAN TNV
is called exact at A’ provided Im f = Keg (as subobjects of A’), and any
sequence of morphisms is called ezact provided it is exact at each object. In
particular, an exact sequence of the form

0—A—A —A"—0

is called a short exact sequence.
A cocomplete Abelian category A with a generator is called a Grothendieck
category if the direct limits of short exact sequences are exact.
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38.18. Separable functors. A covariant functor F' : A — B is said to be
a separable functor if

F : Mora(—,—) — Morg(F(—), F(—))
is a functorial coretraction, that is, there exists a functorial morphism
® : Morg(F(=), F(=)) — Mora(—, —),

with ® o F = Iyior, (—, —). Such a @ is characterised by the properties
(1) forany f: A— A"in A, D44 (F(f)) = f;

(2) for any f: A — A, fi : Ay — A!, any commutative diagram on the
left induces the commutative diagram on the right:

F(f)J/ lF(fl) fi lfl
F(A ) ? F(A1)7 A, (PA/,A’l (h/) Al :

38.19. Properties of separable functors. Let F': A — B be a separable
functor with a splitting functorial morphism ®.

(1) Consider any diagram in A and its image in B,

e F(A) 2 pean
gl F(g)l
M, F(M).

If the right-hand diagram can be completed commutatively by some h :
F(A") — F(M), then ®(h) completes the first diagram commutatively.

(2) Consider any diagram in A and its image in B,

M F(M)
lg iF(g)
A-tea pa)y D gy,

If the right-hand diagram can be completed commutatively by some h :
F(M) — F(A), then ®(h) completes the first diagram commutatively.

(3) F reflects retractions and coretractions.

(4) If F' preserves epimorphisms, then F reflects projective objects.
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(5) If F' preserves monomorphisms, then F reflects injective objects.

38.20. Composition of separable functors. Consider covariant functors
F:A—-Band G:B — C.

(1) If F and G are separable, then GF : A — C is separable.

(2) If GF is a separable functor, then so is F'.

38.21. Adjoint functors. A pair (F,G) of covariant functors F' : A — B
and G : B — A is called an adjoint pair if there is a functorial isomorphism

Q: MOI'B(F(—), —) - MOI'A(—7 G<_))

of functors A°? x B — Set; that is, for each pair of objects A € A and B € B
there is an isomorphism Q4 p : Morg(F(A), B) — Mora (A4, G(B)), which is
natural in A and B. F is said to be left adjoint to G and G is right adjoint
to F. An adjoint pair (F,G) is characterised by the existence of functorial
morphisms

n:Ia — GF, defined by ns = Qapay(Ipn)): A— GF(A), AcA,
i FG — Iy, defined by 45 = Q5! ,(low): FG(B) — B, BEB,

such that each of the following compositions yield the identity,

F(A) "™ FaRA) Y Fa)
aB) "% araB) Y am).

The transformation 7 is called a unit of adjunction and v is termed a counit
of adjunction. In terms of unit and counit, the functorial isomorphism {2 and
its inverse come out as

Q4,5 : Morg(F(A), B) — Mora(A,G(B)), g+ G(g)ona,
QX}B : Mora(A,G(B)) — Morg(F(A),B), [~ w¥poF(f).

If (F,G) is an adjoint pair, then F' preserves colimits (hence also epimor-
phisms and coproducts), while G preserves limits (monomorphisms and prod-
ucts). Furthermore, if G preserves epimorphisms, then F' preserves projective
objects, and if F' preserves monomorphisms, then G preserves injective ob-
jects.

38.22. Equivalence of categories. An adjoint pair of covariant functors
(F,G), F: A — Band G : B — A, is called an equivalence if there are
functorial isomorphisms GF ~ [, and FG ~ Ig. F and G are also called
(inverse) equivalences.

Any functor is an equivalence if and only if it is full, faithful and repre-
sentative.



38. Categories and functors 403

38.23. Frobenius functors. An adjoint pair (F,G) of covariant functors
F:A — Band G:B — A is called a Frobenius pair (and F, G Frobenius
functors) if (G, F) also form an adjoint pair. Of course in this case F' and G
combine the properties of left and right adjoint functors (see 38.21) and so:

A Frobenius functor F preserves limits and colimits, projective and injec-
tive objects.

38.24. Adjoint pairs and separability. Let (F,G) be an adjoint pair of
covariant functors F': A — B, G:B — A. Then:
(1) F is separable if and only if the unit n : In — GF is a functorial
coretraction; that is, for each object A € A, there exists a morphism
va: GF(A) — A such that vaong = Ia, and any f : A — A" in A
imduces a commutative diagram,

ar(A) L apa)
A— A

(2) G is separable if and only if the counit ¢ : FG — Ig is a functorial
retraction; that is, for each object B € B, there exists a morphism
¢p : B — FG(B) such that ¥p o ¢p = Ip, and any g € B — B' in B

mduces a commutative diagram,

B B’

Proof. (1) “=” For any object A € A, the counit provides a morphism
Ypa) : FGF(A) — F(A). By the separability of F, there is a map

q)GF(A),A : MOI‘B(F<GF( )) (A)) — MOI‘A(GF(A), A) R

which induces a morphism vy = ®gpa).a(Vra ) (A) — A, functorial
in A. From 38.21 we know that 1 g4y 0 F(14) = Ipca). Therefore

Ia = Paa(Ipa)) = Par),a(Vra) o CI)A,GF(A)(F(UA)) =1V 074.

“<" Assume there is a functorial morphism v4 : GF(A) — A, such that
vaona = Ia, where A € A. For any morphism h : F(A) — F(A;) define

G(h)

Daa(h) + A—AGF(A) GF(Ay) 2 A, .
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The functoriality of 4 implies that, for any g : A — Ay, ®4.4,(F(g9)) = g.
For morphisms f: A — A’ fi : Ay — A} in A, consider a commutative
diagram in B,

F(A) —"~F(A))

F(f)l lF(ﬁ)

F(A) — F(A)).
Applying G we obtain the diagram

A" GRA) S aRa) e g,

fl GF(f)l J/GF(fl) lﬁ

A = GF(A) 70s GF(AY) - Ay

which obviously is commutative. The top sequence defines ® 4 4, (h) while the
bottom sequence defines ® 4 4/ (h'), and hence the conditions on the functor
® stated in 38.18 are satisfied.

(2) The proof is similar to the proof of (1). 0

38.25. F-coalgebras. For a category A, let F': A — A be a functor.
An F-coalgebra (N, o) is an object N in A together with a morphism
NN — F(N). A morphism f: N — N’ in A between two F-coalgebras
(N, o) and (N, o') is called an F-coalgebra morphism provided it induces
a commutative diagram,

N —1
”| o

F-coalgebras together with F-coalgebra morphisms form a category that
is denoted by Coalg(F).

Proposition. Let L : A — Coalg(F) be any functor and A a small category.
(1) Iflim L exists in A, then it belongs to Coalg(F).

(2) Assume that F' preserves limits. [f@L exists in A, then it belongs to
Coalg(F).

Proof. (1) There is the diagram
lim L

L(A)

l L()\)

) 2 Plim L),
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where the F(ey) o o™ obviously form a compatible family of morphisms. By
the universal property of the colimit we obtain a morphism lim L — F (hi>n L).
Hence lim L is an F'-coalgebra.

H
(2) This is shown with a similar proof. 0
As an example one can consider the functor FF = — ®z C' : Mg — Mg,

where C' is an (non-coassociative) R-coalgebra. In this case, F-coalgebras
are R-modules with a right C-coaction. If C' is coassociative, this functor F'
shows special properties that are axiomatised in the following notion. The
resulting F-coalgebras will be right C-comodules.

38.26. Comonads and their coalgebras. A comonad or a cotriple is a
triple F = (F.,9,v), where F' : A — A is a functor and § : F — F o F,
1 . I — I are natural transformations making the diagrams:

F—2 S FoF F

T N

FOFTFOFOF, FolFl——F

commute. Explicitly, for each N € A, there exist oy : F(N) — F(F(N))
and ¢y : F(N) — N such that dpyy 0 0y = F(0n) 0 On and Ypn) 0 Oy =
F(¢n) o 6n = Ipvy. The transformation ¢ is called a coproduct and 1 is
called a counit of a comonad (F,d,1)).

An F-coalgebra is a pair (N, ¢V), where N € Obj(A) and ¢" : N — F(N)
is a morphism in A such that the following diagrams:

N—" (V) N2 (V)
N RN
F(N)—— Fo F(N), N

commute. A morphism f: N — N’ in A between two F-coalgebras (N, o)
and (N, o™') is called an F-coalgebra morphism provided it induces a com-
mutative diagram,

N N’

i
| e

F(N) < F(N).

F-coalgebras together with F-coalgebra morphisms form a category that is
denoted by Coalg(IF).
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38.27. F-algebras. Let F': A — A be a functor. An F-algebra (M, o)
is an M € Obj(A) together with a morphism gy : F(M) — M. Morphisms
between F-algebras are defined dually to F-coalgebra morphisms, and they
yield the category Alg(F) of F-algebras. The behaviour towards limits and
colimits is dual to coalgebras.

Proposition. Let L: A — Alg(F) be any functor and A a small category.
(1) Iflim L exists in A, then it belongs to Alg(F).

(2) Assume that F' preserves colimits. Iflim L exists in A, then it belongs

to Alg(F).

As an example consider the functor F' = A ®z — : M p — Mg, where A
is some (nonassociative) R-algebra. If A is associative, this functor F' shows
special properties that are axiomatised in the following notion. In the case of
the above example, the resulting F-algebras are simply left A-modules.

38.28. Monads and their algebras. A monad (or a triple) is a triple
F=(F,v,n), where F: A — Aisafunctorand v: FoF'— F,n: Iy — F
are natural transformations making the following diagrams commute:

FoFoF-">For Fr-"opor

HNERN

FoF F, FolF —— F.

14

An F-algebra is a pair (M, opr), where M € Obj(A) and oy : F(M) — M
is a morphism in M rendering commutative the following diagrams:

FoF(M)2~F(M) M- F(M)

Fon oM oM
Iy

F(M) M M.

oM ’

Morphisms between two F-algebras are defined in an obvious way, and the
category of F-algebras is denoted by Alg(F).

General algebras and coalgebras of a functor have applications not only in
mathematics but also in computer science. Monads and comonads are related
to adjoint pairs.

38.29. (Co)monads and adjoint pairs. Let F': A — A be a functor.

(1) If F = (F,v,n) is a monad, then the forgetful functor Alg(F) — A has
the left adjoint

G:A—Alg(F), Mw— (F(M), vy : FoF(M)— F(M)).
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Ezplicitly, for M € Obj(A), N in Alg(F), the map
MorAlg(]F)(F(M)aN) —>MOTA(MaN)7 foonMa

is bijective with the inverse h — o o F(h).
(2) If F = (F,4,%) is a comonad, then the forgetful functor Coalg(F) — A
has the right adjoint

H:A — Coalg(F), N — (F(N), éy:F(N)— FoF(N)).
Ezplicitly, for M in Coalg(F), N € Obj(A), the map
Morcoalg(r) (M, F(N)) — Mora(M,N), fr1hyof,
is bijective with the inverse h — F(h) o oM.

38.30. Adjoint pairs and (co)monads. Let L: A — B and R: B — A be
an adjoint pair of functors with unit n: I — RL and counit ¢ : LR — Ig.
(1) RL: A — A induces a monad with product v = Ry, : RLRL — RL
and unit n: In — RL.
(2) LR : B — B induces a comonad with coproduct 6 = Lng : LR —
LRLR and counit ¢ : LR — Ig.

As already suggested by the motivating examples, monads and comonads
arise most naturally in monoidal categories.

38.31. Monoidal category. A category A is called a monoidal category if
there exist a bifunctor — ® — : A x A — A, a distinguished neutral object
E in A and natural isomorphisms

a: () ——>—-Q(—®—), AN E®——Ir, 0:—QF—Ix
such that, for all objects W, XY, Z in A, the following two diagrams com-
mute:

aw,x,y®Iz

(WeX)eY)Z (We(XeY))eZ
W
AWRX,Y,Z W®((X®Y)®Z)
o x v oz WZ
(WeX)e((YeZ) WeXe(Y®eZ)),
and
(XQE)®Y BT X®(E®Y)

XQY.
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A monoidal category is denoted by (A,®, E). It is said to be strict if the
isomorphisms «, A, ¢ are identity morphisms.

38.32. Algebras in monoidal categories. An (associative) algebra in a
monoidal category (A, ®, E) is an object A € A and a pair of morphisms
pa: A®A — A 1a 0 E — A, rendering commutative the following three
diagrams:

(AR A) @ A% g A

- N

AR(ARA) T AR A=A,

A A4 4 Ao A-L2 4
IA®LAT % LA®IAT %
A®FE, E® A.

Given an algebra A, the functor A® — : A — A, N — A® N, induces
a monad, with product v = s @ Ip : AR AR — — A® — and unit
U:(LA®[A))\_IZ[A—>E®——>A®—.

38.33. Coalgebras in monoidal categories. A (coassociative) coalgebra
in a monoidal category (A, ®, F) is an object C' € A and a pair of morphisms
Ac : C - C®C, ec: C — E, inducing the following three commutative
diagrams:

o= Yel=i=C ok N o) X-Ye,

aC,C,C
NN |

C®ng§®@®0%

C—~CaC o=—Ne¥-Ye
B l&c@]c h l[o@sc
Ac e
E®C, CRE.

For such a coalgebra C, the functor —® C' : A — A, N — N ® C induces
a comonad with coproduct d = Ip ® A¢: —®C — — ® C ® C' and counit
YV=0IaRec): —RC - —QFE — Ia.

References. Borceux [3]; Caenepeel, Militaru and Zhu [9]; Gumm [19];
Hughes [134]; Mac Lane [31]; Popescu [40]; Rafael [180]; Schubert [42]; Sten-
strom [44]; Wisbauer [46].
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39 Modules and Abelian categories

Many interesting preadditive categories have in fact an additional module
structure over an associative ring. The following theorem of B. Mitchell
shows that functorial morphisms defined on the ring can be extended to the
whole module category.

39.1. Functors on My. Let A be a cocomplete Abelian category. For a ring
T, denote by My the category of right T-modules, and let F,F' : My — A
be additive functors. Suppose that F' preserves colimits. Consider T as a
subcategory (with one object) of My and assume that there ezists a functorial
morphism ny : F(T) — F'(T) for the restricted functors F,F' : T — A.
Then:

(1) nr can be extended to a functorial morphism n: F — F'.

(2) If F' respects colimits, then n is a functorial isomorphism.

Proof. (1) For any free right 7T-module 7™ consider the morphism

Ny @ F(TW) = P(T)®) L (1)@ 22 prr@)),
where 7, is defined by the canonical injections 7' — T™ and the universal
property of the coproduct F'(T)™). For any N € My, consider a presentation

T — 7™ 2 N — 0. Then there is the following commutative diagram:

F(p)

F(T®) — F(TW) F(N) ——0

() \L \LnT(A)

FI(T®) — F/(TW) )

FI(N),

where the upper sequence is exact in Ab and the bottom is a zero sequence.
By the cokernel property we obtain a morphism 7y : F/(N) — F'(IN) making
the diagram commutative. To show that 7y is functorial in N, consider any
morphism f: N — N’ in M7 and the following diagram:

T(A)LNHO

|

T(Al) 4>NI HO?

where the top and bottom sequences are used to define n. Choosing a map
g:TW — TW) that renders the diagram commutative, we obtain two com-
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mutative diagrams:

F(p) F'(p)

F(TW)——F(N) F'(TW) —— F'(N)
F(g)l lF(f) F’(g)i lF’(f)
F(TW)) ——=F(N'), F/(TW)) ——= F'(N'),

which are connected by 7. In the resulting cube we find the square

F(N) F(f)

.

F'(N)

F(N")

\Lan

F/(f) F/(NI),

and we derive the equality

F'(f)ony o F(p) =nn o F(f) o F(p).

Since F(p) is surjective, this implies the commutativity of the previous dia-
gram, showing that ny is natural in N.

(2) If F’ respects colimits, then 7« and npn) in the diagram defining ny
(see proof of (1)) are isomorphisms, and we conclude that so is ny. O

39.2. T-objects in a category. Let A be a cocomplete additive category
of Abelian groups and T an associative ring. An object A in A is called
a T-object if there is a ring morphism ¢4 : T — Enda(A). A morphism
f:A— A"in A between T-objects is called T-linearif ¢ 0 f = fopa. The
category consisting of T-objects in A and T-linear morphisms is denoted by
7A. Any T-object A can be considered as a left T-module in a canonical way.
This yields a T-linear isomorphism in A, T®7A — A, t®a — ¢(t)(a) =: ta.

For any N € My with the free presentation 7Y LT N — 0
and a T-object A € A, view N ®1 A as an object in A by the commutative
exact diagram,

TO @ AZZA 70 @ A —> N @r A—>0

T

AQ — ) Cokehh —=0,

and obviously for any morphism ¢ : N — N’ in My we obtain a morphism
g1y : N®@rA— N @7 Ain A.

39.3. Functors and T-objects. Let A, B be cocomplete additive categories
of Abelian groups, T any ring, and consider an additive covariant functor
F:A — B.
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(1) For any A € rA, F(A) lies in 1B, and there is a functorial morphism
V_4:—®r F(A) —» F(—®r A) of functors My — B.

Up 4 is an isomorphism provided that P € My is finitely generated and
projective.

(2) If F preserves coproducts, then there is a functorial morphism
U:—Q®r F(—) = F(—®r —) of functors My x 1A — B.

(3) If F preserves colimits, then the Uy 4 are isomorphisms, for any objects
N e Mrp, A€ 7A.

Proof. (1) F(A)is a T-object by the composition of ring morphisms 7" —
Enda(A) — Endg(F(A)). To construct the functorial morphism needed,
U_4:—®rF(A) — F(—®rA), use the canonical isomorphisms (see above)
to define

For any t € T' (considered as an element in Endr (7)) there is a diagram

T @ F(A) —=F(A) ——= F(T @7 A)
t®IF(A)i lF(d)A(t)) lF(t@)IA)
T ®@r F(A) —= F(A) —= F(T ®@r A),

where the left square is commutative by the definition of the module structure
on F(A), and the right square is the image under F' of a commutative dia-
gram in A. So the outer diagram is commutative, which means that W_ 4 is
functorial with respect to internal morphisms 7" — T. Now apply Mitchell’s
Theorem 39.1 to extend the functorial morphism to all of M.

(2) Assume that F' preserves coproducts. It remains to show that Wy _
is functorial for all N € My. Consider any f: A — A" in 7A. For N =T
there is a diagram,

T @r F(A) ——=F(A) —— F(T @1 A)
IT@F(f)l’ iF(f) lF(IT(@f)
Tor F(A)—=FA)—=FT&rA),
where the left square is commutative by the definition of the T-module struc-
ture on F'(A) and F'(A’) and functor properties of F', whereas the right-hand

square is the image under F' of a commutative diagram (characterising f as
a T-morphism) in A.
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Since F' preserves coproducts, Vp_ is functorial for any free module P in

M. For an arbitrary N € My, choose a free presentation P - N — 0.
Then we obtain two commutative diagrams:

Par F(A)™ VP o0 p(a) F(Por A" p(p e, A
p®1Funl lp®1F(AQ FYP®IA)l iPKp®IAO
Nar FA N e  ray,  FIN or A)"YYR(N @ A,

which are connected by W. In the resulting cube we find the diagram

IN®F(f)

lI/N,Al l\PN,A’

F(N @p A" 220 (N @p A

and we derive

F(In® f)oVnao(p®Ia) =V¥nao(In®F(f))o(p®Ia).

Since p ® I is surjective, we conclude that the previous diagram is commuta-
tive, showing that Wy _ is a functorial morphism.

(3) If F respects colimits, then so does F'(— ®r A) for any A € A and
the assertion follows from 39.1(2). 0

As a corollary we obtain the important Eilenberg- Watts Theorem:

39.4. Functors from M. Let B be a cocomplete additive category of Abelian
groups, T any ring, and F : My — B an additive covariant functor that

preserves colimits. Then F(T) is a left T-module and there is a functorial
1somorphism

F(-)~—®p F(T).
Proof. Take A = My and apply 39.3. |

39.5. Functorial morphisms and T-objects. Let A, B be cocomplete
additive categories of Abelian groups and T any ring. Consider the additive
covariant functors F, F" : A — B with a functorial morphism n: F — F’.

(1) For any A € A, the map na : F(A) — F'(A) is T-linear.
(2) For N € My and A € v A, consider the diagram

N @p F(A) — 22" N @5 F'(A)

\PN’A\L J/\II,IV,A

F(N @p A) — 212 FI(N @7 A),
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where U and W' denote the functorial morphisms induced by F and F’,
respectively (cf. 39.83). The diagram is commutative provided either N
is finitely generated and projective, or both F' and F' preserve colimits.

Proof. (1) With the canonical isomorphisms for T-objects (see 39.2)
there is a commutative diagram,

T @r F(A) Z2T @y F'(A)

Ni i~

F(A) —"—=F'(4),

which shows that 7,4 is T-linear.
(2) In the diagram

T @r F(A) s T @ F'(A)
L2 F(A) " F'(A)
/ Q'T’Al /
F(T @7 A) Mot L P(T ®r A),

all subdiagrams — except for the back rectangle — are commutative by the
definitions. This obviously implies that the back rectangle also commutes,
and from this we derive the commutativity of the diagram in (2) under the
given conditions. O

39.6. Separable functors between categories. Let F': A — B be a sep-
arable additive functor between cocomplete additive categories whose objects
are Abelian groups with a splitting morphism

® : Morg(F(—), F(—)) — Mora(—, —).

Let A A" € vA for some ring T. If g : F(A) — F(A') is a T-linear
morphism in B, then ®4 4/(g) : A — A’ is a T-linear morphism in A.

Proof. If the action of T on A is given by the ring homomorphism
¢a:T — Enda(A), the action on F(A) is given by F(¢4) (see 39.2). Given
a T-morphism ¢ : F'(A) — F(A’), for any t € T, there is the commutative
diagram on the left that — by ® — induces the commutative diagram on the
right:

F(pa(t))

F(A) F(A) A A
HJ/ ig <I>(g)l lé(g)
F(A ) 4>F(¢A,(t)) F(A ) , A’ 4>¢A/(t) A,
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thus showing that ®(g) is 7-linear. O

Let T be an associative ring, C' a T-coring with coproduct A and counit
g, and let A be a cocomplete additive category. An object A € A is called a
C-object if A is a T-object and there is a morphism ‘b : A — C'®7 A inducing
the commutative diagrams in A,

A

A P ~CerA A L C@r A
Ag l . ) \LA@IA k\ A“
C®TAL®>QC®TC®TA, A.

A morphism f : A — A" in A between C-objects A and A’ is said to be
C-colinear if f is T-linear and (Ic ® f)o ‘o = “po f. The category consisting
of C-objects in A and C-colinear morphisms is denoted by “A.

39.7. Functors between related comodule categories. Let A;B be
cocomplete additive categories of T-modules and C' any T-coring. Consider
the covariant functors F, F' : A — B preserving colimits. Then:

(1) For any A in °A, F(A) lies in “B.

(2) Given a functorial morphism n: F — F', the map na : F(A) — F'(A)
is C'-colinear, for any A in CA.

Proof. (1) By 39.3, F(A) € A and there is a functorial morphism
UV_4:—®r F(A) - F(—®r A) of functors My x rA — B,

such that WUy 4 is an isomorphism for each N € My. Define a comodule
structure on F'(A) by the first row in the diagram

—1

A v
F(a) — F(C®r A) o C @r F(A)
F(AQ)\L F(A®IA)i
F(C @ A) 29 | p(0 or C or A) . A@Ira
\I}C}A\L ‘I’c,lc®Ai m
O®T F(A)WCG@T F(O@T A) [C®\IJE}A C®TC®T F(A)

Here the top left-hand square is commutative by the coassociativity of “o. By
the functoriality of W,

\DC,C,AO(A@)IF(A)) = F(A@[A) O‘Ifc,A.
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Applying the corresponding inverse morphisms from the left and right, we
obtain
(A ® Ipay) o ‘I’E}A = \DaégTC,A o F(A® Ia).

This shows that the top right-hand quadrangle in the diagram is commutative.
Similarly, the commutativity of the bottom square is shown, and the triangle
is commutative by the properties of W. From this we see that the coaction
on F'(A) is coassociative and the desired property for the counit can be seen
from the commutative diagram

N
F(A) "2 F(C @p A) 254 C 0y F(A)

F(e®I4)
% i L‘E@A

F(A).
(2) To prove that n4 is a C-colinear map, consider the diagram

F(%%

) \IIE’,lA
F(A)HF(C@TA)HC@)TF(A)
nAl ’70®TAi ilc@m

C,A

Here the left-hand square is commutative by the properties of 17 and the right
square is commutative by 39.5 and the fact that all the U’s are bijective. O

References. Gémez-Torrecillas [122]; Popescu [40]; Rafael [180].
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40 Algebras over commutative rings

Although we assume the reader to be familiar with the basics of ring and
module theory, and hence also with associative algebras, we gather here facts
and some more nonstandard properties of algebras over a commutative ring.
The aim of this presentation of the fundamentals of algebra is to provide the
reader with an intuition in what sense coalgebras and corings are dual to
algebras.

Throughout, R denotes an associative commutative ring with unit and
My, is the category of R-modules.

40.1. Tensor products. For any M € Mg, we will identify M ®g R with
M by the isomorphism ¥ : RQg M — M, r@m — rm. Let K, L, M, N be
R-modules. We fix the notation for the twist isomorphisms,

tw : M®r N — N ®p M, men—ngm,
twis: MRrN®rL — LRRNRM, (Mmen)Ql—Iln®m,

and we write tw;; for the permutation of position 7 with position j in a multiple
tensor product.
Tensor product of morphisms. For R-morphisms f: M — N, g: K — L,
there is a unique R-morphism,

f@g - M@r K - N®rL, m®k— f(m)® g(k),
called the tensor product of f and g. This induces an R-homomorphism,
Hompg(M, N) ®g Homg(K, L) — Homg(M @r K, N Qg L), [f®g— [Qg.
In particular, for N = L = R, there is an R-homomorphism,

Hompg(M, R) @ Hompg (K, R) — Homg(M ®g K, R),

which is an isomorphism if M (or K) is a finitely generated projective R-
module. Usually we simply write f ® g instead of f®g.

40.2. Algebras and their morphisms. An R-module A is an associative
R-algebra (with unit) if there exist R-linear maps, p: A ®gr A — A, called
the product and ¢+ : R — A called the unit, such that

a(bc) = (ab)e and aly = a = 14a, for all a,b,c € A,

where p(a ® b) = ab and 14 = ¢(1g). A is called commutative if ab = ba, for
all a,b € A.

An R-linear map f : A — B between two R-algebras is a (unital) alge-
bra morphism, if f(ab) = f(a)f(b) for all a,b € A, and f(14) = 1. The
identity 14 : A — A is an algebra morphism, and the composition of algebra
morphisms is again an algebra morphism. Hence the R-algebras and their
morphisms form a category denoted by Alg(R).
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40.3. Tensor product of algebras. The tensor product A ®p B of two
R-algebras is an R-algebra defined by the product pagp,

IARtw®Ipg
_— >

(A®prB)®r(A®RB) (A®RA)@R(BRrB) —“"2 » ARy B,

and the unit LA®B(1R) = LA(lR) ®LB(1R> R — A®R B, 1R — 1A® 1B- If B
is commutative, then the map

,UA®B:(A®RB)®B (A@RB)%A(@RB

is B-linear, and hence A ®g B is a B-algebra (scalar extension of A by B).
A ®pg B is commutative if both A and B are commutative algebras.

40.4. A-modules and homomorphisms. Let A be an R-algebra. An
R-module M with an R-linear map

om:ARRrRM — M, a®m— am,
is called a (unital) left A-module if

or © (a ® Ing) = onr o (I ® onr) and opp o (L4 @ Ing) = Iy

The second condition means that 1,4m = m, for all m € M. So there is an
R-morphism M — A®gr M, m — 14 ® m, and M is a direct summand of
A®pr M as an R-module.

An R-linear map g : M — N between left A-modules is an A-morphism
(A-homomorphism, A-linear) if opr0(I4®g) = goon, that is, g(am) = ag(m),
for all a € A, m € M. The set of A-morphisms M — N is denoted by
aHom (M, N) and forms an Abelian group that can be characterised by the
exact sequence

0 — 4Hom (M, N) — Hompz(M, N) - Homp(A ® M, N),

where B(f) = onyo (Ia® f) — f o onm. Left A-modules with the A-morphisms
form an additive category that is denoted by 4M. This is simply the category
of F-algebras for the functor (monad) A ®p — : Mr — Mg (see 38.28).

Right A-modules and related notions are defined in an obvious way, and the
category of right A-modules is denoted by M 4. For the morphisms between
M,N € M, we write Hom4(M, N). Of course A itself is a left and right
A-module (defined by fi4).

For notational convenience it is sometimes advantageous to write homo-
morphisms of left A-modules M on the right side of the argument. Then M is
an (A, S)-bimodule, where S denotes 4End(M) acting from the right. Notice
that the switch from the left action to the right action of endomorphisms
changes the product to the opposite one. Symmetrically, morphisms of right
modules are acting from the left.
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40.5. Split exact sequences. A sequence K L L—2> M of morphisms
in 4M is called exact provided Ke g = Im f, and is said to be split exact if it
is exact and the canonical morphism L/Im f — M is a coretraction.

Sequences K i Ky f2 K3 fs - of morphisms are called (split)
exact if they are (split) exact at any K; (where it makes sense).

40.6. Graded algebras. Let A be an R-algebra and G a monoid with
a neutral element e. A is said to be a G-graded algebra if there exists an
independent family of R-submodules A, C A, g € G, such that

A= @GAQ and A, A, C Ay, for g, h € G.

This implies in particular that A, is an R-subalgebra of A. If A has a unit
14 and G is cancellable, then 14 € A..

Let A =@, A, and B = @ B, be two G-graded R-algebras. A map-
ping ¢ : A — B is called a graded R-algebra morphism if ¢ is an R-algebra
morphism satisfying

$(Ay) C B, foreach geG.

Graded modules. Let A be a G-graded algebra and M a left A-module.
M is called G-graded if there exists a family of R-modules {M,}s such that

M =P M, and AM, C My, for g,heG.

G-graded right A-modules are defined symmetrically.
Obviously, any G-graded algebra A is a GG-graded left and right module.

40.7. Product and coproduct.  The product of a family of modules
{My,}x in 4M is given by the Cartesian product [[, M, with the canonical
projections 7y, where the module structure is defined by a componentwise
operation. It is characterised by the group isomorphism, for any N € sM,

AHom(N, HAMA) — HA AHom(N, M), f— (70 f)rea.
The coproduct of {M,}, can be realised as a submodule of the product,
GBAM)‘ ={m € HAMA | mA(m) # 0 only for finitely many A\ € A},
with the injections
€ M, — @AMA’ my = (Mu60) e
The defining property of the coproduct is the bijectivity of the map, N € 4M,

aHom(E My, N) — [ aHom(My, N), g+ (g0 e)ren:
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40.8. Dual modules. For any M € 4M and X € Mg, Homg(M, X) is a
right A-module by the right A-action fa(m) = f(am), for f € Homg(M, X),
a € Aand m € M. In particular, the R-dual M* = Hompg(M, R) is a right
A-module by this multiplication.

Similar constructions apply to right A-modules and R-modules.

40.9. Bimodules. Let A, B be R-algebras. An R-module M is called an
(A, B)-bimodule if it is a left A-module and a right B-module and a(mb) =
(am)b, for all @ € A, b € B and m € M. Bimodule morphisms between
two (A, B)-bimodules M and N are maps that are both left A- and right
B-linear, and we denote them by 4Hompg (M, N). The category of all (A, B)-
bimodules with these morphisms is denoted by 4Mpg. It can be identified
with the category of left modules over the algebra A ®p B°P.

40.10. Tensor product of A-modules. Let N € M4 and M € 4M. The
tensor product N ® 4 M is defined by the exact sequence of Abelian groups

NOprARrM L >N@zr M —=N @, M —>0,

where § = yo ® Iyy — Iy ® op. For morphisms f : N — N’ in My and
g€ M — M in 4M, the tensor product f ® ¢ is defined by

f@g:N@aM— N @4 M, ne@me f(n)®g(m).
40.11. Tensor functor. Any L € M, induces a covariant functor
L®s—: M —Ab, M— LM, f—I,®f

which is right exact and respects colimits. It is left exact if and only if L is
a flat A-module.

40.12. Hom-tensor relations. For R-algebras A, B, consider objects M &€
My, N € gMy and QQ € Mp. Then the canonical map

vy : Q@ ®p Homy (M, N) — Homy(M,Q @ N), q®h—q@h(-),

is an isomorphism provided that (cf. [47, 15.7])
(1) Q is a flat B-module and M is a finitely presented A-module, or
(2) Q is a finitely generated and projective B-module, or
(8) M is a finitely generated and projective A-module.

40.13. Pure morphisms. Related to any morphism f : M — M’ in 4M,
there is an exact sequence

0—=Kef M ! M’ Coke f —0.




420 Appendiz

Given L € M4, we say the morphism f is L-pure if tensoring this sequence
with L ®4 — yields an exact sequence (in Ab). The morphism f is said to be
pure if it is L-pure for every L € M y. Since the tensor functor is right exact,
the following are equivalent:

(a) f is L-pure;
(b) 0—=L®y Kef—>L®AMﬂ>L®A M’ is exact;
(c) Ke f — M and Im f — M’ are L-pure (mono) morphisms.

For any inclusion i : N — M, the image of the map
[L®2L®AN—>L®AM

is called the canonical image of L& 4 N in L®4 M. If I ®i is injective (i.e.,
i is an L-pure morphism), then N is said to be an L-pure submodule and we
identify the canonical image of I} ® ¢ with L ®4 N. Obviously, if L is a flat
right A-module, then every morphism f: M — M’ in 4M is L-pure.

More generally, a sequence K; h K, 12 K; ik - of morphisms
in 4M is called L-pure, for L € M, if it remains an exact sequence under
L ®4 —. If this holds for every L € My, the sequence is simply called pure.
Split exact sequences (see 40.5) are of this type.

40.14. Pure equalisers. Let f,g : M — M’ be two morphismsm in M
and L € M 4. The equaliser

k f
KHM:giM’

is called L-pure, if it remains an equaliser after tensoring with L ®4 —, that
is,

Lef
Lol K2 Lo M=—=Lo, M
11,®g

is again an equaliser. An equaliser is called pure provided it is L-pure for
all L € M 4. Since the equaliser of f, g can be characterised as the kernel of
f — g, it is (L-)pure if and only if f — ¢ is an (L-)pure morphism.

40.15. Kernels of tensor products of maps. If f : N — N’ in My and
g€ M — M in AM are surjective, then f ® g is surjective and Ke (f ® g) is
the sum of the canonical images of Ke f @ 4 M" and N' ® 4 Keg.

In case Ke f C N is M-pure and Keg C M 1is N-pure,

Ke(f®@g)=Kef®a M+ N ®4Keg.
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40.16. Intersection property. Consider N' € My and M' € 4M.

(1) Assume N C N' in My and M C M" in 4M to be pure submodules, or
assume M’ and M'/M to be (N'-) flat. Then

N@sM=(N@sM)N(N" @4 M).
(2) Let U,V C N' be submodules and assume M’ to be flat. Then
UeM)YNVeM)=UnNV)e M.

Proof. (1) Under the given conditions we may identify N ®4 M’ and
N’ ®4 M with their canonical images in N’ ® 4 M’ and obtain the exact
commutative diagram in Ab,

0 0 0

| | |

0—N®AM—NuM —Ns M'/M —0

| | |

0—=N@uM—N @, M —> N @4 M'/JM —0,

where the left square is a pullback (e.g., [46, 10.3]). This implies the identi-
fication stated.
(2) This is shown with a similar argument as in the proof of (1). 0

It is well known that the tensor product respects direct sums (coproducts).
The behaviour towards products is more complicated (e.g., [46, 12.9]).

40.17. Tensor product and products. For any family {M,}, of left A-
modules and U € M 4, consider the map

U ®g HAM,\ — HAU ®a My, u® (my)a+— (u®my)a.

(1) @y is surjective for any family {My}a if and only if U is a finitely
generated A-module.
(2) pu is bijective for any family { My} if and only if U is a finitely pre-
sented A-module.
U is called a Mittag-Leffler module if @y is injective for any family { M)}

in 4M. Clearly, finitely presented and pure projective modules are Mittag-
Leffler modules.

40.18. The functor M ®p —. For M € ;Mp and X € gM, M ®p X is a
left A-module by

MQ@[)(IA(@RM@BXHM@BX,
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and, for N € 4M, sHom(M,N) is a left B-module by (bf)(m) = f(mb),
for b € B, f € 42Hom(M,N) and m € M. These observations lead to the
functors

M ®p —: gpM — M, aHom(M, —) : s.M — gM,
which form an adjoint pair by the isomorphism
aHom(M ®p X, N) — gHom(X, 4Hom(M, N)), g+ [z — g(—® x)],

with inverse map h +— [m ® x +— h(z)(m)].
Proposition. If M ®pg — has a left adjoint, then Mp is finitely generated
and projective.

Proof. By 38.21, M ®p — preserves limits (hence monomorphisms) and
products. So M is flat and finitely presented as a right B-module (see 40.17).
This implies that M is projective as a right B-module. O

A (B, A)-bimodule M is called a Frobenius bimodule if it is finitely gener-
ated and projective both in gM and in My and there is an (A, B)-bimodule
isomorphism

*M := gHom(M, B) ~ Homs (M, A) =: M*.
40.19. Frobenius functors. For additive covariant functors F': ;.M — gM
and G : pM — AM, the following are equivalent:

(a) (F,G) is a Frobenius pair of functors;
(b) there exists a Frobenius bimodule pM, such that
FeM®s— and G~*M®p—;
(c) F~M®®s— and G ~ N ®p —, for some bimodules pMs and 4Ng
that are finitely generated and projective as A- and B-modules, and
*M ~ 4N and N* ~ gM4 as bimodules.
Proof. (a) = (c) By the Eilenberg-Watts Theorem 39.4, there exist

bimodules pM4 = F(A) and 4Np = G(B) presenting the respective functors.
By adjointness there are bimodule isomorphisms

*M ~ gHom(F(A), B) ~ sHom(A,G(B)) ~ N.

It follows from 40.18 that M4 and Ny are finitely generated and projective,
and the isomorphism implies that g M and 4N are also finitely generated and
projective.

(c) = (b) is obvious.

(b) = (a) Since gM is finitely generated and projective, gHom(M, —) ~
*M ®p —. Since gHom(M, —) : pM — 4M has a left adjoint, so has G ~
*M ®p —. A similar argument shows that F' has a right adjoint and so (F, G)
is a Frobenius pair. a
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40.20. Induction and coinduction functors. Consider a ring morphism
¢: B — A. Then Ais an (A, B)-bimodule and induces a covariant functor
A®p — : gpM — ,M, called an induction functor. This is left adjoint
to the forgetful (restriction of scalars) functor g(—) : 4M — gpM by the
isomorphism

aHom(A ®p N, M) — gHom(N, M), fw~ for,

for N e pgM, M € .M, where y: N - A®g N, n— 14 Q@n.
Moreover, the coinduction functor pHom(A,—) : pM — sM is right
adjoint to g(—) by the isomorphism

aHom(M, gHom(A, N)) — gHom(M,N), ¢+ g(m)(1),
with inverse map h +— [m +— h(—m)], where N € gpM, M € 4M.

40.21. Frobenius extensions. For a ring morphism ¢ : B — A the follow-
ing are equivalent:

(a) (A®p —, g(—)) is a Frobenius pair;

(b) (5(—), sHom(A, —)) is a Frobenius pair;

(¢) pHom(A,—) ~ A®p —;

(d) A is finitely generated and projective as left B-module and

pHom(A, B) ~ A as (A, B)-bimodule.
If these conditions hold, then ¢ : B — A is called a Frobenius extension.

Proof. By 40.20, the first three equivalences are obvious; (a) < (d)
follows from 40.19. O

40.22. Separability. A ®p — is a separable functor if and only if B is a
direct summand of A as a (B, B)-submodule.

Proof. If A ®p — is separable, then the counit ny : N — A®g N
splits functorially in gM. In particular, ng : B — A®p B ~ A is split by
some v : A — B in gM. Since A is also a left B-module, ~ is left B-linear
by 39.5. Conversely, let v : A — B be the splitting map in gMpg. Then
YR Iy : A®g N — B®pg N ~ N is a functorial splitting of ny. a

An adjoint pair of contravariant functors is given by (e.g., [46, 45.10])

40.23. The functors Hom(—,U). Let U be an (A, B)-bimodule, L € Mpg
and N € 4M. The functors

AHOII](—,U) 2141\/[—>].\/[B7 HOIIIB(—,U) ZMB —>AM,
form a right adjoint pair by the functorial isomorphism

¢, v : Homp(L, sHom(N,U)) — sHom(N,Homp(L,U)),
fo— In=[f(=)]n)]
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(1) Associated with this are the (evaluation) homomorphisms

Oy : N — Homp(4Hom(N,U),U), n— [B— (n)5],
¢, L — sHom(Hompg(L,U),U), [+ [a— a(l)l.

(2) @, is injective if and only if L is cogenerated by Ug, and Py is injective
if and only if N is cogenerated by 4U.
(3) Denoting \AHom(—,U) = *(') and Homg(—,U) = ()*,

*((I)L)O(I)L* :IL* m AM and (q)N>*O(I)*NII*N m MB-

References. Bourbaki [5]; Caenepeel, Militaru and Zhu [9]; Wisbauer
[46, 47).
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41 The category o|M]|

Throughout A will denote an R-algebra and M a left A-module. The mod-
ule structure of M is reflected by the smallest Grothendieck category of A-
modules containing M, which we briefly describe in this and subsequent sec-
tions. For more details we refer the reader to [46].

An A-module N is called M-generated if there exists an epimorphism
M® — N for some set A. The class of all M-generated modules is denoted
by Gen(M).

41.1. The category o[M]. An A-module N is called M -subgenerated if it is
(isomorphic to) a submodule of an M-generated module. By o[M] we denote
the full subcategory of 4M whose objects are all M-subgenerated modules.
This is the smallest full Grothendieck subcategory of 4M containing M. o[M]|
coincides with 4M if and only if A embeds into some (finite) coproduct of
copies of M. This happens, for example, when M is a faithful A-module that
is finitely generated as a module over its endomorphism ring (see [46, 15.4]).
The trace functor T : \M — o[M], which sends any X € 4M to

TY(X) =) {f(N)|N €o[M], f € Hom(N,X)},

is right adjoint to the inclusion functor o[M] — 4M (e.g., [46, 45.11]). Hence,
by 38.21, for any family {/N,}a of modules in o[M], the product in o[M] is

HAMNA — TM(HANA),

where the unadorned [ ] denotes the usual (Cartesian) product of A-modules
(see 40.7). Hence, for any P € o[M],

M
AHom(P, HA Ny) ~ HA 4Hom(P, Ny).

Moreover, for any injective A-module @, 7*(Q) is an injective object in the
category o[M].

By definition, o[M] is closed under direct sums, factor modules and sub-
modules in 4 M. Any subcategory that has these properties is said to be a
closed subcategory (of sM or o[M]). Tt is straightforward to see that any
closed subcategory is of type o[N] for some N in 4M or o[M], respectively.

N € o[M] is said to be a generator in o[M] if it generates all modules in
o[M], and M is called a self-generator if it generates all its own submodules.
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41.2. Properties of o[M]. (Cf. [46, Section 15].)

(1) Let {Nyx}a be a family of modules in o[M]. The coproduct (direct sum)
@D, Ny in aM is also the coproduct in o[M].

(2) Finitely generated (cyclic) submodules of M™) form a set of generators
in o[M]. The direct sum of these modules is a generator in o[M].

(3) Objects in o[M] are finitely (co)generated in o[M] if and only if they
are finitely (co)generated in s M.

(4) Every simple module in o[M] is a subfactor of M.

41.3. Injective modules. Let U and M be A-modules. U is said to be
M-injective if every diagram in 4M with exact row

0O - K - M

!
U

can be extended commutatively by some morphism M — U. This holds if
aHom(—, U) is exact with respect to all exact sequences of the form 0 — K —
M — N — 0 (in o[M]). U is injective in o[M] (in 4M) if it is N-injective,
for every N € o[M] (N € aM, resp.).

U is said to be weakly M-injective if sHom(—,U) is exact on all exact
sequences 0 — K — M*¥ — N — 0, where k € N and K is finitely generated.
Weakly R-injective modules are also called F'P-injective.

41.4. Injectives in o[M]. (Cf. [46, 16.3, 16.11, 17.9].)

1) For Q € o|M] the following are equivalent:
(
(a) Q is injective in o[M];
(b) the functor \-Hom(—, Q) : o[M] — Mg is exact;
(c) Q is M-injective;
18 N -1injective for every (finttely generated) submodule N C M ;
d) Q is N-injecti tel d) submodule N C M
e) every exact sequence 0 - Q) = N - L —0wmo splits.
(¢) cvery 0—Q—N—L—0inolM] s
(2) Every (weakly) M -injective object in o|[M)] is M-generated.
very object in o as an injective hull.
3) F bject 4 M| h mjective hull

41.5. Projectivity. Let M and P be A-modules. P is said to be M-projective
if the functor 4Hom(P, —) is exact on all exact sequences of the form 0 —
K —- M — N — 0in .M. P is called projective in o[M] (in \M) if it is
N-projective, for every N € o[M] (N € 4M, repectively).
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41.6. Projectives in o[M]. (Cf. [46, 18.3].)
For P € o[M] the following are equivalent:

(a) P is projective in o[M];
(b) the functor s.Hom (P, —) : c[M] — Mg is exact;
(c) P is M™ -projective, for any index set A;
(d) every exact sequence 0 — K — N — P — 0 in o[M] splits.
If P is finitely generated, then (a)—(d) are equivalent to:
(e) P is M-projective;
(f) every exact sequence 0 — K' — N — P — 0 in o[M] with K" C M
splits.

A module P € o[M] is called a progenerator in o[M] if it is finitely gen-
erated, projective and a generator in o[M]. Notice that there may be no
projective objects in o[M]. A module N € o[M] is a subgenerator in o[M] if
o[N] = o[M].

41.7. Subgenerators. (Cf. [46, Section 15 and 16.3].)
(1) For N € o[M] the following are equivalent:
(a) N is a subgenerator in o[M];
(b) N generates all injective modules in o[M];
(¢) N generates the M -injective hull M of M.
If o[M] has a progenerator G, then (a)—(c) are equivalent to:
(d) there exists a monomorphism G — N, for some k € N.
(2) For an A-module M the following are equivalent:
(a) M is a subgenerator in 4M (that is, c[M]| = AM);
(b) M generates all injective modules in AM;
(¢) M generates the injective hull E(A) of 4A;
(d) there is a monomorphism A — MP¥, for some k € N.
(3) A faithful module s M is a subgenerator in sM provided
(i) aM is finitely generated over Ends(M), or
(ii) aA is finitely cogenerated, or
(#ii) o[M] is closed under products in 4IM.
41.8. Semisimple modules.
(1) The following are equivalent:
(a) M is a (direct) sum of simple modules;

(b) every submodule of M is a direct summand;
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(¢) every module (in o[M]) is M-projective (or M-injective);
(d) every short exact sequence in o[M] splits;
(e) every simple module (in o[M]) is M-projective;
(f) every cyclic module (in o[M]) is M -injective.
Modules M with these properties are called semisimple modules.
(2) Assume M to be semisimple.

(i) There exists a fully invariant decomposition

M = P Tr(Ey, M),

where {Ex}a s a minimal representing set of simple submodules
of M and the Tr(Ey, M) are minimal fully invariant submodules.

(i) The ring S = 4End(M) is von Neumann regular and M is semi-
simple as a right S-module.

(i5i) If all simple submodules of 4M are isomorphic, then all simple
submodules of Mg are isomorphic.

Proof. The first parts are shown in [46, 20.2-20.6].

(2)(ii) Let Am C M be a simple submodule. We show that mS C M
is a simple S-submodule. For any t € S with mt # 0, Am ~ Amt. Since
these are direct summands in M, there exists some ¢ € S with mt¢ = m and
hence mS = mtS, implying that mS has no nontrivial S-submodules. As a
semisimple module, M = )", Amj, with Am, simple. Now M = A(>_, m\S5),
showing that M is a sum of simple S-modules am,.S, where a € A.

(2)(iii) It is straightforward to show that, for any m,n € M, Am ~ An
implies mS ~ nS. a

A finitely generated module N € o[M] is said to be finitely presented in
o[M] if, for any exact sequence 0 — K — L — N — 0 in o[M], L finitely
generated implies that K is finitely generated.

41.9. Finitely presented modules in o[M]. (Cf. [46, 25.2].)
For a finitely generated P € o[M] the following are equivalent:

(a) P is finitely presented in o[M];
(b) aHom(P, —) commutes with direct limits in o[M];
(¢) aHom(P,—) commutes with direct limits of M-generated modules;

(d) aHom(P,—) commutes with direct limits of weakly M -injective modules.

Definitions. A module M has finite length if it is Noetherian and Artinian.
M is called locally Noetherian (Artinian, of finite length) if every finitely
generated submodule of M is Noetherian (Artinian, of finite length). M is
called semi-Artinian if every factor module of M has a nonzero socle.
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41.10. Local finiteness conditions. (Cf. [46, 27.5, 32.5].)

(1) The following are equivalent for a left A-module M :

(a) M is locally Noetherian,

(b) every finitely generated module in o[M] is Noetherian;

(c) every finitely generated module is finitely presented in o[M];

(d) every weakly M -injective module is M -injective;

(e) any direct sum of M-injective modules is M -injective;

(f) every injective module in o[M] is a direct sum of uniform modules.
(2) The following are equivalent for a left A-module M :

(a) M is locally of finite length;

(b) every finitely generated module in o[M] has finite length;

(c) every injective module in o[M] is a direct sum of M -injective hulls

of simple modules.
(3) A module M is locally Artinian if and only if every finitely generated
module in o[M] is Artinian.

(4) A module M is semi-Artinian if and only if every module in o[M] has
a nonzero socle.

Definitions. A submodule K of M is said to be superfluous or smallin M if,
for every submodule L C M, K+ L = M implies L = M. A small submodule
is denoted by K << M. An epimorphism 7 : P — N with P projective in
o[M] and Ken << P is said to be a projective cover of N in o[M]. A module
is called local if it has a largest proper submodule.

41.11. Local modules. (Cf. [46, 19.7].)

For a projective module P € o[M], the following are equivalent:
(a) P is local;
(b) P has a mazimal submodule that is superfluous;
(c) P is cyclic and every proper submodule is superfluous;
(d) P is a projective cover of a simple module in o[M];
(e) End(4P) is a local ring.

Definitions. Let U be a submodule of the A-module M. A submodule
V C M is called a supplement of U in M if V' is minimal with the property
U+V = M. It is easy to see that V is a supplement of U if and only if
U+V =M and UNV << V. Notice that supplements need not exist in
general. M is said to be supplemented provided each of its submodules has
a supplement. Examples of supplemented modules are provided by linearly
compact modules.
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41.12. Linearly compact modules. A left A-module M is called a linearly
compact module if, for any family of cosets {z; + M}, with the finite intersec-
tion property, where x; € M, and M; C M are submodules, (), (z; +M;) # 0.
For further descriptions of these modules we refer the reader to [46, 29.7].

41.13. Properties of linearly compact modules. (Cf. [46, 29.8., 41.10].)
If M is a linearly compact left A-module, then:

(1) M is supplemented.

(2) M/Rad(M) is finitely generated and semisimple.

(3) M is Noetherian if and only if Rad(U) # U, for all submodules U C M.
(4) M is Artinian if and only if M is semi-Artinian.

Definitions. A module P € ¢[M] is said to be semiperfect in o[M] if every
factor module of N has a projective cover in o[M]. P is perfect in o[M] if
any direct sum P®W is semiperfect in o[M].

41.14. Semiperfect modules. (Cf. [46, 42.5, 42.12].)
For a projective module P in o[M], the following are equivalent:

(a) P is semiperfect in o|M];

(b) P is supplemented;

(c) every finitely P-generated module has a projective cover in o|[M];

(d) (i) P/Rad(P) is semisimple and Rad(P) << P, and
(i) decompositions of P/Rad(P) can be lifted to P;

(e) every proper submodule is contained in a maximal submodule of P, and
every simple factor module of P has a projective cover in o|M|;

(f) P is a direct sum of local modules and Rad(P) << P.

41.15. Perfect modules. (Cf. [46, 43.2].)
For a projective module P in o[M], the following are equivalent:

(a) P is perfect in o[M];
(b) P is semiperfect and, for any set A, Rad(P®W) << PW);

(c) every P-generated module has a projective cover in o[M].

Definition. We call o[M]| a (semi)perfect category if every (simple) module
in o[M] has a projective cover in o[M].

41.16. Semiperfect and perfect categories.
(1) For an A-module M the following are equivalent:
(a) o[M] is semiperfect;
(b) o[M] has a generating set of local projective modules;
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(¢) in o[M] every finitely generated module has a projective cover.
(2) For M the following are equivalent:

(a) o[M] is perfect;

(b) o[M] has a projective generator that is perfect in o[M].

Proof. (1) (a) = (b) The projective covers of all simple objects in o[M]
are local and form a generating set of o[M] (by [46, 18.5]). Notice that local
modules are supplemented.

(b) = (c) Any finite direct sum of supplemented modules is supplemented.
Hence, for every finitely generated N € o[M], there exists an epimorphism
P — N with some supplemented projective module P € o[M]. By 41.14,
every factor module of P has a projective cover in o[M], and so does N.

(c) = (a) is trivial.

(2) (a) = (b) Let P be the direct sum of projective covers of a representa-
tive set of the simple modules in ¢[M]. Then P is a projective generator and
every factor module of P®) has a projective cover, and hence P is perfect.

(b) = (a) is obvious. 0

41.17. Left perfect rings. (Cf. [46, 43.9].)
For A the following are equivalent:
(a) A is a perfect module in 4M;
(b) AJJac(A) is left semisimple and Jac(A) is right t-nilpotent;
(c) every left A-module has a projective cover;
(d) every (indecomposable) flat left A-module is projective;
(e) A satisfies the descending chain condition (dcc) on cyclic right ideals;

(f) every right A-module has the dcc on cyclic (finitely generated) submod-
ules.

41.18. (f-)semiperfect rings. A ring A is said to be semiperfect if A is
semiperfect as a left A-module or — equivalently — as a right A-module. From
41.14(d) we see that A is semiperfect if and only if A/Jac(A) is left (and
right) semisimple and idempotents lift modulo Jac(A). More generally, A is
called f-semiperfect (or semiregular) if A/Jac(A) is von Neumann regular and
idempotents lift modulo Jac(A). Note that A is semiperfect if and only if
finitely generated left and right A-modules have projective covers, and A is
f-semiperfect if and only if every finitely presented left (and right) A-module
has a projective cover (see [46, 42.11]). From [46, 42.12, 22.1] we recall:

41.19. (f-)semiperfect endomorphism rings. Put S = 4End(M).
(1) Assume M to be projective in o[M]. Then:
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(i) S is semiperfect if and only if M is finitely generated and semiper-
fect.

(i1) If M is semiperfect, then S is f-semiperfect.
(iii) If S is f-semiperfect, then Rad(M) << M and M is a direct sum
of cyclic modules.
(2) If M is self-injective, then S is f-semiperfect.
(3) If M is self-injective and Soc(M) < M, then

Jac(S) = sHom(M /Soc(M), M).

41.20. > -injective semiperfect modules. Let P be semiperfect and pro-
jective in o[M]. If P is Y -injective in o[M], then P is perfect in o[M].
Proof. Any coproduct P™ is injective in o[M] and so 4End(PW) is
f-semiperfect. By 41.19, this implies Rad(PW) < P™ | showing that P is
perfect in o[M]. 0

Definitions. A module P € o[M] is said to be (semi)hereditary in o[M] if
every (finitely generated) submodule of P is projective in o[M]. We call a
module P € o[M] (semi)cohereditary in o[M] if every factor module of P is
(weakly) M-injective.

Any finite direct sum of cohereditary modules in o[M] is again coheredi-
tary, and the corresponding statement for infinite direct sums holds provided
that M is locally Noetherian (see [208, 6.3]).

Denote by Inj (M) the class of all injective modules in o[M].

41.21. Cohereditary modules. (Cf. [208, 6.4].)
(1) If M is locally Noetherian, the following are equivalent:
(a) M is cohereditary in o[M];
(b) every injective module is cohereditary in o[M];
(c) every indecomposable injective module is cohereditary in o[ M].
In case o[M] has a projective subgenerator L, (a)—(c) are equivalent to:
(d) L is hereditary in o[M].
(2) For a subgenerator P € o[M], the following are equivalent:
(a) Gen(P) = Inj(M);
(b) P is locally Noetherian and cohereditary in o[M].
In the remaining part of this section we consider the relative properties of
A-modules related to a fixed ring morphism ¢ : B — A. In this case, any left

A-module M is naturally a left B-module and there is an interplay between
the properties of M as an A-module and those of M as a B-module.
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41.22. (A, B)-finite modules. The module M is said to be (A, B)-finite
if every finitely generated A-submodule of M is finitely generated as a B-
module. o[M] is said to be (A, B)-finite if every module in o[M] is (A, B)-
finite.

(1) The following are equivalent:
(a) o[M] is (A, B)-finite;
(b) M® is (A, B)-finite.
(2) If B is a left Noetherian ring and M is (A, B)-finite, then o[M] is
(A, B)-finite.
(3) Let a[M] be (A, B)-finite.
(i) If B is a right perfect ring, then every module in o[M] has the
dcc on finitely generated A-submodules.
(ii) If B is left Noetherian, then every module in o[M)] is locally
Noetherian.

(iii) If B is left Artinian, then every module in o[M| has locally finite
length.

41.23. Socle of injectives. Let A be an R-algebra and M an (A, R)-finite
weakly M -injective A-module that is also (S, R)-finite, where S = End(aM).
Assume that M has only finitely many nonisomorphic simple submodules.
Then Soc(aM) is finitely generated as an R-module.

Proof. Let E1,..., E, be a representative set of simple A-submodules of
M. By injectivity, Soc(4M) = Zle E;S. Now (A, R)-finiteness implies that
each E; is finitely R-generated, and, by (.S, R)-finiteness, each E;S is finitely
R-generated. O

The following observations essentially follow from [133], where the basic
ideas were introduced, and from [47, Section 20], where these ideas were
extended to modules over algebras.

41.24. Relative notions. An exact sequence f; : M; — M;, in .M, i € N,
is called (A, B)-exact if Im f; is a direct summand of M;; as a left B-module.

Let M, P, @ be left A-modules. P is called (M, B)-projective if ,Hom(P,—)
is exact with respect to all (A, B)-exact sequences in o[M]. This is the case
if and only if every (A, B)-exact sequence L — P — 0 in o[M] splits.

Q is called (M, B)-injective if 4Hom(—, Q) is exact with respect to all
(A, B)-exact sequences in o[M]. This happens if and only if every (A, B)-
exact sequence 0 — Q) — L in o[M] splits.

Over a semisimple ring B, (M, B)-projective and (M, B)-injective are syn-
onymous to projective and injective in o[M], respectively.
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41.25. (A, B)-projectives and (A, B)-injectives.
(1) For any B-module X, A®p X is (A, B)-projective.

(2) P € 4sM is (A, B)-projective if and only if the map A ®p P — P,
a @ p+— ap, splits in A M.

(3) For any B-module Y, Hompg(A,Y) is (A, B)-injective.

(4) Q € asM is (A, B)-injective if and only if the map @Q — Homp(A, Q),
q +— [a v aq], splits in 4 M.

The module M is called (A, B)-semisimple if every (A, B)-exact sequence
in o[M] splits. The ring A is said to be left (A, B)-semisimple if A is (A, B)-
semisimple as a left A-module.
41.26. (A, B)-semisimple modules.
(1) The following assertions are equivalent:
(a) M is (A, B)-semisimple;
(b) every A-module (in o[M)) is (M, B)-projective;
(¢) every A-module (in o[M]) is (M, B)-injective.
(2) If M is (A, B)-semisimple, then:
(i) Every module in o[M] is (A, B)-semisimple.
(ii) For every ideal J C B, M/JM is (A/JA, B/J)-semisimple.
(i1i) If B is hereditary and M is B-projective, then M is hereditary in
o[M].
41.27. Left (A, B)-semisimple rings.
(1) For A the following are equivalent:
(a) A is left (A, B)-semisimple;
(b) every left A-module is (A, B)-projective;
(c) every left A-module is (A, B)-injective.
(2) Let A be left (A, B)-semisimple. Then:
(i) If M is a flat B-module, then M is a flat A-module.
(i) If M is a projective B-module, then M is a projective A-module.
(1i) If M is an injective B-module, then M is an injective A-module.

(i) If B is a left hereditary ring and A is a projective B-module, then
A is a left hereditary ring.

References. Hochschild [133]; Wisbauer [46, 47, 207, 208].
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42 Torsion-theoretic aspects

In the preceding section we dealt with the internal structure of the category
o[M]. Now we will look at the properties of o[M] as a class of modules in
AM. This leads to some toplogical and torsion-theoretic considerations.

42.1. Finite topology. For sets X, Y we identify the set Map(X,Y’) of
all maps X — Y with the Cartesian product YX. The finite topology on
Map(X,Y) is the product topology where Y is considered as a discrete space.
For f € Map(X,Y), a basis of open neighbourhoods is given by the sets

{g € Map(X,Y) | g(z;) = f(z;) fori=1,...,n},

where {x1,...,x,} ranges over the finite subsets of X.

For subsets U C V of Map(X, X), we say that U is X-dense in V if it
is dense in the finite topology in Map(X, X), that is, for any v € V and
T1,...,T, € X there exists u € U such that u(x;) = v(zx;) fori =1,...,n.

Throughout M will denote a left A-module with S = 4End(M) acting
from the right. The finite topology on Map(M, M) induces the finite topology
on Endg(M). The importance of density in this topology is based on the
following facts (cf. [46, 15.7,15.8], [52]).

42.2. Density properties. Let M be faithful and B C A a subring.
(1) o|gM]| = o[aM] if and only if B is M-dense in A.
(2) If M is a generator or a weak cogenerator in o[M], then A is M-dense
in Endg(M).

42.3. The M-adic topology. Let M be an A-module by an algebra mor-
phism ¢ : A — Endg(M). Considering Endg(M) with the finite topology,
the topology induced on A by ¢ is called an M -adic topology on A.

Open left ideals. A basis of the filter of open left ideals of A is given by
By = {Any(E) | E a finite subset of M},
and the filter of all open left ideals is
Fu={1 C A|Iis aleft ideal and A/I € o[M]}.

This filter yields a generator G in o[M] by putting G = @ {A/I|I € Fu}.
Properties of the filter F); correspond to properties of the class o[M] of
modules in 4 M.

Closed left ideals. For a left ideal I C A the following are equivalent:
(a) I is closed in the M-adic topology;
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(b) I =Any(W) for some W € o[M];
(c) A/l is cogenerated by some (minimal) cogenerator of o[M];
(d) I =, I, where A/I\ € o[M] and finitely cogenerated (cocyclic).
The last equivalence follows from the fact that the M-injective hulls of
simple modules form a cogenerating set in o[M].

Closure of left ideals. For any left ideal J C A the closure in the M-adic
topology is J = Ke .Hom(A/J, K), for some cogenerator K in o|[M].

Self-injective modules. If M is self-injective, then every finitely generated
right ideal of S is closed in the finite topology (e.g., [46, 28.1]).

For an (left, right) ideal or subring " C A, any A-module may be con-
sidered as a module over the (nonunital) ring 7. So some knowledge about
modules over rings without units is useful.

Let T be any associative ring (without a unit). A left T-module N is
called s-unital if w € Tw for every u € N. T itself is called left s-unital if
it is s-unital as a left T-module. For an ideal T" C A, every A-module is a
T-module and we observe the elementary properties (e.g., [201], [62]):

42.4. s-unital T-modules. For any subring T' C A the following assertions
are equivalent:

(a) M is an s-unital T-module;
(b) for any my,...,my € N, there exists t € T with m; = tm; for alli < k;
(c) for any set A, NN is an s-unital T-module.

Proof. (a) = (b) We proceed by induction. Assume the assertion holds
for k—1 elements. Choose t;, € T such that t,n; = n; and put a; = m; —mgn;,
for all i < k. By assumption there exists t' € T satisfying a; = t'a;, for all
i <k—1. Thent : =t +t, —t'ty €T is an element satisfying the condition
in (b). The remaining assertions are easily verified. 0

42.5. Flat factor rings. For an ideal T C A the following are equivalent:
(a) A/T is a flat right A-module;
(b) for every left ideal I of A, TI=TNI;
(c) every injective left A/T-module is A-injective;
(d) a/rM contains an A-injective cogenerator;
(e) for every A-module L C AN, TL=TNNL;
(f) T is left s-unital;
(9) T is idempotent and AT is a (self-)generator in o[4T].

Under these conditions T is a flat right A-module, and, for any N € 4 M, the
canonical map T"®4 N — T'N is an isomorphism.
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Proof. The equivalence of (a) and (b) is shown in [46, 36.6].

(a) = (c) Put D := A/T. Let N be an injective D-module and L C A a
left ideal. By (a), the sequence 0 — D ®4 L — D ®4 A is exact in pM and
there is a commutative diagram with exact rows and canonical isomorphisms,

pHom(D ®4 A, N) pHom(D ®4 L, N)

:l lz

aHom(A, pHom(D, N)) —— sHom(L, pHom(D,N)) ——= 0

zl lz

aHom(A, N) aHom(L, M)

0

0.

Since N is an injective D-module, the first row is exact and so are the others,
that is, N is injective as an A-module.

(d) = (a) Let N be a cogenerator in pM that is A-injective. For a left
ideal L C A there is an exact sequence 0 - K — D®y L — D ®4 A in pM,
and we want to prove K = 0. Consider the exact sequence

pHom(D ®4 A, N) — pHom(D ®4 L, N) — pHom(K, N) — 0.

Now in the above diagram the bottom row is exact (N is A-injective). This
implies that the top row is also exact, that is, pHom (K, N) = 0. Since N is
a cogenerator in pM, we conclude K = 0.

(g) = (f) Since T is a self-generator, for any ¢ € T there is an A-
epimorphism ¢ : TF — At. T? = T implies At = ¢(T*) = Tp(T*) = Tt
and hence t € T't.

The remaining implications are straightforward to verify. O

42.6. Dense ideals and unital modules. Let 4 M be faithful. For an ideal
T C A the following are equivalent:

(a) T is M-dense in A;
(b) M is an s-unital T-module;
(c) for every A-submodule L C M, L = TL;
(d) every N € o[M] is an s-unital T-module;
(e) for every N € o[M], N=TN;
(f) for every N € o[M], the canonical map ¢y : T @4 N — N s an
1somorphism.
If T € o[M], then (a)—(f) are equivalent to:
(e) T* =T and T is a generator in o|[M].
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Proof. (a) = (b) Apply the density property for the unit of A.
(b) = (a) Let a € A and my,...,my € M. By 42.4, there exists t € T

such that am; = t(am;) = (ta)m;, for i = 1,... k. Since T is an ideal,
ta € T, and this shows that T is N-dense in A.
The remaining implications follow from 42.4 and 42.5. ad

42.7. Trace ideals. The trace of M in A, Tr(M, A), is called the trace ideal of
M, and the trace of o[M] in A, TM(A) = Tr(c[M], A), is called the trace ideal
of o[M]. While Tr(M, A) is more directly related to properties of the module
M, TM(A) is better suited to study properties of o[M]. Clearly Tr(M, A) C
TM(A), and the two ideals coincide provided that M is a generator in o[M],
or else if A is a left self-injective algebra.

42.8. Trace ideals of M. Denote *M = 4Hom(M, A), and T = Tr(M, A) =
M(M). Any f € *M defines an A-linear map

¢ M — S, m— f(—)m.

A=3cpIm ¢y is an ideal in S and MA C TM.
The following are equivalent:
(a) M =TM;
() M =MA;
(c) for any L € .M, Tr(M, L) = TL.
If this holds, T and A are idempotent ideals and A = Tr(Ms, S).

Proof. (a) < (b) are obvious from the definitions.

(a) & (c) Clearly T is M-generated, and M = TM implies that M-
generated A-modules are T-generated.

Assume the conditions hold. By definition, A C Tr(Msg, S). For any S-
linear map g : M — S and m € M, write m = ), m;6;, where m; € M and
0; € A, to obtain

g(m) = 9(21”%51) = Zig(mi)éi € A,
thus showing Tr(Mg, S) C A. 0
42.9. Canonical map. For any N € M, there is a map
any : N®a M — Homy("M,N), n®@m s [f — nf(m)],
which is injective if and only if

for any u € N®@4 M, (Iy ® f)(u) =0 for all f € *M, implies u = 0.
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We are interested in modules M for which ay s is injective for all N € My.
A module M is said to be locally projective if, for any diagram of left
A-modules with exact rows,

0—> F ——> M

n

L N 0,

where F' is finitely generated, there exists h : M — L such that goi = fohoq.

42.10. Locally projective modules. With the notation from 42.8, the
following are equivalent:

(a) M is locally projective;
(b) an is injective, for any (cyclic) right A-module N;
(c) for each m € M, m € *M(m)M;

(d) for any my,...,my € M there exist xy,...,x, € M, f1,..., fn € "M,
such that

m; = Zif,»(mj)xi, forj=1,... k;

(e) M =TM, and M is an s-unital right A-module;
(f) M =TM and S/A is flat as a left S-module;
(9) M =TM and Mg is a generator in o[Mg].

Proof. (a) = (d) Put N = M and L = AW in the defining diagram.

(d) = (a) follows by the fact that A is projective as left A-module.

(b) = (c) Assume ay as to be injective for cyclic right A-modules N. For
any m € M put J =*M(m) and consider the monomorphism

¢ M/IM ~A)J @4 M Y Homu(*M, A/ J).

Forx € M and f € *M, ¢(x+JM)(f) = f(x)+J, and hence p(m+JM) = 0.
By injectivity of ¢ this implies m € JM.

(d) = (b) Let N € My and let v =37 n; @m; € N ®a M. Choose
T1,...,%, € M and fi,..., f, € "M such that m; = ). fi(m;)z;, for j =
1,...,7r. Then

v=7321 @ filmy)r =32, anu(v)(fi) @ i,

and hence v = 0 if an p(v) = 0, that is, an s is injective.
(c) & (d) & (e) For m € M, m € *M(m)M means that there are
T1,...,x, € M and fy,..., f, € "M such that

m= 3, film)a, = m[S, fi(~)z] € mA,
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showing that M is an s-unital right A-module (see 42.4).
(e) & (f) & (g) As observed in 42.8, TM = M implies MA = M, and
hence the equivalences follow by 42.6. O

Modules M with all oy injective are termed wuniversally torsionless
(UTL) modules in [118], in [221] they are called locally projective, in [171]
trace modules, and in [181] modules plats et strictement de Mittag Leffler.

42.11. Properties. Let M be locally projective.
(1) M is flat and every pure submodule of M is locally projective.
(2) If M is finitely generated or A is left perfect, then M is projective.

(8) For any algebra morphism A — B, B ®4 M 1is a locally projective B-
module.

Proof. (1) For monomorphisms f : L — N in My and ¢ : U — M in
AM, there are commutative diagrams:

L ®a M2 Homy ("M, L) N @4 U 2% Homu(*U, N)
f®IMJ/ iHom(*M,f) IN@Zi lHom(i*,N)

N, M

N @4 M 22 Homa ("M, N), N @4 M 22 Hom ("M, N).

Since all a_ j; are injective, the left-hand diagram implies that f ® Ip is
injective and hence M is flat. If i : U — M is pure, then Iy ® i is injective
and the right-hand diagram implies that ay ¢ is injective. Thus U is locally
projective.

(2) For M finitely generated the assertion is clear from the definition. Over
left perfect rings A, any flat left A-module is projective and so the assertion
follows from (1).

(3) The algebra map A — B yields maps 4Hom(M, A) — 4Hom(M, B) ~
pHom(B ®4 M, B) = *(B ®4 M) and, then, for any N € gM, the commu-
tative diagram

ON,B® 4 M

N &g (B®a M) Homp(*(B ®4 M), N)

| |

N &M e Hom ("M, N),

in which ay ps is injective and hence so is an g ,m. Thus B&4 M is a locally
projective B-module. O

42.12. Right Noetherian rings. Consider the following conditions:
(a) M is locally projective;
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(b) the map ¥pr: M — ("M)* — AM kv [f — f(k)] — (f(k)) e,
18 a pure monomorphism;

(c) M is a pure submodule of some product A», A a set.
Then (a) = (b) = (c¢). If A is right Noetherian, then (a) < (b) < (c).

Proof. The map ay s can be placed in the commutative diagram

N @a M2\ oA m®@k——m® (f(k))sen
OéN,]M\L i‘FJN I I
Hom s (M*, N)——— N, [f = f(k)m]—— (f(k)m) je-mr,

where @y is the canonical map (see 40.17). So, if ¥, is a pure monomor-
phisms then ay s is injective provided ¢y is injective.

(a) = (b) If an s is injective for all N € oM, then all Iy @ 1y are
injective, which means that 1;; is a pure monomorphism.

(b) = (c) is trivial.

Now let A be right Noetherian.

(c) = (a) For any index set A, there is an injection A — *(A*) taking any
A € A to the canonical projection my in *(A*). This implies that the resulting
map Yan @ AN AN g a splitting monomorphism and hence A is locally
projective by (a) < (b). As noticed in 42.11, any pure submodule of a locally
projective module is locally projective. O

42.13. Tensor product with morphisms. For (Q € 4M consider the map
vy aAHom(M, A) ®4 Q — sHom(M,Q), h® q— [m+— h(m)q].
If M is locally projective, then Im vy is dense in s2Hom(M, Q).

Proof. Forany my,...,mp€M, therearexy,...,x,€ M and fi,..., f, €
*M such that m; = > . fi(m;)xz;, for j =1,... k. For h € 4Hom(M, @), put
wi=> i ®h(zx;) € "M &4 Q. Then

v (w)(my) = 32, filmy)h(zi) = h(2; filmy)ai) = h(my), for j =1,... K,

proving that Im vy, is dense in 4Hom(M, Q). O
42.14. o[M] closed under extensions. The following are equivalent:

(a) o[M] is closed under extensions in sM;
(b) for every X € .M, TV (X/TM(X)) = 0;
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(c) there ezists an A-injective QQ € sAM such that
o[M]={N € sM | JHom(N, Q) = 0}.

Notice that Q) can be obtained as the product of injective hulls of cyclic
modules X € AM with TY(X) = 0.

Proof. For these assertions we refer to [47, 9.2-9.5]. 0

Notice that o[M] is closed under extensions in 4M if and only if the M-
adic topology is a Gabriel topology (see [44, Chapter VI]). In particular, the
lattice Fy; is closed under products. Under certain conditions this property
characterises the left exactness of 7M. We say that Fy, is of finite type if every
J € Fy contains a finitely generated .J € Fj;. This holds if and only if o[ M]
contains a generating set of modules that are finitely presented in 4M. For
M locally Noetherian this implies that all J € F,; are finitely generated. A
filter of left ideals of A is called bounded if every J € Fj; contains a two-sided
ideal J € Fys. The following is shown in [16, Proposition 5.7].

42.15. F); closed under products. Let M be locally Noetherian with Fyy
bounded and of finite type. If Fpr is closed under products, then o[ M] is closed
under extensions.

42.16. TM as an exact functor. Putting T = T™(A), the following asser-
tions are equivalent:

(a) the functor TM : \M — o[M] is exact;

(b) o[M] is closed under extensions and the class {X € ,M |TM(X) = 0}
1s closed under factor modules;

(¢) for every N € o[M], TN = N;
(d) M is an s-unital T-module;
(e) T is an M-dense subring of A.

Proof. (a) = (b) Let 7 be exact. For any exact sequence in 4M as a
bottom row, there is a commutative diagram with exact rows,

0—=TM(K)—=TM(L)—=TM(N)—=0

R

0 K L N 0.

In case TM(K) = K and 7Y (N) = N this implies 7M (L) = L, showing that
o[M] is closed under extensions. Moreover 7 (L) = 0 implies 7¥(N) = 0
as required.
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(b) = (c) Since o[M] is closed under extensions, 7" (A/T) = 0. For any
N € g[M], N/TN is generated by A/T, and so by (b), T¥(N/TN) = 0 and
hence N = TN.

(c) = (a) First observe that the hypothesis implies 7M(X) = TX, for
any X € 4M. Consider an exact sequence in ;.M, 0 - K — L — N — 0.
Since T, is flat (see 42.5), tensoring with 7' ®4 — yields an exact sequence
0—-TK—TL— TN — 0.

(¢) & (d) & (e) is shown in 42.6. 0

We say o[M] is closed under small epimorphisms if, for any epimorphism
f: P — Nin sM, where Ke f << P and N € ¢[M], we obtain P € o[M].

42.17. Corollary. Assume that the functor TM . ;M — o[M] is eract.
(1) o[M] is closed under small epimorphisms.
(2) If P is finitely presented in o[M], then P is finitely presented in 4,M.
(3) If P is projective in o[M], then P is projective in 4M.
Proof. (1) Put T = TM(A). Consider an exact sequence 0 — K —

P — N — 0in s)M, where K << P and N € o[M]. From this we obtain the
following commutative diagram with exact rows:

0 K P N 0

L

00— K+TP —> P — P/(K+TP) — 0.

Clearly P/(K +TP) € o[M] and by condition 42.16(b), T(P/(K +TP)) = 0.
This implies P = K + TP, that is, P € o[M].

(2) It is enough to show this for any cyclic module P € o[M] that is
finitely presented in o[M]. For this we construct the following commutative
diagram with exact rows (applying 7M):

0 Ly Ly P 0
0 I A P 0
I/Ly —=> A/L,

where Ly and L, are suitable finitely generated modules in o[M]. So I /Ly is
finitely generated, and hence so is I and P is finitely presented in 4M.
(3) This is shown with a similar diagram as in the proof of (2). 0
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42.18. Corollary. Suppose that o[M] has a generator that is locally projective
in AM. Then T™ : .M — o[M] is an exact functor.

Proof. Let P € o[M] be a locally projective generator. Then clearly
o[M] = o[P] and T = T"(A) = Tr(P,A). By 42.8 and 42.10, 7% = T and
TP = P. So T generates P and 42.16 applies. O

42.19. Projective covers in o[M]. Let o[M] be locally Noetherian and
suppose that A is f-semiperfect. Then the following are equivalent:

(a) the functor TM : \M — o[M] is exact;
(b) o[M] has a generator that is (locally) projective in oM

(c) there are idempotents {ex}n in A such that the Aey are in o[M]| and
form a generating set in o[M];

(d) o[M] is a semiperfect category.

Proof. (a) = (c) Let S be any simple module in ¢[M]. S is finitely
presented in o[M] and hence in 4M (by 42.17(2)). Since A is f-semiperfect,
S has a projective cover P in 4M (see 41.18). By 42.17(1), P € o[M] and
clearly P ~ Ae for some idempotent e € A. Now a representing set of simple
modules in o[M] yields the required family of idempotents.

(c) = (b) is obvious and (b) = (a) follows from 42.18.

(¢) < (d) This is clear by 41.16. 0

A class of A-modules is said to be stable in 4M provided it is closed under
essential extensions in 4M (e.g., [207, 5.1]).

42.20. o[M] stable in sM. For M the following assertions are equivalent:
(a) o[M] is stable in AM;
(b) o[M] is closed under injective hulls in s M;
(c¢) every M-injective module in o[M] is A-injective;
(d) for every injective A-module Q, Tr(M, Q) is a direct summand in Q;
(e) for every injective A-module @, Tr(M, Q) is A-injective.

If o[M] is stable in AM, then o[M] is closed under extensions in AM.

Notice that o[M] stable in 4M does not imply that 7 is an exact functor.
Consider the Z-module M := Q/Z. Clearly o[M] is stable in Mz. However,
T:=TM(Z) =0, and hence 0 = TM # M.

References. Albu and Wisbauer [52]; Berning [62]; Prest and Wisbauer
[175]; Wisbauer [46, 207, 209]; Zimmermann [219]; Zimmermann-Huisgen
220, 221].
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43 Cogenerating and generating conditions

Throughout this section A is an R-algebra, M is a left A-module and S =
4End(M) denotes its endomorphism ring acting from the right, so that M is
an (A, S)-bimodule.

Definitions. M is called a self-cogenerator if it cogenerates all its factor
modules. N € o[M] is a cogenerator in o[M] if it cogenerates all modules in
o[M]. M is said to be a weak cogenerator (in o[M]) if, for every finitely gen-
erated submodule K C M"™, n € N, the factor module M"/K is cogenerated
by M.

It is a most interesting fact that generating (cogenerating) properties of
4M imply certain projectivity (injectivity) conditions on Mg, and vice versa
(e.g., [46, 48.1, 47.7, 47.8]).

43.1. Weak cogenerators. For M the following are equivalent:
(a) aM is a weak cogenerator (in o[M]);
(b) Mg is weakly Mg-injective, and every finitely generated submodule of
M™ n €N, is M-reflexive.
If AM s a finitely generated weak cogenerator, then Mg is FP-injective.

43.2. Injectivity of Mg.

(1) Mg is FP-injective if and only if aM cogenerates the cokernels of mor-
phisms M* — M™, k,n € N.
(2) The following are equivalent:

(a) for any finitely generated left ideal L C S, the canonical map
Homg (S, M) — Homg (L, M) is surjective;
(b) AM cogenerates the cokernels of morphisms M — M™, n € N.
If this holds and oM is linearly compact, then Mg is S-injective.

(3) If AM s a self-cogenerator and Mg is S-injective, then 4M is linearly
compact.

(4) If AM cogenerates all finitely M -generated modules, then oM is linearly
compact if and only if Mg is S-injective.

A weakly M-injective weak cogenerator M is called a weak quasi-Frobenius
(weak QF') module. From [46, 48.2] we obtain the following characterisation.

43.3. Weak QF modules. If 4M s faithful, the following are equivalent:
(a) AM is a weak QF module;
(b) (i) aAM is weakly oM -injective and Mg is weakly Mg-injective, and
(i1) A is dense in Endg(M);



446 Appendiz

(c) Mg is a weak QF module and A is dense in Endg(M);
(d) aM and Mg are weak cogenerators in o[4M] and o[Mg], respectively.
For any weak QF module ;M , Soc 4M = Soc M.

A locally Noetherian weak QF module M is an injective cogenerator
in o[M] (by [46, 16.5]). A Noetherian weak QF module is called a quasi-
Frobenius or QF module. A ring is a QF ring if it is QF as a left (or right)
module. The reader should be warned that “quasi Frobenius” is given varying
meanings in the literature.

43.4. Corollary. Let M be a balanced (A, S)-module, which is locally Noethe-
rian both as a left A-module and as a right S-module. Then the following are
equivalent:

(a) aM is an injective cogenerator in o[aM];
(b) Mg is an injective cogenerator in o[Mg];

(¢) AM and Mg are cogenerators in o[aM]| and o[Ms]|, respectively.

43.5. QF modules. If 4 M is finitely generated, the following are equivalent
(cf [46. 48.14,48.15)):

(a) M is a self-projective QF module;

(b) M is a Noetherian (Artinian) projective cogenerator in o[M];

(¢) M is a Noetherian injective generator in o[M];

(d) M is self-injective and injectives are projective in o[M];

(e) M is a generator and projectives are injective in o[M];

(f) M is a projective generator in o[M] and S is a QF ring.

43.6. QF rings. For a ring A the following are equivalent:
(a) aA is a QF module;
(b) A is left Noetherian (Artinian) and a cogenerator in sM;
(c) A is left Noetherian (Artinian) and injective;
(d) all injectives are projective in o M;
(e) all projectives are injective in 4IM;
(f) A® is an injective cogenerator in 4M;

(9) Aa is a QF module.

43.7. Cogenerator with commutative endomorphism ring. (Cf. [46,
48.16].) If S = 4End(M) is commutative, then the following are equivalent:

(a) M is a cogenerator in o|[M];

(b) M is self-injective and a self-cogenerator;
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(¢c) M ~ @AE,\, where {Ex}a is a minimal representing set of simple
modules in o[M], and E\ denotes the injective hull of Ey in o[M];
(d) M is a direct sum of indecomposable modules N that are cogenerators
in o[ N].
If (any of ) these conditions are satisfied, then:

(1) Every A-submodule of M is fully invariant and hence self-injective and
a self-cogenerator.

~

(2) For every X € A, the category o[E\] contains only one simple module
(up to isomorphisms).

(3) If the EA are finitely generated A-modules, then M generates all simple
modules in o[ M].

(4) If M is projective in o[M], then M is a generator in o[M].

(5) If M is finitely generated, then M is finitely cogenerated.

Let o¢[M] denote the full subcategory of o[M] whose objects are sub-
modules of finitely M-generated modules. With this notation o[Sg] is the
category of submodules of finitely generated right S-modules. This type of
category is of particular interest in studying dualities.

43.8. Morita dualities.
(1) The following are equivalent:
(a) sHom(—,M): of[M] — 0¢[Ss| is a duality;
(b) AM is an injective cogenerator in o[M], and Mg is an injective
cogenerator 1 Mg;

(c) aM is linearly compact, finitely cogenerated, and an injective co-
generator in o[M].

(2) If M is an injective cogenerator in o|[M|, the following are equivalent:
(a) aM is Artinian;
(b) aM is semi-Artinian and Mg is S-injective;
(¢c) Mg is a Y-injective cogenerator in Mg;
(d) S is right Noetherian.

Proof. Part (1) is shown in [46, 47.12].

(2) (a) < (b) follows by 43.2 and the fact that linearly compact semi-
Artinian modules are in fact Artinian (see 41.13(4)).

(a) < (d) follows from the fact that descending chains of submodules of
AM correspond to ascending chains of right ideals of S.

(a) = (c) Over a right Noetherian ring S, any (FP-)injective module is
Y-injective. Now the assertion is clear by (1).
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(¢) = (d) Since Mg has a Y-injective cogenerator, S is Noetherian (e.g.,
[46, 27.3]). 0

43.9. Hom and tensor functors. (Cf. [46, 45.8].) The functors
M®s—:sM— 4M, ,Hom(M,—): M — ¢M,
form an adjoint pair by the isomorphism, for any N € .M and X € ¢M,
AHom(M ®g5 X, N) — sHom(X, sHom(M,N)), ¢ [z— 0(—®@x)],

with inverse map ¢ — [m ® x — (z)(m)]. Thus the counit and unit of
adjunction come out as

Yy M ®g aAHom(M,N) — N, m® f— f(m),
nx : X — sHom(M, M ®¢ X), z+— [m—m® z|.
Each of the following compositions of maps yields the identity:

Hom(Mva)

aHom(M,N) aHom(M, M ®s Hom(M,N)) — " 4sHom(M,N),
1d®nx

M ®g X "% M ©¢ sHom(M, M ©5 X) "% M @ X.

NHom (M, N)
—_—

Notice that the image of the tensor functor M ®g — lies in o[M], and
hence by (co-)restriction we obtain the adjoint pair of functors

M ®gs—:sM — o[M], asHom(M,—):o[M]— sM.

43.10. Static and adstatic modules. An A-module N is called M -static
if ¢ in 43.9 is an isomorphism and the class of all M-static A-modules is
denoted by Stat(M). An S-module X is called M -adstatic if nx in 43.9
is an isomorphism and we denote the class of all M-adstatic S-modules by
Adst(M). Clearly, for every M-static module N, sJHom(M, N) is M-adstatic,
and, for each M-adstatic module ¢ X, M ®g X is M-static.

43.11. Basic equivalence. The functor 4.Hom (M, —):Stat(M) — Adst(M)
defines an equivalence with inverse M ®g —.

43.12. M as generator in o[M].  Putting B = Endg(M) and A =
A/An(M), the following statements are equivalent:

(a) M is a generator in o[M];

(b) the functor sHom(M,—) : o[M] — sM is faithful;

(c) M generates every (cyclic) submodule of M®;

(d) for every (cyclic) submodule K C M® v (see 43.9) is surjective;
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(e) Mg is flat and every (finitely) M -generated module N is M -static;

(f) Ms is flat and every injective module in o[M] is M -static;

(9) Ms is flat, A is dense in B, and, for injective modules V € o[M], the

canonical map M ®s sHom(M, V) — 4Hom(B, V) is injective;

(h) Stat(M) = o[M].
Proof. The equivalences of (a) to (d) are shown in [46, 15.5 and 15.9].
(a) < (h) It suffices to show that ¢y : M ®s sHom(M,N) — N is

injective, for any N € o[M]. Let u € Kety, that is,

u=S" m®fie M®g Hom(M,N) with 3, m,f; = 0.
By assumption, (mi,...,my) = >, a;g;, for some a; € M and morphisms

g; € aHom(M,Ke (>, fi)), where

S fiiMF SN, (zn,. . m) o Y wifi
With the canonical projections m; : M* — M, > g;mf; = 0 for all j, and

hence
;mi ® fi = Zizjajgjﬂ'i ® fi = Zjaj & Zigjﬂ'ifi =0,

which shows that ¢y is injective.

(a) = (e),(f) By [46, 15.9], any generator in o[M] is flat over its endomor-
phism ring.

(e) = (d) For K ¢ M*, k € N, consider the canonical projection g : M* —
M*/K =: N. By assumption, we may construct the exact commutative
diagram (tensoring over S)

0— M®Hom(M, K) — M ® 4Hom(M, M*) — M ® sHom(M, N)

- - -

0 K M* ! N,

where 1 is an isomorphism and hence v is surjective.

(f) = (a) For any K € o[M], there exists an exact sequence 0 — K —
Q1 — @2, where @, Q2 are injectives in o[M] and hence are M-static. We
construct an exact commutative diagram (tensoring over )

00— M® Hom(M, K) — M ® sHom(M, Q1) — M & sHom (M, Q)

leK lN l"
0 K 1 : Qs
showing that ¢ is an isomorphism and so K is M-generated.

(f) & (g) By the Density Theorem (see [46, 15.7]), A is dense in B. This
implies 42Hom(B,V) ~ Homp(B,V) ~ V. 0
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43.13. Self-progenerator. For 4 M finitely generated, the following asser-
tions are equivalent (cf.[46, 18.5]):

(a) M is a projective generator in o[M];
(b) M is a generator in o[M| and Mg is faithfully flat;
(c) (i) for every left ideal J C S, MJ # M, and

(ii) every finitely M -generated A-module is M -static;
(d) there are functorial isomorphisms

Ism ~ AHom(M, M ®g —) and M ®gs aHom(M, —) ~ [J[M] ’

(e) AHom(M,—) : o[M] — sM is an equivalence of categories.

References. Wisbauer [46, 208, 209]; Zimmermann-Huisgen [220].
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44 Decompositions of o[M]

In this section decompositions of closed categories into “direct sums” of closed
subcategories are considered. Again let A be an R-algebra and M a left A-
module with S = 4End(M).

A submodule N C M is said to be fully invariant if it is invariant under
endomorphisms of M, that is, N is an (A, S)-submodule. The ring of (A, S)-
endomorphisms of M is the centre of S (e.g., [47, 4.2]).

44.1. Decompositions and idempotents. Let M = @, M, be a decompo-
sition with A-submodules M) C M. Then there exists a family of orthogonal
idempotents {ey}, in S, where M, = Me,, for each A € A. If all the M,
are fully invariant (fully invariant decomposition), then all the e, are central
idempotents of S.

44.2. Big cogenerators. An M-injective module @) € o[M] is said to be a
big injective cogenerator in o[M] if every cyclic module in o[M] is isomorphic
to a submodule of Q™. Clearly every big injective cogenerator in o[M] is a
cogenerator as well as a subgenerator in o[M]. Such modules always exist:

Let { Ny} be a representing set of the cyclic modules in o[M]. Then the
M -injective hull of @, Ny is a big injective cogenerator in o[M].

If M s locally Noetherian and {Ex\}a a representing set of the indecom-
posable M -injectives in o[M|, then €, Ey is a big injective cogenerator in
o[M].

If M is locally of finite length, every injective cogenerator in o[M] is big.

In 42.7, for any A-module L, we defined 7 (L) := Tr(o[M], L). Recall
that every closed subcategory of 4M is of type o[N], for some A-module N.

44.3. Correspondence relations. Let () be a big injective cogenerator in
the category o[M].
(1) For every N € o[M], o[N] = o[Tr(N, Q)].
(2) The assignment o[N] — Tr(N, Q) yields a bijective correspondence be-
tween the closed subcategories of o[M] and the fully invariant submod-

ules of Q).

(3) If o[N] is closed under essential extensions (injective hulls) in o[M],
then Tr(N, Q) is an A-direct summand of Q.

(4) If M is locally Noetherian and Tr(N, Q) is an A-direct summand of Q,
then o[N] is closed under essential extensions in o[M].

(5) N € o[M] is semisimple if and only if Tr(N, Q) C Soc(4Q).

Proof. Since Q) is M-injective, Tr(o[N], Q) = Tr(N, Q).
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(1) Tr(N, Q) is a fully invariant submodule that, by definition, belongs
to o[N]. Consider any finitely generated L € o[N]. Then, by assumption,
L C QF, for some k € N, and hence L C Tr(L, Q)" C Tr(N, Q)*. This implies
N € o[Tr(N, Q).

Parts (2) and (5) are immediate consequences of (1).

(3) If o[N] is closed under essential extensions in o[M], then Tr(N, Q) is
an A-direct sumand in @ (and hence is injective in o[M]).

(4) Let M be locally Noetherian and Tr(N, Q) a direct summand of Q.
Consider any N-injective module L in ¢[N]. Then L is a direct sum of N-
injective uniform modules U € o[M]. Clearly U is (isomorphic to) a direct
summand of Tr(N, @) and hence of @; that is, U is M-injective and so L is
M-injective, too. a

44.4. Sum and decomposition of closed subcategories. For any K, L €
o[M] we write o[K] N o[L] = 0, provided ¢[K] and o¢[L] have no nonzero
module in common. Given a family {N,} of modules in o[M], define

ZAJ[NA] = a[@ANA].

This is the smallest closed subcategory of o[M] containing all the Ny. More-
over, we write

o[M] = D 0[Ny,

provided, for every module L € o[M], L = @,7™ (L) (internal direct sum).
This decomposition of o[M] is known as a o-decomposition. The category
o[M] is o-indecomposable provided it has no nontrivial o-decomposition. In
view of the fact that every closed subcategory of 4M is of type o[N], for
some A-module N, these constructions describe the decomposition of any
closed subcategory into closed subcategories.

44.5. o-decomposition of modules. For a decomposition M = @, M,
the following are equivalent (cf. [211]):

(a) for any distinct \,;n € A, My and M, have no nonzero isomorphic
subfactors;

(b) for any distinct \,pp € A, sHom(K), K,) = 0, where K, K, are sub-
factors of My, M,,, respectively;

(¢c) for any distinct A\, € A, o[My]| N o[M,] = 0;
(d) for any p € A, o[M,]No[D,,, M| =0;
(e) for any L € o[M], L =, T"(L).
If these conditions hold, we call M = €, M) a o-decomposition and in this

o[M] = @AJ[M)\].
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44.6. Corollary. Let o[M] = €, o[N,] be a decomposition of c[M]. Then:

(1) each o|N,] is closed under essential extensions and small epimorphisms
in o[M];

(2) any L € o[N,] is M-injective if and only if it is Ny-injective;

(3) any P € o[N,] is projective in o[M] if and only if it is projective in
O-[NA];

(4) any L € o[N,| is projective in o[M] if and only if it is projective in
J[N)\];

(5) M =@, T"(M) is a o-decomposition of M.

44.7. Corollary. Let o[M| = @, 0[N,] be a o-decomposition of o[M]. Then
the trace functor TM is exact if and only if the trace functors T™ are ezact,
for all A € A.

44.8. Corollary. If M is a projective generator or an injective cogenerator
in o[M], then any fully invariant decomposition of M is a o-decomposition.

Proof. Let M = @, M) be a fully invariant decomposition. If M is a
projective generator in o[M], then every submodule of M), is generated by
M. Since the M), are projective in o[M], any nonzero (iso)morphism between
(sub)factors of M, and M, yields a nonzero morphism between M, and M,,.
So the assertion follows from 44.5.

Now suppose that M is an injective cogenerator in o[M]. Then every
subfactor of M, must be cogenerated by M,. From this it follows that for
A # p, there are no nonzero maps between subfactors of My and M, and so
44.5 applies. O

A module M is said to be o-indecomposable if it has no non-trivial o-
decompositions.

44.9. Corollary. For M the following assertions are equivalent:
(a) o[M] is o-indecomposable;
(b) M is o-indecomposable;
(c) any subgenerator in o[M| is o-indecomposable;

(d) an injective cogenerator, which is a subgenerator in o[M], has no non-
trivial fully invariant decomposition.

If there exist projective generators in o|[M], then (a)—(d) are equivalent to:

(e) projective generators in o[ M| have no fully invariant decompositions.

Note that the category 4M is o-indecomposable if and only if A has no
nontrivial central idempotents.
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44.10. o-decomposition when ,End(M) is commutative. (Cf. 43.7)
Let M be a cogenerator in o[M] with a commutative endomorphism ring
AEnd(M). Then M ~ @AE,\, where {E)}A is a minimal representing set of
simple modules in o[M]. This is a o-decomposition of M and

where each O’[E\)\] is o-indecomposable and has only one simple module.

As an example, consider the Z-module Q/Z = €D, . Zp= and the de-
composition of the category of torsion Abelian groups as a direct sum of the
categories of p-groups,

o|Q/Z] = @ O[Zyee].

p prime

Notice that, although Q/Z is an injective cogenerator in My with a non-
trivial o-decomposition, My is o-indecomposable. This is possible since Q/Z
is not a subgenerator in My,

To find o-decompositions of modules, some technical observations are first
required.

44.11. Relations on families of modules. Consider any family of A-
modules {M,}, in o[M]. Define a relation ~ on {M,}, by putting

M)y ~ M,  if there exist non-zero morphisms My — M, or M, — M,.

Clearly ~ is symmetric and reflexive, and we denote by ~ the smallest equiv-
alence relation on { M)}, determined by ~, that is,

My ~ M, if there exist A\y,..., Ay € A,
such that M = M), ~--- ~ M, = M,.

Then {M)}, is the disjoint union of the equivalence classes {[M,,]}q, where

(M) = {M)}a,, A =g Au. In case each M), = E,, the M-injective hull of
some simple module E) € o[M], then

E)\ ~ Eu if and only if Exta(E», E,) # 0 or Exty(E,, Ey) # 0.

A decomposition M = &, M, is said to complement direct summands if,
for every direct summand K of M, there exists a subset A’ C A such that
M=Ka& (@, M) (cf. [2,§12]).

44.12. Lemma. Let M = @, M) be a decomposition that complements direct
summands, where all My are indecomposable. Then M has a decomposition
M = @, c; Na, where each No, C M is a fully invariant submodule and does
not decompose nontrivially into fully invariant submodules.
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Proof. Consider the equivalence relation ~ on {M,}a (see 44.11) with

the equivalence classes {[M,]}a, and A ={Jg A,. Then N, := P, M, is a
fully invariant submodule of M, for each w € €2, and

M = @weﬂ (EBAWMA) = @weQNw-

Assume N, = K @ L for fully invariant submodules K, L C N,. Since the
defining decomposition of N, complements direct summands, we may assume
that A, has subsets X,Y such that

K=@®M, L=,M,.

By construction, for any x € X, y € Y, we observe that M, ~ M,, and it is
easy to see that this implies the existence of nonzero morphisms K — L or
L — K, contradicting our assumption. So N, does not decompose into fully
invariant submodules. O

44.13. Proposition. Let M = @, M) with each 4End(M)) a local ring.
(1) If M is M-injective, the decomposition complements direct summands.
(2) If M is projective in o[M] and Rad(M) << M, then the decomposition

complements direct summands.

Proof. For the first assertion we refer to [15, 8.13]. The second condition
characterises M as semiperfect in o[M] (see 41.14) and the assertion follows
from [15, 8.12]. 0

44.14. o-decomposition for locally Noetherian modules. Let M be a
locally Noetherian A-module. Then M has a o-decomposition M = @@, My

and
o[M) = @ olM)

where each o[M,] is o-indecomposable.
(1) o[M] is o-indecomposable if and only if, for any indecomposable injec-
tives K, L € o[M], K =~ L (as defined in 44.11).
(2) If M has locally finite length, then o[M] is o-indecomposable if and only
if, for any simple modules Sy, Sy € o[M], Sy ~ Sy (M -injective hulls).

Proof. Let () be an injective cogenerator that is also a subgenerator in
o[M]. Then @ is a direct sum of indecomposable M-injective modules, and
this is a decomposition that complements direct summands (by 44.13). By
Lemma 44.12, @ has a fully invariant decomposition Q = @, @ such that
@ has no nontrivial fully invariant decomposition. Now the assertions follow
from Corollaries 44.8, 44.9 and 44.6.
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Part (1) is clear from the above discussion, and in (2) — by the assumption
— every indecomposable M-injective module is an M-injective hull of a simple
module in o[M]. 0

44.15. o-decomposition for semiperfect generators. If M is a pro-
jective generator that is semiperfect in o[M]|, then M (and o[M]) has a o-
decomposition M = @, My, where each M) is o-indecomposable.

In particular, every semiperfect ring A has a o-decomposition A = Ae; @
-+ @ Aey, where the e; are central idempotents of A that are not a nontrivial
sum of orthogonal central idempotents.

Proof. By [46, 42.5] and 44.13, M has a decomposition that complements
direct summands. By Lemma 44.12, M has a fully invariant decomposition,
and the assertions follow from Corollaries 44.8, 44.9 and 44.6. O

References. Garcia, Jara and Merino [116]; Nastasescu and Torrecillas
[165]; Vanaja [202]; Wisbauer [211].
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Hom-cotensor relation, 221
Hom-tensor relation, 25, 36, 183, 419
Hopf algebra, 129, 144
co-Frobenius, 163
cosemisimple 164
fundamental theorem, 147
(H, R)-cosemisimple, 164
Hopf algebroid, 311
Hopf-Galois extension, 342, 347
Hopf ideal, 145
Hopf module, 134
morphism, 134
relative, 336

initial object, 398
injective cogenerator for comodules,
76, 209

injective in MY, 34

injective objects, 398

injector, 117, 325

integral, 133, 141
in bialgebra, 141
map, normalised, 330
normalised, 330
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total, 164
intersection property, 421
invariants, 141
inverse limit, 400

kernels, 399

and cokernels, 23

of tensor products of maps, 420
Koppinen’s smash product, 338

left bialgebroid module, 317
Leibniz rule, 288
limit, 400

inductive, projective, 400

Maschke-type theorem for corings, 257

module, 417
(A, B)-semisimple, 434
cohereditary, 432
crossed, 339
finitely presented, 428
firm, 259
FP-injective, 426
graded, 418
hereditary, 432
linearly compact, 430
local, 429
locally Artinian, 428
locally Noetherian, 428
locally of finite length, 428
locally projective, 71
M-generated, 425
M-injective, 426
M-projective, 426
M-subgenerated, 425
Mittag-Leffler, 421
quasi-Frobenius, QF, 445
s-unital, 436
self-cogenerator, 445
self-generator, 425
self-progenerator, 450
semi-Artinian, 428
semi-cohereditary, 432
semi-hereditary, 432
semiperfect, 430
semiregular, 431
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semisimple, 427
supplemented, 429
weakly M-injective, 426
module coring of a bialgebroid, 319
monad, 406
monoid ring, 58
monoidal category, 407
monomorphism, 397
Morita-Takeuchi Theorem, 113, 121
for corings, 238
Morita-Takeuchi theory, 110
morphism, 395
between corings, 240
effective descent, 286
g-inclusion, 280
of weak comodules, 360
pure, 94, 419, 420
of corings, 243
identity, 241, 395
inclusion, 254
zero, 397

natural transformation, 397
nondegenerate bilinear forms, 64

pre-Lie system, 301
preoperad, 302
product in a category, 399
product of modules, 418
progenerator, 427

for comodules, 189
projective cover in o[M], 429
projective in MY, 35
projective objects, 398
pullback, 400
pure equaliser, 420
pure submodule, 420
purity for comodules, 96, 219
pushout, 400

quantum group, 129
quantum groupoid, 311, 312
quantum homogeneous space, 343

rational element, 66, 212
rational pairing, 53
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rational (sub)module, 67, 68, 212
of C**, 68

relative bar resolution, 304

relative differential forms, 293

relative injective bicomodule, 37, 225,

300

relative injective comodule, 32, 186

relative injective resolution, 300

relative semisimple, 37, 434

representative function, 57

resolution, 291, 299

retraction, 397

Y.-notation, 2, 170
o-decomposition, 453
o-indecomposable, 452
s-rational, 92
s-unital ideals, 436
scalar extension, 4, 417
section, 397
semi-grouplike element, 276
(semi)simple object, 398
separable A-ring, 258
separable extension, 256
shorth exact sequence, 400
small submodule, 429
smash product, 143
source map, 308
split extension, 260
stable class, 444
strict comodule algebra, 321
strict left comodule, 321
sub-bialgebra, 130
subcategory, 396

closed, 425

full, 396
subcoalgebra, 8, 11
subcomodule, 24, 182
subgenerator, 427
superfluous submodule, 429
supplement in M, 429

T-object, 410

Index

target map, 308
tensor product, 416, 421
of algebras, 417
of coalgebras, 13
of comodules of a bialgebra, 132
of modules of a bialgebra, 131
terminal object, 398
tower of Frobenius corings, 274
trace ideal, 68
and decompositions, 72, 215
for corings, 213
trace ideal of o[M], 438
translation map, 345, 346
weak, 387
triple, 406
two-sided decompositions, 216

unifying Hopf modules, 337

unit of adjunction, 402

universal enveloping algebra, 157
universal property of S(M), 155
universal property of A(M), 156
universal property of T'(M), 153

weak bialgebra, 370, 373, 380, 385
weak coalgebra-Galois extension, 387
weak cogenerator, 445
weak comodule algebra, 389, 390
weak comodules, 359
weak coring, 357, 358
Galois, 363
weak Doi-Koppinen datum, 389, 390
weak Doi-Koppinen module, 389, 390
weak entwined module, 384
weak entwining structure, 382
self-dual, 385, 386
weak module coalgebra, 389, 390
weak translation map, 387

Yetter-Drinfeld modules, 339
Yoneda Lemma, 397

zero object, 398
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